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Foreword 


The author, Vasile Cirtoaje, professor at University of Ploiesti-Romania, has become 
well-known for his excellent creations in the mathematical inequality field, ever since 
the time when he was student in high school (in Breaza city, Prahova Valley). As a 
student (quite some time ago, oh yes!), I was already familiar with the name of Vasile 
Cirtoaje. For me, and many others of my age, it is the name of someone who helped 
me to grow in mathematics, even though I never met him face to face. It is a name 
synonymous to hard and beautiful problems involving inequalities. When you say Vasile 
Cirtoaje ( Vase username on the site Art of Problem Solving), you say inequalities. I 
remember how happy I was when I could manage to solve one of the problems proposed 
by professor Cirtoaje in Gazeta Matematica or Revista Matematica Timisoara. 

The first three volumes of this book are a great opportunity to see and know many 
old and new elementary methods for solving mathematical inequalities: Volume 1 - 
Symmetric polynomial inequalities (in real variables and nonnegative real variables), 
Volume 2 - Symmetric rational and nonrational inequalities, Volume 3 - Cyclic and non- 
cyclic inequalities. As a rule, the inequalities from each section of these volumes are in¬ 
creasingly ordered by the number of variables: two, three, four, five, six and n-variables. 

The last volume (Volume 4) contains new beautiful and efficient original methods for 
creating and solving inequalities: half or partially convex function method - for Jensen’s 
type inequalities, equal variable method - for nonnegative or real variables, arithmetic 
compensation method - for symmetric inequalities, the highest coefficient cancellation 
method - for symmetric homogeneous polynomial inequalities of degree six, seven and 
eight in nonnegative or real variables, methods involving either strong or necessary and 
sufficient conditions - for cyclic homogeneous inequalities of degree four in real or non¬ 
negative variables and so on. 

Many problems, the majority I would say, are made up by the author himself. The 
chapters and volumes are relatively independent, and you can open the book somewhere 
to solve an inequality or only read its solution. If you carefully make a thorough study 
of the book, then you will find that your skills in solving inequalities are considerably 
improved. 

The book is a rich and meaningful collection of more than 1000 beautiful inequalities, 
hints, solutions and methods, some of them being posted in the last ten years by the 
author and other inventive mathematicians on Art of Problem Solving website (Vo Quoc 
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Ba Can, Pham Kim Hung, Michael Rozenberg, Nguyen Van Quy, Gabriel Dospinescu, 
Darij Grinberg, Pham Huu Due, Tran Quoc Anh, Le Huu Dien Khue, Marius Stanean, 
Cezar Lupu, Nguyen Anh Tuan, Pham Van Thuan, Bin Zhao, Ji Chen etc.) 

Most inequalities and methods are old and recent own creations of the author. Among 
these, I would like to point out the following inequalities: 


(a 2 + b 2 + c 2 ) 2 > 3(a 3 b + b 3 c + c 3 a), a, b, c € M; 
^~](a — kb)(a — kc)(a — b)(a — c) > 0, a, b,c,k e M; 


c— y 

Va + bJ 


+ 


b + c 


+ 


f—y 

Vc + dl 


+ 


d + a 


> 1, a,b,c,d > 0; 


A 1 

/ " 5 q ^ 1» a l» a 2> a 3> a 4 > a l a 2 a 3 a 4 — 1> 

if 1 + a, + of + a 3 


+ 


a 2 


+ ••• + 


a 1 + (n — l)a 2 a 2 + (n-l)a 3 a„ + (n- l)a a 

a ea + b eb > a eb + b ea, a ,b > 0, e » 2.7182818. 

a 3b + b 3a < 2, a, b > 0, a + b = 2. 


> 1, a 1; a 2 ,••• ,a„ > 0; 


The book represents a rich source of beautiful, serious and profound mathematics, 
dealing with classical and new approaches and techniques which help the reader to de¬ 
velop his inequality-solving skills, intuition and creativity. As a result, it is suitable for 
a wide variety of audiences; high school students and teachers, college and university 
students, mathematics educators and mathematicians will find something of interest 
here. Each problem has a hint, and many problems have multiple solutions, almost all 
of which are, not surprisingly, quite ingenious. Almost all inequalities require careful 
thought and analysis, making the book a rich and rewarding source for anyone inter¬ 
ested in Olympiad-type problems and in the development of the inequality field. Many 
problems and methods can be used in a classroom for advanced high school students as 
group projects. 

What makes this book so attractive? The answer is simple: the great number of in¬ 
equalities, their quality and freshness, as well as the new approaches and methods for 
solving mathematical inequalities. Nevertheless, you will find this book to be delight¬ 
ful, inspired, original and enjoyable. Certainly, any interested reader will remark the 
tenacity, enthusiasm and ability of the author in creating and solving nice and difficult 
inequalities. And this book is neither more, nor less than a Work of a Master. 

The author must be congratulated for publishing such interesting and original in¬ 
equality book. I highly recommend it. 


Marian Tetiva 
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Chapter 1 

Some Classic and New Inequalities 
and Methods 


1. AM-GM (ARITHMETIC MEAN-GEOMETRIC MEAN) INEQUALITY 

If a 1; a 2 , • • • , a n are nonnegative real numbers, then 

<3i + a 2 + • • • + a n > n■■<!„, 
with equality if and only if aq = a 2 = • • • = a n . 


2. WEIGHTED AM-GM INEQUALITY 

Let P\,p 2 , ■ ■ ■ ,p n be positive real numbers satisfying 

Pi +P2 d-f Pn = I- 

If a 1; a 2 , • ■ ■ , a n are nonnegative real numbers, then 


PiUi + p 2 a 2 + • • • + p n a n > af a P 2 2 ■ ■ ■ a£". 


with equality if and only if a 1 = a 2 = ■ ■ ■ = a n . 


3. AM-HM (ARITHMETIC MEAN-HARMONIC MEAN) INEQUALITY 

If a 1; a 2 , ■ ■ ■, a n are positive real numbers, then 

( a l + 0-2 H-b a n) ( - 1 - 1 - 1 -) ^ n2 > 

v a i a 2 a n J 

with equality if and only if a.\ = a 2 = • • • = a n . 


1 
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4. POWER MEAN INEQUALITY 


The power mean of order k of positive real numbers a 1; a 2 , ■ ■ ■ , a n , that is 


f+nf 4- \-n k \ k 


M, = { 


Mo 

k = 0 


V 

is an increasing function with respect to k e R. For instant, M 2 > M 1 > M 0 > M_ x is 
equivalent to 


1 


n 


n 


11 1 ' 
— + — + •••+ — 
a l a 2 a n 


5. BERNOULLI’S INEQUALITY 

For any real number x > — 1, we have 

a) (1 + x) r > 1 + rx for r > 1 and r < 0; 

b) (1 + x) r < 1 + rx for 0 < r < 1. 

In addition, if a 1; a 2 , • • • , a„ are real numbers such that either a 1; a 2 , • • • , a n > 0 or —^1 < 
0 - 1 ) a 2 , ,a„ < 0, then 


(1 + a 1 )(l + a 2 ) •••(! + a n ) > 1 + aq + a 2 H-1 - a n . 


6. SCHUR’S INEQUALITY 

For any nonnegative real numbers a, b, c and any positive number k, the inequality 
holds 

a k (a — b)(a — c) + b k (b — c)(b — a) + c k (c — a)(c — b) > 0, 

with equality for a = b = c, and for a = 0 and b = c (or any cyclic permutation). 

For k = 1, we get the third degree Schur’s inequality, which can be rewritten as follows 

a 3 + b 3 + c 3 + 3 abc > ab(a + b) + bc{b + c) + ca(c + a), 

(a + b + c) 3 + 9 abc > 4(a + b + c)(ab + bc + ca), 

cr + b z + c z H-> 2(ab + be + ca), 

a + b + c 

(b — c) 2 (b + c — a) + (c — a) 2 (c + a — b) + (a — b) 2 (a + b — c) > 0. 
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For k = 2, we get the fourth degree Schur’s inequality, which holds for any real numbers 
a, b, c, and can be rewritten as follows 

a 4 + b 4 + c 4 + abc(a + b + c) > ab(a 2 + b 2 ) + bc(b 2 + c 2 ) + ca(c 2 + a 2 ), 

(b — c) 2 (b + c — a) 2 + (c — a) 2 (c + a — b) 2 + (a — b) 2 (a + b — c) 2 > 0, 

6 abcp > (p 2 — q)(4q — p 2 ), 
where p = a + b + c,q = ab + bc + ca. 

A generalization of the fourth degree Schur’s inequality, which holds for any real 
numbers a, b, c and any real number m, is the following (Vasile Cirtoaje, 2004) 

— mb)(a — mc)(a — b)(a — c) > 0, 

where the equality holds for a = b = c, and for a/m = b = c (or any cyclic permutation). 
This inequality is equivalent to 

a 4 + m(m + 2)^ a 2 b 2 + (1 — m 2 )abc'^a > (m + 1)^ab(a 2 + b 2 ) 

and _ 

][>-c) 2 (b + c — a — ma) 2 > 0. 

A more general result is given by the following theorem (Vasile Cirtoaje, 2004). 

Theorem. Let 

/ 4 (a, b,c) = ^a 4 + a 2 b 2 + ^abc ^a — y^^abja 2 + b 2 ), 
where a,ji,y are real constants such that 

1 + a + 15 = 2y. 

(a) / 4 (a, b, c) > 0 for all real numbers a, b, c if and only if 

1 + a>y 2 ; 

(b) / 4 (a, b, c) > 0 for all a,b,c> 0 if and only if 

a > (y — l)max{2, y + 1}. 


7. CAUCHY-SCHWARZ INEQUALITY 

For any real numbers aq, a 2 ,--- ,a n and b 1; b 2 , • • •, b n we have 

(a 2 + a 2 + - • + a 2 )(b 2 + b 2 + • • • + b 2 ) > (a 1 b 1 + a 2 b 2 + • • • + a n b J 2 , 
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with equality if and only if a,- and b, are proportional for all i. 

8. HOLDER’S INEQUALITY 

If x t j (i = 1,2, • • • , m; j = 1,2, • • • n) are nonnegative real numbers, then 

- m 

9. CHEBYSHEV’S INEQUALITY 

Let aq > a 2 > • • • > a n be real numbers. 


n§-M§\ 


a) If b 1 > b 2 > ■ ■ ■ b n , then 


n 


n^ a i b i ^ 




b) If iq < b 2 < ■ ■ ■ < b n , then 


n^ a i b i ^ 


i=l 




10. MINKOWSKI’S INEQUALITY 

For any real number k > 1 and any positive real numbers aq, a 2 , • • • , a n and b i, i> 2 , • • •, b n , 
the following inequalities hold: 


1 



11. REARRANGEMENT INEQUALITY 

(1) If a 1; a 2 ,••• ,a n and b 1 ,b 2 ,••• ,b n are two increasing (or decreasing) real se¬ 
quences, and (i l3 i 2 , ■ ■ ■ , i n ) is an arbitrary permutation of (1,2, • • •, n), then 


a t^t + a 2 b 2 + • • • + > aibjj + cL 2 b i 2 + • • • + a n bi 
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and 

n( a ibi + a 2 b 2 H-1- o n b n ) > (a! + a 2 H-1- a n )(fq + b 2 H-1- b n ). 

(2) If a l3 a 2 , • • •, a n is decreasing and fq, b 2 , • • •, b n is increasing, then 

a l b l + a 2^2 d-h a n b n ^ Olb^ + 0-2 b i 2 d-h a n^i„ 

and 

n(arbr + a 2 b 2 + • • • + a n b n ) < (cq + a 2 + • • • + a n )(fq + b 2 + • • • + b„). 

(3) Let b 1 , b 2 , ■ ■ • , b n and c 1 , c 2 , • • • ,c n be two real sequences such that 

fq + • • • + fq > C\ + • • • + c^., fc = 1,2, • • • , n. 

If a 1 > a 2 > ■ ■ ■ > a n > 0, then 

0 \bi + a 2 b 2 + • • • + a n b n > tq^ + a 2 c 2 + • • • + a n c n . 

Notice that all these inequalities follow immediately from the identity 

n n i i i 

5] a i( b i - c) = o t - a i+ i) 2] bj - c j 
i =1 i=l \j =1 J=1 

where a n+1 = 0. 

12. MACLAURIN’S INEQUALITY and NEWTON’S INEQUALITY 


If cq, a 2 , .. 

., a n are nonnegative real numbers, 

then 


Si> S 2 > ■ ■ ■ > S n 

( Maclaurin ) 

and 

where 


( Newton ) 


13. CONVEX FUNCTIONS 

A function / defined on a real interval I is said to be convex if 




f(ax + fly) < af (x) + flf(y) 
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for all x, y e I and any a, f> > 0 with a + /3 = 1. If the inequality is reversed, then / is 
said to be concave. 

If / is differentiable on I, then / is (strictly) convex if and only if the derivative f is 
(strictly) increasing. If f" > 0 on I, then / is convex on I. Also, if f" > 0 on (a, b ) and 
/ is continuous on [a, b], then / is convex on [a, b]. 

A function / : I —» R is half convex on a real interval I if there exists a point s e I such 
that / is convex on I u < s or I u > s . 

A function / : I —» R is right partially convex related to a a point s e I if there exists a 
number s 0 e I, s 0 > s, such that / is convex on I ue [ S;So ]. Also, a function / : I —» R is left 
partially convex related to a point s e I if there exists a point s 0 e I, s 0 < s, such that / 
is convex on I ug[s0jS] . 

Jensen’s inequality. Let p l ,p 2 , ■ ■ ■ ,p n be positive real numbers. If f is a convex 
function on a real interval I, then for any a lt a 2 , ..., a n € I, the inequality holds 

Pifiai) + p 2 f{a 2 ) + --- + p n f{a n ) > f p^ +p 2 a 2 + • • • + P n a n A 
P 1 +P2 + ---+Pn Pl+p 2 + ---+p n )' 

For Pi = p 2 = " • = p n , Jensen’s inequality becomes 

/(Qi) +/(a 2 ) + ‘'' + /(g n ) >nf ( J Ll + CL2+ n - 

Based on the following three theorems, we can extend this form of Jensen’s in¬ 
equality to half or partially convex functions. 

Half Convex Function-Theorem (Vasile Cirtoaje, 2004). Let f(u ) be a function 
defined on a real interval I and convex on I u > s or I u < s _, where s € I. The inequality 

/(a 1 )+/(a 2 ) + --- + /(a n )> nf 

holds for all a 1; a 2 ,..., a n € I satisfying a 1 + a 2 + ... + a n = ns if and only if 

f(x) + (n- 1 )/(y) > nf (s) 

/or all x, y G I such that x + (n — l)y = ns. 

Half Convex Function Theorem for Ordered Variables (Vasile Cirtoaje, 2007). Let 
f(u ) be a function defined on a real interval I and convex on I u > s / I u < s , where s € I. The 
inequality 

/(ai) +/(a 2 ) + ‘‘• +/(a n ) >nf ( J Ll + a ' 2+ ^ - 

holds for all a 1; a 2 ,...,a n € I such that a x + a 2 + • • • + a n = ns and at least n — m of 
a 1; a 2 ,...,a n are smaller /greater than or equal to s if and only if 


/(x) + mf (y) > (1 + m)f (s) 
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for all x, y € I such that x + my = (1 + m)s. 

Right Partially Convex Function-Theorem (Vasile Cirtoaje, 2012). Let f be a func¬ 
tion defined on a real interval I and convex on [s,s 0 ], where s,s 0 € I, s < s 0 . In addition, 
f is decreasing on I u < s and 

min/(iz) = /(s 0 ). 

uel 

The inequality 

/(a 1 )+/(a 2 ) + --- + /(a n )> n/^ ai + g2 ^ -—) 

holds for all a 1; a 2 , • • •, a n e I satisfying aq + a 2 H-1 - a n = ns if and only if 

/(x) + (n -1 )/(y) > nf(s) 

for all rjGl such that x <s < y and x + (n — l)y = ns. 

Left Partially Convex Function-Theorem (Vasile Cirtoaje, 2012). Let f be a func¬ 
tion defined on a real interval I and convex on [s 0 ,s], where s 0 ,s e I, s 0 < s. In addition, 
f is increasing on I u > So and satisfies 

min/(iz) = /(s 0 ). 

uel 

The inequality 

/(a 1 ) + /(a 2 ) + --- + /(a n )> n/^ ai + g2 ^ -—) 

holds for all x 1; x 2 , • • • ,x n € I satisfying <ti + a 2 H-1 - a n = ns if and only if 

/(x) + (n -1 )/(y) > nf(s) 

for all x, y € I such that x >s> y and x + (n — l)y = ns. 

Right Partially Convex Function Theorem for Ordered Variables (Vasile Cirtoaje, 
2012). Let f be a function defined on a real interval I and convex on [s,s 0 ], where s,s 0 e I, 
s < s 0 . In addition, f is decreasing on I u < So and 

min/(iz) = /(s 0 ). 

UEl 

The inequality 

/(at) +/(a 2 ) + ‘ ‘' +/(aj > nf + ° 2 + -—) 
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holds for all a l3 a 2 , • • • , a n € I such that a 1 + a 2 + ■ ■ ■ + a n = ns and at least n — m of 
a l3 a 2 ,... ,a n are smaller than or equal to s if and only if 

fix) + mfiy) > (1 + zn)/(s) 
for all x, y € I such that x <s < y and x + my = (1 + m)s. 

Left Partially Convex Function Theorem for Ordered Variables (Vasile Cirtoaje, 
2012). Let f be a function defined on a real interval I and convex on [s 0 ,s] 3 where s 0 ,s e I, 
s 0 < s. In addition, f is increasing on I u > So and satisfies 

min/(u) = /(s 0 ). 

uel 


The inequality 

/(Qi) +fia 2 ) + ‘ ‘ ‘ +/(a n ) >nf[ ai+a2 ~^ - 

holds for all x 1 ,x 2 , ■ ■ ■ , x n e I such that a 1 + a 2 + ■ ■ ■ + a n = ns and at least n — m of 
a l3 a 2 ,..., a n are greater than or equal to s if and only if if and only if 

fix) + mf(y) > (1 + m)nfis) 

for all x, y € I such that x >s> y and x + my = (1 + m)s. 

In all these theorems, we may replace the hypothesis condition 

fix) + mfiy) > (1 + m)fis), 


by the equivalent condition 

hix,y)> 0 for all ij el such that x + my = il+m), 

where 

ur , gO)-g(y) , , /(u)-/(s) 

Kx, y) = -, giu) = -. 

x—y u—s 

The following theorem is also useful to prove some symmetric inequalities. 


Left Convex-Right Concave Function Theorem (Vasile Cirtoaje, 2004). Let a < c 
be real numbers, let f be a continuous function on I = [a, oo) 3 strictly convex on [a,c] 
and strictly concave on [c, oo) 3 and let 


Eia i, a 2 ,..., a n ) = /(a x ) +/(a 2 ) + • • • +/(a„). 


If a 1 ,a 2 ,... ,a n el such that 


at + a 2 H-I - a n = S = constant 



Some Classic and New Inequalities and Methods 


9 


then 

(a) E is minimum for ai = a 2 = - • = a n _i < a n ; 

(b) E is maximum for either a 1 = a or a < a 1 < a 2 = ■ ■ ■ = a n . 

On the other hand, it is known the following result concerning the best upper bound 
of Jensen’s difference. 

Best Upper Bound of Jensen’s Difference-Theorem (Vasile Cirtoaje, 1989). Let 
Pi,p 2 , ---iPu be fixed positive real numbers, and let f be a convex function on a closed 
interval I = [a, b]. If a 1; a 2 , • • • , a n € I, then Jensen’s difference 

D _ Plf ( a l) + Pg/ ( a 2) d f Pnf ( a n) f Pl a l + Pl a 2 d f Pn a n ^ 

Pi d" P 2 d-fPn V Pi P2 d-fPn 9 

is maximum when some of a i are equal to a, and the others a t are equal to b; that is, when 
all a; e {a, b}. 


14. KARAMATA’S MAJORIZATION INEQUALITY 

We say that a vector A = (a 1; a 2 ,..., a n ) with aq > a 2 > • • • > a n majorizes a vector 
B = (b 1; b 2 , , b n ) with b 1 > b 2 > ■ ■ ■ > b n , and write it as 

~A > ~B, 


if 


a 1 > bi, 

a 1 +a 2 >b 1 + b 2 , 


a\ + a 2 d-1- a n ^ > b 1 + b 2 H- 1 - b n _ 1 , 

a i d" a 2 d-f a n = b± + b 2 -\ -f b n . 

Let / be a convex function on a real interval I. If a decreasingly ordered vector 

A =(a 1 ,a 2 ,...,a n ), a* € I, 
majorizes a decreasingly ordered vector 

~B=ib 1 ,b 2 ,...,b n l b t e I, 

then 

/( a l) +f( a 2) d-f/( a n) ^ /(&l) +f(b 2 ) H - f/(h n ). 


15. POPOVICIU’S INEQUALITY 

If / is a convex function on a real interval I and aq, a 2 ,...,a„el, then 

/(ai)d-/(a2) + -” + /( a n)d- n ( n -2)/ r i + fl2+ - 

v n 


> 


n 
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where 


> (rc-l)[/(bi)+/(b 2 ) + ---+/(>n)L 


b l =-- Va-, i = 1,2, ■■■ ,n. 

n — 1 1 

J7=i 


16. SQUARE PRODUCT INEQUALITY 

Let a, b, c be real numbers, and let 

p = a + b + c, q = ab + bc + ca, r = abc, 
s = p 2 — 3q = V a 2 + b 2 + c 2 — ab — be — ca. 

From the identity 

27(a - b)\b - c) 2 (c - a) 2 = 4(p 2 - 3q) 3 - (2 p 3 - 9pq + 27r) 2 , 
it follows that 

-2p 3 + 9pq-2(p 2 -3q)v / p 23 3q -2p 3 + 9pq + 2(p 2 - 3q) ^/p 2 ^^ 

-< r <- 


27 


27 


which is equivalent to 


p 3 -3ps 2 -2s 3 p 3 — 3ps 2 + 2s 3 

-< r <-. 

27 27 

Therefore, for constant p and q, the product r is minimal and maximal when two of 
a, b,c are equal. 

17. SYMMETRIC INEQUALITIES OF DEGREE THREE, FOUR OR FIVE 

Let / n (a, b, c) be a symmetric homogeneous polynomial of degree n = 3, n = 4 or n = 5. 

Theorem. 

(a) The inequality f 4 (a,b,c) > 0 holds for all real numbers a,b,c if and only if 
/ 4 (a, 1,1) > 0 for all real a; 

(b) The inequality f n (a, b, c) > 0 holds for all a,b,c> 0 if and only if f n (a, 1,1) > 0 
and /„(0, b, c) > 0 for all a,b,c> 0. 

18. SYMMETRIC INEQUALITIES OF DEGREE SIX 

Any sixth degree symmetric homogeneous polynomial / 6 (a, b, c) can be written in the 
form 

/ 6 (a, b, c) = Ar 2 + B(p, q)r + C(p, q), 
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where A is called the highest coefficient of / 6 , and 

p = a + b + c, q = ab + bc + ca, r = abc. 

Theorem ( Vasile Cirtoaje, 2008). Let A < 0. 

(a) The inequality f 6 (a,b,cj > 0 holds for all real numbers a,b,c if and only if 
/ 6 (a, 1,1) > 0 for all real a; 

(b) The inequality f 6 (a, b,c)> 0 holds for all a, b,c > 0 if and only if fffa, 1,1) > 0 
and / 6 (0, b, c) > 0 for all a,b,c> 0. 

For A > 0, we can use the highest coefficient cancellation method (Vasile Cirtoaje, 
2008). This method consists in finding some suitable real numbers B, C and D such 
that the following sharper inequality holds 


,2V 2 


f 6 (a,b,c)>A r + Bp 6 + Cpq + D- 


Because the function g 6 defined by 


g 6 (a, b, c ) = f 6 (a, b, c)-A^r + Bp 3 + Cpq + D^j 

has the highest coefficient A 1 = 0, we can prove the inequality g 6 (a, b,cj > 0 using 
Theorem above. 

Notice that sometimes it is useful to break the problem into two parts, p 2 < fq and 
p 2 > fq, where f is a suitable real number. 


19. EQUAL VARIABLE METHOD 

The Equal Variable Theorem (EV-Theorem) for nonnegative real variables has the fol¬ 
lowing statement (Vasile Cirtoaje, 2005). 

EV-Theorem (for nonnegative variables). Let a 1 ,a 2 , ••• ,a n (n > 3) be fixed non¬ 
negative real numbers, and let x 1 < x 2 <■■■< x n be nonnegative real variables such 
that 

Xi + x 2 H-1- x n = aq + a 2 H-1 - a n , 

x^ + x^ H-1- x^ = cij + a^ -\ -l-aj, 

where k is a real number; for k = 0, assume that x 1 x 2 ---x n = a 1 a 2 ---a n > 0. Let 
f : ( 0 , 00) —» M be a differentiable function such that g : ( 0 , 00) —» M defined by 

gO) = / / (x‘= i ) 
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is strictly convex, and let 

s n = fix i) + /(x 2 ) + • • • + f(x „). 

(1) If k < 0, then S n is maximum for 

*1 = *2 = ■ ■ ■ = *n-l < 

and is minimum for 

0 < x 1 < x 2 = x 3 = ■ ■ ■ = x n ; 

(2) //fc > 0 and either f is continuous at x = 0 or f( 0+) = — oo, then S n is maximum 
for 

x 1 =x 2 = --- = x n _ 1 <x n ; 

(3) Ifk> 0 and either f is continuous at x = 0 or /(0 + ) = oo, then S n is minimum 
for 

Xi = ■■■ = x ; _i = 0, x j+1 = • • • = x„, j € {l,2,...,n}. 

For /(x) = x m , we get the following corollary. 

EV-COROLLARY (for nonnegative variables). Let a lt a 2 , ■■■ ,a n (n > 3) be fixed 
nonnegative real numbers, let x 3 < x 2 < ■ ■ ■ < x n be nonnegative real variables such that 

Xi + x 2 H-1- x n = a 1 + a 2 H-1- a n , 

x^ + x^ H-F x^ = <3j + H-1- a£, 

and let 

S n = x ™ + x™ + --- + x™. 

Case 1 : k < 0 (for k = 0, assume that XjX 2 ■ ■ ■ x n = aia 2 ■ ■ ■ a n > 0 ). 

(a) If m s(k, 0) U (1, 00), then S n is maximum for 

Xi = x 2 = • • • = x n _ a < x n , 

and is minimum for 

x 1 <x 2 = x 3 = --- = x n ; 

( b ) //me (—00, k ) U (0,1), then S n is minimum for 

Xi = x 2 = • • • = X n _j < x n , 

and is maximum for 

x 1 <x 2 = x 3 = --- = x n . 


Case 2: 0 < k < 1. 
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(a) If m G (0, k ) U (1, oo), then S n is maximum for 

*1 = *2 = ■ ■ ■ = x n-l < x n, 

and is minimum for 

x 1 = --- = x j _ 1 = 0, x j+1 = ■■■ = x n , j € {l,2,...,n}; 

(b) If m G (—oo, 0) U (fc, 1), then S n is minimum for 

x 1 =x 2 = --- = x n _ 1 <x n ; 

(c) If m e (fc, 1), then S n is maximum for 

x 1 = ■■■ = x j _ 1 = 0, Xj+1 = ■■■ = x n , j e {1,2,...,n}. 

Case 3 : k > 1. 

(a) If me (0,1) U (fc, oo), then S n is maximum for 

*1 = *2 = ■ ■ ■ = *n-l ^ 

and is minimum for 

x 1 = --- = x j _ 1 = 0, x j+1 = ■■■ = x n , j € {l,2,...,n}; 

(b) If m G (—oo, 0) U (1, fc), then S n is minimum for 

0 < x a = x 2 = • • • = x n _! < x n ; 

(c) If m € (1, fc), then S n is maximum for 

Xi = • • • = Xj_i = 0, x j+1 = • • • = x„, j G {1,2,..., n}. 


The Equal Variable Theorem (EV-Theorem) for real variables has the following 
statement (Vasile Cirtoaje, 2012). 

EV-Theorem (for real variables). Let a 1 ,a 2 ,--- ,a n (n> 3) be fixed real numbers, 
let x 1 < x 2 < ■ ■ ■ < x n be real variables such that 


X\ + X 2 + * * * + X n — CL 1 + CL 2 + * * * + CL n , 
xj + x^ H- x^ = a^ + a^-i -1- aj), 

where k is an even positive integer, and let f be a differentiable function on Rsuch that the 
associated function g : R. —» M defined by 



14 


Vasile Cirtoaje 


gW = f'{ k Vx ) 

is strictly convex on M. Then, the sum 

S n = /(*l) + /(>2) + ---+/(*n) 


is minimum for x 2 = x 3 = • • • = x n , and is maximum for x 1 = x 2 = ■ ■ ■ = x n _ 1 . 


20. ARITHMETIC COMPENSATION METHOD 

The Arithmetic Compensation Theorem (AC-Theorem) has the following statement (Vasile 
Cirtoaje, 2002). 

AC-THEOREM. Let s > 0 and letF be a symmetric continuous function on the compact 
set in R n 


S = {(x 1; x 2 , • • • , x n ) : x 3 + x 2 + • • • + x n = s, x ; > 0, i = 1,2, ■ ■ ■ , n}. 


If 


F{xi, x 2 ,x 3 , • • • , x n ) > 


> min 


M^. 


^ 1+^2 

2 


,x 3 ,-“ 



, x 1 + x 2 , x 3 , • • • 



for all (x 1; x 2 , • • • ,x n ) € S, then F(x 1; x 2 ,x 3 , • • • , x n ) is minimal when 


Xl = X 2 = ---=X k = j-, 


X/t+i = • • • = x n = 0; 


that is, 

F(x 1; x 2 , x 3 , • • • , x n ) > min F 0, • • • , 0 ) 

l<fc<n V/C K J 

for all (x l3 x 2 ,-- - ,x„)eS. 


Notice that if 


F(x 1 ,x 2 ,x 3 , 



Xi +x 2 


^1 + ^2 
2 



involves 

F(x 1 ,x 2 , x 3 , • • • , x n ) > F(0, Xj + x 2 , x 3 , • • • , x n j, 


then the hypothesis 


F(x 1; x 2 ,x 3 , • • • , x n ) > 


> min 




Xl+X 2 

2 



Xi + x 2 , x 3) • • • 



is satisfied. 
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21. VASC’S INEQUALITY 

If a, b, c are real numbers, then 

(a 2 + b 2 + c 2 ) 2 > 3(a 3 b + b 3 c + c 3 a), 
with equality for a = b = c, and also for 

a b c 


sin 


2 4n 


sin 2 ^ sin 2 j 


(or any cyclic permutation) - Vasile Cirtoaje, 1991. 

The following theorem gives a generalization of Vase’s inequality. 

Theorem 0 (Vasile Cirtoaje, 2007). Let 

/ 4 (a, b, c) = ^ a 4 + a 2 b 2 + Babe ^ a + C ^ a 3 b + D ^ ab 3 , 

where A,B,C,D are real constants such that 1 + A + B + C + D = 0. The inequality 
/ 4 (a, b, c) > 0 holds for all real numbers a, b, c if and only if 


3(1 +A)>C 2 + CD + D 2 . 


Notice that 


—/ 4 (a, b, c) = (U + V + C + D) 2 + 3 [U - V + 


S 

where 


C-D 


S = ^ a 2 b 2 — a 2 bc, 


U 


+ -(3 + 3 A-C 2 -CD-D 2 ), 


Ya 3 b-^a 2 bc_ y = Yab 3 -Ya 2 bc 


S S 

For A = B = 0, C = —2 and D = 1, we get the following inequality 

a 4 + b 4 + c 4 + ab 3 + be 3 + ca 3 > 2(a 3 b + b 3 c + c 3 a ), 

with equality for a = b = c, and also for 

a b c 

sin | sin yp sin ^ 

(or any cyclic permutation) - Vasile Cirtoaje, 1991. 

22. CYCLIC INEQUALITIES OF DEGREE THREE AND FOUR 

Consider the third degree cyclic homogeneous polynomial 

fs(a, b, c) = ^ a 3 + Babe + C ^ a 2 b + D ^ ab 2 , 
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where B, C,D are real constants. The following Theorem 1 holds. 

Theorem 1 (Pham Kim Hung, 2007). The cyclic inequality f 3 (a, b,c)> 0 holds for 
all a,b,c> 0 if and only if 

/ 3 ( 1 , 1 , 1)>0 

and 

f 3 (a, 1,0)>0 


for all a > 0. 

Consider now the fourth degree cyclic homogeneous polynomial 

/ 4 (a, b, c) = ^ a 4 + a 2 b 2 + Babe ^ a + C ^ a 3 b + D ^ ab 3 , 


where A, B, C, D are real constants. 

The following Theorem 2 states the necessary and sufficient conditions that/ 4 (a, b, c) 
0 for all real numbers a, b, c. 

Theorem 2 ( [Vasile Cirtoaje and Yuanzhe Zhou, 2011). The inequality / 4 (a, b,c) > 0 
holds for all real numbers a, b, c if and only if g 4 (t) > 0 for all t >0, where 


g 4 (t) = 3(2+A-C-D)t 4 -Ft 3 + 3(4-B + C + D)t 2 + 1+A + B + C + D, 


F = y/ 27(C —D) 2 + E 2 , E = 8 — 4A + 2B — C — D. 

Note that in the special case / 4 ( 1,1,1) = 0 (when 1 + A + B + C + D = 0), Theorem 1 
yields Theorem 0 from the preceding section 21. 

The following Theorem 3 states some strong sufficient conditions that/ 4 (a, b, c) > 0 
for all real numbers a,b,c. 

Theorem 3 (Vasile Cirtoaje and Yuanzhe Zhou, 2012). The inequality / 4 (a, b,c) > 0 
holds for all real numbers a, b,c if the following two conditions are satisfied: 

(a) 1 +A + B + C + D > 0; 

(b) there exists a real number t e (— V3, V3 ) such that f(t) > 0, where 

f (t) = 2Gt 3 -(6 +2A + B + 3C + 3D)t 2 + 2(1 +C + D)Gt + H, 

G = Vl+A + B + C +D, H = 2 + 2A — B — C — D — C 2 — CD — D 2 . 

The following Theorem 4 states the necessary and sufficient conditions that/ 4 (a, b, c) 
0 for all a,b,c> 0. 

Theorem 4 (Vasile Cirtoaje, 2013). Let 


E = 8 — 4A + 2B — C — D, F = y/27(C - D) 2 + E 2 , 
g 4 (t) = 3(2 +A-C-D)t 4 -Ft 3 + 3(4 —B + C + D)t 2 + 1 +A + B + C + D 
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, . 2E , , 

g 3 (t)=— t 3 + 3t 2 -l. 

F 

For F = 0, the inequality f 4 (a, b,c)> 0 holds for all a, b,c > 0 if and only if g 4 (t) > 0 
for all t e [0,1], 

For F / 0, the inequality f 4 (a,b,c) > 0 holds for all a,b,c > 0 if and only if the 
following two conditions are satisfied: 

(a) g 4 (t) > 0 for all t € [0, t 1 l where t 1 e [1/2,1] such that gaC^) = 0; 

(b) / 4 (a, 1,0) > 0 for all a > 0. 

The following Theorem 5 states some strong sufficient conditions that/ 4 (a, b, c) > 0 
for all a,b,c> 0. 

Theorem 5 (Vasile Cirtoaje and Yuanzhe Zhou, 2013). The inequality / 4 (a, b,c) > 0 
holds for all a,b,c > 0 if 

l+A+B+C+D>0 

and one of the following two conditions is satisfied: 

(a) 3(1 + A) > C 2 + CD + D 2 ; 

(b) 3(1 + A) < C 2 + CD + D 2 , and there exists t > 0 such that 

(C + 2 D)t 2 + 6t + 2C + D> 2\J (t 4 + t 2 + 1)(C 2 + CD + D 2 - 3- 3A). 
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Chapter 2 

Symmetric Polynomial Inequalities 
in Real Variables 

2.1 Applications 

2 . 1 . Let a, b, c, d be real numbers such that a 2 + b 2 + c 2 + d 2 = 9. Prove that 

a 3 + b 3 + c 3 + d 3 < 27. 

2 . 2 . If a, b, c are real numbers such that a + b + c = 0, then 

(2a 2 + bc)(2b 2 + ca)(2c 2 + ab ) < 0. 

2 . 3 . Let a, b, c be real numbers such that a + b > 0, b + c > 0, c + a > 0. Prove that 

9(a + b)(b + c)(c + a) > 8(a + b + c)(ab + bc + ca ). 

2 . 4 . Let a, b, c be real numbers such that ab + be + ca = 3. Prove that 

(3a 2 + l)(3b 2 + l)(3c 2 + 1) > 64. 

When does equality hold? 

2.5. If a and b are real numbers, then 

3(1 — a + a 2 )(l — b + b 2 ) > 2(1 — ab + a 2 b 2 ). 
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2 . 6 . If a, b, c are real numbers, then 

3(1 — a + a 2 )(l — b + b 2 )(l — c + c 2 ) > 1 + abc + a 2 b 2 c 2 . 

2.7. If a, b, c are real numbers, then 

(a 2 + b 2 + c 2 ) 3 > (a + b + c)(ab + be + ca)(a 3 + b 3 + c 3 ). 

2 . 8 . If a, b, c are real numbers, then 

2(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) > [ab(a + b) + bc{b + c) + ca(c + a) — 2abc] 2 . 

2 . 9 . If a, b, c are real numbers, then 

(a 2 + l)(b 2 + l)(c 2 + 1) > 2(ab + be + ca). 

2 . 10 . If a, b, c are real numbers, then 

(a 2 + l)(b 2 + l)(c 2 + 1) > —r(a + b + c + l) 2 . 


2 . 11 . If a,b,c are real numbers, then 

(a) a 6 + b 6 + c 6 — 3 a 2 b 2 c 2 + 2(a 2 + bc)(b 2 + ca)(c 2 + ab) > 0; 

(b) a 6 + b 6 + c 6 — 3 a 2 b 2 c 2 > (a 2 — 2bc)(b 2 — 2ca)(c 2 — 2ab). 

2 . 12 . If a, b, c are real numbers, then 

^(a 6 + b 6 + c 6 ) + a 3 b 3 + b 3 c 3 + c 3 a 3 + abc(a 3 + b 3 + c 3 ) > 0. 


2.13. If a, b, c are real numbers, then 

4(a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > (a — b) 2 (b — c) 2 (c — a) 2 . 
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2 . 14 . If a, b, c are real numbers, then 

(a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > 3(a 2 b + b 2 c + c 2 a)(ab 2 + be 2 + ca 2 ). 

2 . 15 . If a, b, c are real numbers such that abc > 0, then 

^ + l)(b+l){f+])^9(a + b + cy 

2 . 16 . If a, b, c are real numbers, then 

(a) (a 2 + 2bc)(b 2 + 2ca)(c 2 + 2 ab) < (a 2 + b 2 + c 2 )(ab + be + ca) 2 ; 

(b) (2a 2 + bc)(2b 2 + ca)(2c 2 + ab) < (a + b + c) 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ). 

2 . 17 . If a, b, c are real numbers such that ab + be + ca > 0, then 

27(a 2 + 2 bc)(b 2 + 2ca)(c 2 + 2ab) < (a + b + c) 6 . 

2 . 18 . If a, b, c are real numbers such that a 2 + b 2 + c 2 = 2, then 

(a 2 + 2bc)(b 2 + 2ca)(c 2 + 2ab) + 2 > 0. 

2 . 19 . If a, b, c are real numbers such that a + b + c = 3, then 

3(a 4 + b 4 + c 4 ) + a 2 + b 2 + c 2 + 6 > 6(a 3 + b 3 + c 3 ). 

2 . 20 . If a, b, c are real numbers such that abc = 1, then 

3(a 2 + b 2 + c 2 ) + 2(a + b + c) > 5(ab + bc + ca). 

2 . 21 . If a, b, c are real numbers such that abc = 1, then 

2,0 2 r 3 7 1 1 n 

a 2 + b 2 + c 2 + 6> - a + b + cH-1- + - . 

2\, abc) 
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2.22. If a, b, c are real numbers, then 

a + a^a + ^a + cWc^a + afa +b fa + cf. 

2.23. Let a, b, c be real numbers such that a + b + c = 0. Prove that 

a 12 + b 12 + c t2> 2049 a 4 b 4 c 4_ 

8 

2.24. If a, b, c are real numbers such that abc > 0, then 

a 2 + b 2 + c 2 + 2 abc + 4 > 2(a + b + c) + ab + be + ca. 

2.25. Let a, b, c be real numbers such that a + b + c = 3. 

(a) If a,b,c> —3, then 

1 1 1111 

— + h2 + —-~ + h + -' 

a z b z c z a b c 

(b) If a,b,c > —7, then 

1 —a 1 — b 1 — c 

-I - -+-^ 0. 

(1 + a) 2 (1 + b) 2 (l + c) 2_ 

2.26. If a, b, c are real numbers, then 

a 6 + b 6 + c 6 - 3 a 2 b 2 c 2 > ^(a - b) 2 (b - c) 2 (c - a) 2 . 

2.27. If a, b, c are real numbers, then 

> a 2 b 2 c 2 + — (a - b) 2 (b - c) 2 (c - a) 2 . 
16 

2.28. If a, b, c are real numbers, then 

(a 2 + b 2 + c 2 ) 3 > — a 2 b 2 c 2 + 2(a - b)\b - c) 2 (c - a) 2 . 
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2.29. If a, b, c are real numbers, then 

2(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) > (a - b) 2 (b - c) 2 (c - a) 2 . 

2.30. If a, b, c are real numbers, then 

32(a 2 + bc)(b 2 + ca)(c 2 + ab) + 9(a — b) 2 (b — c) 2 (c — a) 2 > 0. 

2.31. If a, b, c are real numbers, then 

a 4 (b — c) 2 + b 4 (c — a) 2 + c 4 (a — b) 2 > -(a — b) 2 (b — c) 2 (c — a) 2 . 

2.32. If a, b, c are real numbers, then 

a 2 (b — c) 4 + b 2 (c — a) 4 + c 2 (a — b) 4 > ^(a — b) 2 (b — c) 2 (c — a) 2 . 

2.33. If a, b, c are real numbers, then 

a 2 (b 2 - c 2 ) 2 + b 2 (c 2 - a 2 ) 2 + c 2 (a 2 - b 2 ) 2 > -(a - b) 2 (b - c) 2 (c - a) 2 . 

8 

2.34. If a, b, c are real numbers such that ab + be + ca = 3, then 

(a) (a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > 3(a + b + c) 2 ; 

(b) (a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > - (a 2 + b 2 + c 2 ). 

2.35. If a, b, c are real numbers, then 

(a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > 3(ab + be + ca)(a 2 b 2 + b 2 c 2 + c 2 a 2 ). 

2.36. If a, b, c are real numbers, not all of the same sign, then 

(a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > 3(ab + be + ca) 3 . 
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2.37. If a, b, c are real numbers, then 

(a 2 + ab + b 2 )(b 2 + bc + c 2 )(c 2 + ca + a 2 ) > -(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ). 

8 

2.38. If a, b, c are real numbers, then 

2(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) > (a 2 - ab + b 2 )(b 2 - be + c 2 )(c 2 - ca + a 2 ). 

2.39. If a, b, c are real numbers, then 

9(1 + a 4 )(l + b 4 )(l + c 4 ) > 8(1 + abc + a 2 b 2 c 2 ) 2 . 

2.40. If a, b, c are real numbers, then 

2(1 + a 2 )(l + b 2 )(l + c 2 ) > (1 4- a)(l + b)( 1 + c)(l + abc). 

2.41. If a, b, c are real numbers, then 

3(a 2 - ab + b 2 )(b 2 - be + c 2 )(c 2 - ca + a 2 ) > a 3 b 3 + b 3 c 3 + c 3 a 3 . 


2.42. If a, b, c are nonzero real numbers, then 

b 2 — be + c 2 


Z 


v q2 

+ 2 > — > 

1 be 



2.43. Let a, b, c be real numbers. Prove that 

(a) if a, b, c e [0,1], then 

abc — (b + c — a)(c + a — b)(a + b — c) < 1; 

(b) if a, b, c e [—1,1], then 

abc — (b + c — a)(c + a — b)(a + b — c) < 4. 
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2.44. Let a, b, c be real numbers. Prove that 

(a) if a, b, c e [0,1], then 

^V(a-b)(a-c) < 1; 

(b) if a, b, c e [—1,1], then 

^ a 2 (a — b)(a — c) < 4. 


2.45. Let a, b, c be real numbers such that 

ab + be + ca = abc + 2. 


Prove that 

a 2 + b 2 + c 2 — 3 > (2 + -/3)(a + b + c — 3). 


2 . 46 . Let a, b, c be real numbers such that 

(a + b)(b + c)(c + a) = 10. 

Prove that 

(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) + 12a 2 b 2 c 2 > 30. 

2 . 47 . Let a, b, c be real numbers such that 

(a + b)(b + c)(c + a) = 5. 

Prove that 

(a 2 + ab + b 2 )(b 2 + bc + c 2 )(c 2 + ca + a 2 ) + 12a 2 b 2 c 2 > 15. 


2.48. Let a, b, c be real numbers such that a + b + c = 1 and a 3 + b 3 + c 3 = fc. Prove 
that 

(a) if k = 25, then |a| < 1 or [b| < 1 or |c| < 1; 

(b) if k = —11, then l<a<2orl<b<2orl<c<2. 
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2.49. Let a, b, c be real numbers such that 

a + b + c = a 3 + b 3 + c 3 = 2. 

Prove that a,b,c ^ 2 


2.50. If a, b, c and k are real numbers, then 


^~](g — b)(a — c)(a — fcb)(a — /cc) > 0. 


2.51. If a, b, c are real numbers, then 

(b + c - a) 2 (c + a - b) 2 (a + b - c) 2 > (b 2 + c 2 - a 2 )(c 2 + a 2 - b 2 )(a 2 + b 2 - c 2 ). 


2.52. If a, b, c are real numbers, then 


^V(a - b)(a - c) > 


(a — b) 2 (b — c) 2 (c — a) 2 
a 2 + b 2 + c 2 + ab + be + ca 


2 . 53 . Let a < b < c be real numbers such that 

a + b + c =p, ab + bc + ca = q, 

where p and q are fixed real numbers satisfying p 2 > 3q. Prove that the product 

r = abc 

is minimal when b = c, and is maximal when a = b. 

2 . 54 . Let a, b, c be real numbers such that a + b + c = 3. Prove that 

(ab + be + ca — 3) 2 > 2 7(abc — 1). 


2.55. Let a, b, c be real numbers such that a + b + c = 3. Prove that 


(ab + be + ca ) 2 + 9 > 18 abc. 
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2 . 56 . If a, b, c are real numbers such that a 2 + b 2 + c 2 = 9, then 

abc + 10 > 2(a + b + c). 

2 . 57 . If a, b, c are real numbers such that 

a + b + c + abc = 4, 

then 

a 2 + b 2 + c 2 + 3 > 2(ab + be + ca). 

2 . 58 . If a, b, c are real numbers such that 

ab + be + ca = 3 abc, 

then 

4(a 2 + b 2 + c 2 ) + 9 > 7(ab + be + ca). 


2.59. If a, b, c are real numbers such that a + b + c = 3, then 

(a 2 + l)(b 2 + l)(c 2 + 1) > (a + 1 )(b + 1 )(c + 1). 


2.60. Let f 4 (a, b, c) be a symmetric homogeneous polynomial of degree four. Prove that 
the inequality/ 4 (a, b, c) > 0 holds for all real numbers a, b, c if and only if f 4 (a, 1,1) > 0 
for all real a. 


2.61. If a, b, c are real numbers, then 

10(a 4 + b 4 + c 4 ) + 64(a 2 b 2 + b 2 c 2 + c 2 a 2 ) > 33 ab(a 2 + b 2 ). 


2.62. If a, b, c are real numbers such that a + b + c = 3, then 
3(a 4 + b 4 + c 4 ) + 33 > 14(a 2 + b 2 + c 2 ). 
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2.63. If a, b, c are real numbers such that a 2 + b 2 + c 2 = 3, then 


a 4 + b 4 + c 4 + 3(ab + be + ca) < 12. 


2.64. Let a,/3, y be real numbers such that 


1 + a + /3 = 2y. 


The inequality 


xy +a X a 2 b 2 + flabc ab(a 2 + b 2 ) 


holds for any real numbers a, b, c if and only if 

1 + a > y 2 . 


2.65. If a, b, c are real numbers such that a 2 + b 2 + c 2 = 2, then 


ab(a 2 — ab + b 2 — c 2 ) + bc(b 2 — be + c 2 — a 2 ) + ca(c 2 — ca + a 2 — b 2 ) < 1. 


2.66. If a, b, c are real numbers, then 

(a + b) 4 + (b + c) 4 + (c + a) 4 > ^(a 4 + b 4 + c 4 ). 


2.67. Let a, b, c be real numbers, and let 


p = a + b + c, q = ab + bc + ca, r = abc. 


Prove that 




2.68. If a, b, c are real numbers, then 


ab(a + b) + bc(b + c) + ca(c + a) 3 
(a 2 + l)(b 2 + 1 )(c 2 + 1) ~4 
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2.69. If a, b, c are real numbers such that abc > 0, then 




+ 2 > -(a + b + c) 



2.70. If a, b, c are real numbers, then 




1 

2 


c + a - 

2 


2.71. If a, b, c are real numbers such that a + b + c = 3, then 

q(q-i) b(b-l) c(c-l) > Q 

8a 2 + 9 8b 2 + 9 8c 2 + 9 “ 


2.72. If a, b, c are real numbers such that a + b + c = 3, then 

(a — ll)(a — 1) | (b-UXb-1) | (c —ll)(c —1) 
2g 2 + 1 2b 2 + 1 2c 2 + 1 


2.73. If a, b, c are real numbers, then 

(g 2 + 2)(b 2 + 2)(c 2 + 2) > 9(gb + be + eg). 


2.74. If g, b, c are real numbers such that ab + be + ca = 3, then 
4(g 4 + b 4 + c 4 ) + llgbc(g + b + c) > 45. 


2.75. Any sixth degree symmetric homogeneous polynomial f^a, b,c) can be written 
in the form 

/ 6 (g, b, c) = Ar 2 + B(p, q)r + C(p, q ), 
where A is called the highest coefficient of / 6 , and 

p = a + b + c, q = ab + bc + ca, r = abc. 

In the case A < 0, prove that the inequality f^a, b, c) > 0 holds for all real numbers 
g, b, c if and only if f^a, 1,1) > 0 for all real a. 
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2.76. If a, b, c are real numbers such that ab + be + ca = —1, then 

(a) 5(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) > 8; 

(b) (a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > 1. 

2.77. If a, b, c are real numbers, then 

(a) 2] fl2 ( a — b)(a — c )( a + 2b)(a + 2c) + (a — b) 2 (b — c) 2 (c — a) 2 > 0; 

(b) 2a 2 (a — b)(a — c)(a — 4b)(a — 4c) + 7(a — b) 2 (b — c) 2 (c — a) 2 > 0. 

2.78. If a, b, c are real numbers, then 

(a 2 + 2bc)(b 2 + 2ca)(c 2 + 2ab) + (a — b) 2 (b — c) 2 (c — a) 2 > 0. 

2.79. If a, b, c are real numbers, then 

(2a 2 + 5 ab + 2b 2 )(2b 2 + 5 be + 2c 2 )(2c 2 + 5ca + 2a 2 ) + (a — b) 2 (b — c) 2 (c — a) 2 > 0. 


2.80. If a, b, c are real numbers, then 

^a 2 + -ab + b 2 ^j ^b 2 + -be + c 2 ^ ^c 2 + -ca + a 2 ^j > ^(a 2 + bc)(b 2 + ca)(c 2 + ab). 


2.81. If a, b, c are real numbers, then 

^]a 2 (a-b)(a —c)> 


2(a — b) 2 (b — c) 2 (c — a) 2 
a 2 + b 2 + c 2 


2.82. If a, b, c are real numbers, then 

^~](g — b)(a — c)(a — 2b)(a — 2c) > 


8(a — b) 2 (b — c) 2 (c — a) 2 


a 2 + b 2 + c 2 
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2.83. If a, b, c are real numbers, no two of which are zero, then 

a 2 + 3bc b 2 + 3ca c 2 + 3ab 

-+-b - ^ 0. 

b 2 + c 2 c 2 + a 2 a 2 + b 2 


2.84. If a, b, c are real numbers, no two of which are zero, then 

a 2 + 6bc b 2 + 6ca c 2 + 6ab 
b 2 — bc + c 2 c 2 — ca + a 2 a 2 — ab + b 2 ~ 

2.85. If a, b, c are real numbers such that ab + be + ca> 0, then 

4a 2 + 23bc 4b 2 + 23ca 4c 2 + 23ab 

- 1 - 1 -> 0 . 

b 2 + c 2 c 2 + a 2 a 2 + b 2 


2.86. If a, b, c are real numbers such that ab + be + ca = 3, then 
20(a 6 + b 6 + c 6 ) + 43abc(a 3 + b 3 + c 3 ) > 189. 


2.87. If a, b, c are real numbers, then 

4^(a 2 + bc)(a — b)(a — c)(a — 3b)(a — 3c) > 7(a — b) 2 (b — c) 2 (c — a) 2 . 


2.88. Let a, b, c be real numbers such that ab + be + ca > 0. For any real k, prove that 
])] 4bc(a — b)(a — c)(a — fcb)(a — kc ) + (a — b) 2 (b — c) 2 (c — a) 2 > 0. 


2.89. If a, b, c are real numbers, then 

[(a 2 b + b 2 c + c 2 a) + (ab 2 + be 2 + ca 2 )] 2 > 4(ab + be + ca)(a 2 b 2 + b 2 c 2 + c 2 a 2 ). 


2.90. If a, b, c are real numbers such that a + b + c = 3, then 

(a — l)(a — 25) _ (b-l)(b-25) _ (c-l)(c-25) 
a 2 + 23 b 2 + 23 c 2 + 23 
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2.91. If a, b, c are real numbers such that abc / 0, then 



2 


> 2. 


2.92. If a, b, c are real numbers, then 

(a) (a 2 + l)(b 2 + l)(c 2 + 1) > |(a - b)(b - c)(c - a)|; 

3 v 3 

(b) (a 2 — a + l)(b 2 — b + 1 )(c 2 — c + 1) > |(a — b)(b — c)(c — a)|. 

2.93. If a, b, c are real numbers such that a + b + c = 3, then 

(1 — a + a 2 )(l — b + b 2 )( 1 — c + c 2 ) > 1. 


2.94. If a, b, c are real numbers such that a + b + c = 0, then 

q(g-4) b(b — 4) c(c-4) > 

a 2 + 2 b 2 + 2 c 2 + 2 ~ 


2.95. If a, b, c, d are real numbers, then 

(1 — a + a 2 )( 1 — b + b 2 )( 1 — c + c 2 )(l — d + d 2 ) > + _ 


2.96. Let a, b, c, d be real numbers such that abed > 0. Prove that 




>(a + b + c + d ) 



2.97. Let a, b, c, d be real numbers such that 

a + b + c + d = 4, a 2 + b 2 + c 2 + d 2 = 7. 


Prove that 


a 3 + b 3 + c 3 + d 3 < 16. 
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2.98. Let a, b, c, d be real numbers such that a + b + c + d = 0. Prove that 

12(a 4 + b 4 + c 4 + d 4 ) < 7(a 2 + b 2 + c 2 + d 2 ) 2 . 

2.99. Let a, b, c, d be real numbers such that a + b + c + d = 0. Prove that 

(a 2 + b 2 + c 2 + d 2 ) 3 > 3(a 3 + b 3 + c 3 + d 3 ) 2 . 

2.100. If a, b, c, d are real numbers such that abed = 1. Prove that 

(1 + a 2 )(l + b 2 )(l + c 2 )(l + d 2 ) > (a + b + c 4- d) 2 . 

2.101. Let a, b, c, d be real numbers such that 

a 2 + b 2 + c 2 + d 2 = 4. 

Prove that 

(abc) 3 + (bed) 3 + (eda) 3 + (dab) 3 < 4. 

2.102. Let a, b, c, d be real numbers such that a 2 + b 2 + c 2 + d 2 = 1. Prove that 

(1 - a) 4 + (1 - b) 4 + (l-c) 4 + (l-d) 4 >a 4 + b 4 + c 4 + d 4 . 

2.103. If a, b,c,d > — such that a + b + c + d = 4, then 

1 —a 1 — b 1 — c 1 — d 

- + - +-b - ^ 0. 

1 — a + a 2 1 — b + b 2 1 — c + c 2 1 —d + d 2 

2.104. If a, b, c,d,e> —3 such that a + b + c + d + e = 5, then 

1 —a 1 —b 1 —c 1 —d 1 —e 

1 + a + a 2 1 + b + b 2 1 + c + c 2 1 + d + d 2 l + e + e 2_ 

2.105. Let a, b, c, d, e be real numbers such that a + b + c + d + e = 0. Prove that 


30(a 4 + b 4 + c 4 + d 4 + e 4 ) > 7(a 2 + b 2 + c 2 + d 2 + e 2 ) 2 . 
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2.106. Let q 1; a 2 ,..., a n > — 1 such that a 1 + a 2 -\ -I- a n = 0. Prove that 

(n — 2)(q 2 + q^ H-1- q 2 ) > q 2 + H-f q 2 . 


2.107. Let a 1; a 2 ,..., a n > — 1 such that a 1 + a 2 -\ -I- a n = 0. Prove that 


(n — 2)(q 2 + q^ + • • • + q 2 ) + (n — l(q 2 + q^ + • ■■ + o„) ^ 0. 


2.108. Let a 1; a 2 ,... ,a n > n 
a 2 H-1- a n = n. Prove that 


— 1 — Vn 2 — n + 1 be nonzero real numbers such that a 2 + 


■ + 


+ ••• + 


> n. 


2.109. Let a 1; a 2 ,...,a n < -be real numbers such that 

n — 2 

a i + a 2 3-1 -a n = n. 


If k is a positive integer, k > 2, then 

Q 1 +a 2 + "' + a n - n - 


2.110. If a 1 , a 2 ,..., a n (n > 3) are real numbers such that 


then 


—(3n —2) 

<^i,a 2 ,... ,a n > --—, &i + cl 2 -\ - 1 - a n — n, 

“ n — 2 


1 —di 1 — q 2 1 — q„ 

-— H- — H-1- — > 0. 

(l + ai ) 2 (1 + a 2 ) 2 (1 + a n) 2 — 


2.111. Let a 1; a 2 , ..., a n be real numbers. Prove that 

(ai + q 2 H-f a n ) 2 < (n — l) n \ 

( a i + l )( a 2 + 1)''' (a 2 + 1) _ nn ~ 2 

ai + q 2 H-1- q n < (2n — l) n 2 

(q 2 + l)(q 2 + 1) • • • (q2 + 1) _ 2"n n - 1 
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2.2 Solutions 


P 2.1. Let a, b, c, d be real numbers such that a 2 + b 2 + c 2 + d 2 = 9. Prove that 

a 3 + b 3 + c 3 + d 3 < 27. 

Solution. From a 2 + b 2 + c 2 + d 2 = 9, we get a 2 < 9, a < 3, a 2 (a — 3) < 0, a 3 < 3a 2 . 
Similarly, b 3 < 3b 2 , c 3 < 3c 2 and d 3 < 3d 2 . Therefore, 

a 3 + b 3 + c 3 + d 3 < 3 (a 2 + b 2 + c 2 + d 2 ) = 27. 

The equality holds for a = 3 and b = c = d = 0 (or any cyclic permutation thereof). 

□ 


P 2.2. If a,b,c are real numbers such that a + b + c = 0, then 

(2 a 2 + bc)(2b 2 + ca)(2c 2 + ab ) < 0. 


First Solution. Among a, b, c there are two with the same sign. Let be > 0. We need to 
show that 

(2b 2 + ca)(2c 2 + ab) < 0. 

This is equivalent to 

[2b 2 — c(b + c)][2c 2 — (b + c)b] < 0, 

(b — c) 2 (2b + c)(b + 2c) > 0. 


Since 

(2b + c)(b + 2c) = 2(b 2 + c 2 ) + 5bc > 0, 


the conclusion follows. The equality holds for 


=^ = b 

2 


(or any cyclic permutation). 


Second Solution. We have 

2a 2 + be = (a — b)(a — c) + a(a + b + c) = (a — b)(a — c), 

2 b 2 + ca = (b — c)(b — a) + b(a + b + c) = (b — c)(b — a), 

2c 2 + ab = (c — a)(c — b) + c(a + b + c) = (c — a)(c — b). 

Therefore, 

(2a 2 + bc)(2b 2 + ca)(2c 2 + ab) = —(a — b) 2 (b — c) 2 (c — a) 2 < 0. 

□ 
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P 2.3. Let a, b, c be real numbers such that a + b >0, b + c> 0, c + a> 0. Prove that 
9 (a + b)(b + c)(c + a) > 8(a + b + c)(ab + be + ca ). 


(Nguyen Van Huyen, 2014) 


Solution. Write the inequality in the form 

a(b — c) 2 + b(c — a) 2 + c(a — b) 2 > 0. 

For a,b,c > 0, the inequality is clearly true. Otherwise, without loss of generality, 
assume that a <b < c. From a + b > 0, b + c > 0, c + a > 0, it follows that a < 0 < b < c 
and a + b > 0. Replacing a by —a, we need to show that 0 < a < b < c involves 

—a(c — b) 2 + b{c + a) 2 + c(a + b) 2 > 0. 


This is true since 

—a(c — b) 2 + b(c + a) 2 > —b(c — b) 2 + b(c + a) 2 = b(a + b)(a — b + 2c) > 0. 


The equality holds for a = b = c > 0. 


□ 


P 2.4. Let a, b, c be real numbers such that ab + be + ca = 3. Prove that 

(3a 2 + l)(3b 2 + l)(3c 2 + 1) > 64. 

When does equality hold? 


Solution. Using the substitution 



y 

i/3’ 


c = 


z 


we need to show that 

(x 2 + l)(y 2 + l)(z 2 + 1) > 64 
for all real x,y,z such that xy + yz + zx = 9. 

First Solution. Applying the Cauchy-Schwarz inequality, we have 


(x 2 + l)(y 2 + 1)( Z 2 + 1) = (x 2 + l)[(y + zf + (yz - l) 2 ] 

>[x(y + z) + (yz-l)] 2 = 64. 
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y + z 

The equality holds for xy + yz + zx = 9 and-= yz — 1; that is, for 

x 


y + z = [yz-l)x 


[yz - 1X9-yz) 


y + z 

[y+z) 2 + [yz-l)[yz-9) = 0, 

[y-z) 2 + [yz- 3) 2 = 0, 
y = z = ± a/3 . 

In addition, from xy + yz + zx = 9, we get 

x = y = z = ±V3. 

Therefore, the original inequality becomes an equality for 

a = b = c = ±1. 

Second Solution. We have 

(x 2 + l)(y 2 + l)(z 2 + 1) — 64 = x 2 y 2 z 2 + ^ x 2 y 2 + ^ x 2 — 63 
= x 2 y 2 z 2 + Q~]xy) —2xyz^x + Q~]x) -2^xy-63 


2 2 2 
x y z 


-2xyz^x + (^]x) = (xyz-^x) > 0. 


□ 


P 2.5. If a and b are real numbers, then 

3(1 — a + a 2 )(l — b + b 2 ) > 2(1 — ab + a 2 b 2 ). 


(Titu Andreescu, 2006) 


Solution. Since 


(1 — a + a 2 )(l — b + b 2 ) = (a + b) 2 — [ab + l)(a + b) + (1 — ab + a 2 b 2 ), 


we can write the inequality as 

3(a + b) 2 — 3 [ab + l)(a + b) + a 2 b 2 — ab + 1>0. 


Clearly, this inequality is true if a < 0 and b < 0. Otherwise, write the inequality in the 
form 


3(2a + 2 b — ab — l) 2 + a 2 b 2 — 10 ab + 1 > 0. 
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This inequality is obviously true for ab < 0. Therefore, consider further that a > 0 
and b > 0. If a 2 b 2 — 10 ab + 1 > 0, then the inequality is true. Assume now that 
a 2 b 2 — 10 ab + 1 < 0. Since 

2a + 2b — ab — 1 > 4 \fab — ab — 1 

and 

j—r , 14ab — a 2 b 2 — 1 lOab — a 2 b 2 — 1 

4 V ab — ab — 1 = -—->-—->0, 

4vab + ab + l 4vab + ab + l 

it suffices to show that 

3(4 V~ab — ab — l) 2 + a 2 b 2 — 10a b +1 > 0. 

This inequality is equivalent to 


(ab — 3 Vab + l) 2 > 0, 


which is obviously true. The equality holds for a = b = 


~(3 ± a/5). 


□ 


P 2.6. If a, b, c are real numbers, then 

3(1 — a + a 2 )(l — b + b 2 )(l — c + c 2 ) > 1 + a be + a 2 b 2 c 2 . 

(Vasile Cirtoaje and Mircea Lascu, 1989) 

First Solution. From the identity 

2(1 - a + a 2 )(l - b + b 2 ) = 1 + a 2 b 2 + (a - b) 2 + (1 - a) 2 (l - b) 2 , 
it follows that 

2(1 - a + a 2 )(l - b + b 2 ) > 1 + a 2 b 2 . 

Thus, it is enough to prove that 

3(1 + a 2 b 2 )(l — c + c 2 ) > 2(1 + abc + a 2 b 2 c 2 ). 

This inequality is equivalent to 

(3 + a 2 b 2 )c 2 — (3 + 2ab + 3a 2 b 2 )c + 1 + 3a 2 b 2 > 0, 
which is true, since the quadratic in c has the discriminant 


D =-3(1-ab) 4 < 0. 
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This means that we can write the inequality as 

[2(3 + a 2 b 2 )c — 3 — 2 ab — 3 a 2 b 2 ] 2 + 3(1 — ab) 4 > 0. 


The equality holds for a = b = c = 1. 

Second Solution. Write the required inequality as 

3(1 — a + a 2 )(l — b + b 2 )(l — c + c 2 ) — abc > 1 + a 2 b 2 c 2 . 

Substituting a,b,c by |a|,[b|,|c|, respectively, the left side of this inequality remains 
unchanged or decreases, while the right side remains unchanged. Therefore, it suffices 
to prove the inequality only for a, b, c > 0. For a = b = c, the inequality is true since 

3(1 — a + a 2 ) 3 — (1 + a 3 + a 6 ) = (1 — a) 4 (2 — a + 2a 2 ) > 0. 

Multiplying the inequalities 

v^3(l — a + a 2 ) > V1 + a 3 + a 6 , 

v^3(l — b + b 2 ) > \!\ + b 3 + b 6 , 
v^3(l — c + c 2 ) > V1 + c 3 + c 6 , 

we get 

3(1 — a + a 2 )( 1 — b + b 2 )(l — c + c 2 ) > \/(l + a 3 + a 6 )(l + b 3 + b 6 )( 1 + c 3 + c 6 ). 
Therefore, it suffices to prove that 

y{1 + a 3 + a 6 )(l + b 3 + b 6 )(l + c 3 + c 6 ) > 1 + abc + a 2 b 2 c 2 , 


which follows immediately from Holder’s inequality. 


□ 


P 2.7. If a, b, c are real numbers, then 

(a 2 + b 2 + c 2 ) 3 > (a + b + c)(ab + be + ca)(a 3 + b 3 + c 3 ). 


(Vasile Cirtoaje, 2007) 
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Solution. Substituting a, b,c by |a[, |b|, |c|, respectively, the left side of the inequality 
remains unchanged, while the right side either remains unchanged or increases. There¬ 
fore, it suffices to prove the inequality only for a,b,c > 0. Let p = a + b + c and 
q = ab + be + ca. Since 


q 2 — 3abcp 


a 2 (b — c) 2 + b 2 (c ■ 


a) 2 + c 2 (a- 


bf 


> 0 , 


we have 


(a + b + c)(a 3 + b 3 + c 3 ) = p(p 3 — 3 pq + 3 abc) < p 4 — 3 p 2 q + q 2 . 
Thus, it suffices to show that 

(p 2 - 2q) 3 > q(p 4 - 3p 2 q + q 2 ), 
which is equivalent to the obvious inequality 

(p 2 -3q) 2 (p 2 -q)>0. 

The equality holds for a = b = c. 


□ 


P 2.8. If a,b,c are real numbers, then 

2(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) > [ab(a + b) + bc(b + c) + ca(c + a) — 2 abc] 2 . 

(Vo Quoc Ba Can, 2009) 

Solution. Since 

(a 2 + b 2 )(a 2 + c 2 ) = (a 2 + be) 2 + (ab — ac) 2 

and 

2 (b 2 + c 2 ) = (b + c) 2 + (b-c) 2 , 

the required inequality follows by applying the Cauchy-Schwarz inequality as follows 

2(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) > [(a 2 + bc)(b + c) + (ab — ac)(b — c)] 2 

= [ab(a + b) + bc(b + c) + ca(c + a) — 2 abc] 2 . 

The equality holds when two of a, b, c are equal. 

□ 
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P 2.9. If a, b, c are real numbers, then 

(a 2 + l)(b 2 + l)(c 2 + 1) > 2(ab + bc + ca). 


First Solution. Substituting a,b,c by |a|,|b|,|c[, respectively, the left side of this in¬ 
equality remains unchanged, while the right side remains unchanged or increases. There¬ 
fore, it suffices to prove the inequality only for a,b,c > 0. Without loss of generality, 
assume that a > b > c > 0. Since 


2(ab + be + ca) < 3a(b + c) < 


3(a 2 + 1 )(b + c) 


it suffices to prove that 


which is equivalent to 


2(b 2 + l)(c 2 + 1) > 3(b + c), 


2(b + c) 2 — 3(b + c) + 2(bc — l) 2 > 0. 


Case 1: 4bc < 1. We have 


2(b + c) —3(b + c) + 2(bc — 1) —2 b + c-+ 


3A 2 (1 —4bc)(7 —4bc) 


8 


>0. 


Case 2: 4bc > 1. We get the required inequality by summing 

9(b + c) 2 


and 


We have 


8 

7(b + c) 2 
8 


— 3(b + c) + 2 > 0, 


+ 2b 2 c 2 -4bc>0. 


« f - + ^_ 3 ( i) + c) + 2=«t±thTE>o 


8 


8 


and 


Zlt±d! + 2bV-4bc > + 2bV-4bc = bc <- 4bc - 1 \ 

8 2 2 


Second Solution Write the inequality as 


(b 2 + l)(c 2 + 1) 


b + c 


l2 


(b 2 + l)(c 2 + 1) 


+ A > 0, 
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where 


A = (b 2 + 1 )(c 2 + 1) — 2bc — ■ 


(b + c) 2 


(b 2 + l)(c 2 + 1) 

We need to show that A > 0. By virtue of the Cauchy-Schwarz inequality, 

(b 2 + l)(c 2 + 1) > (b + c) 2 . 


Then, 


A > (b 2 + l)(c 2 + 1) — 2bc — 1 = b 2 c 2 + (b —c) 2 > 0. 


□ 


P 2.10. If a, b, c are real numbers, then 

(a 2 + l)(b 2 + l)(c 2 + 1) > —(a + b + c + l) 2 . 

16 

(Vasile Cirtoaje, 2006) 

First Solution. Replacing a, b, c respectively by a/2, b/2, c/2, the inequality becomes 

(a 2 + 4)(b 2 + 4)(c 2 + 4) > 5(a + b + c + 2) 2 . 

Since the equality in this inequality holds for a = b = c = 1, we apply the Cauchy- 
Schwarz inequality in the form 


(a + b + c + 2) 2 < (a 2 + 4) 
Thus, it suffices to prove that 


1 + 


b + c + 2 


(b 2 + 4)(c 2 + 4) > 5 


1 + 


b + c + 2 


This inequality is equivalent to 

ll(b + c) 2 - 20(b + c) + 4b 2 c 2 - 32be + 24 > 0. 

Since 4b 2 c 2 — 8 be + 4 = 4(bc — l) 2 > 0, it suffices to show that 
ll(b + c) 2 -20(b + c)-24bc + 20> 0. 

Indeed, 

ll(b + c) 2 — 20(b + c) - 24bc + 20 > ll(b + c) 2 - 20(b + c) - 6(b + c) 2 + 20 

= 5(b + c — 2) 2 > 0. 
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Equality in the original inequality occurs for a = b = c = -. 

Second Solution. Obviously, among a 2 , b 2 , c 2 there are two either less than or equal to 
-, or greater than or equal to Let b and c be these numbers; that is, 


(4b 2 — l)(4c 2 — 1) > 0. 


Then, we have 


16 ., 2 


(b + l)(c + 1) = 5 


4b 2 -1 


+ 1 


4c 2 -1 


+ 1 


4b 2 -1 4c 2 -1 

-+- 


+ 1 = 4b 2 + 4c 2 + 3. 


> 5 

Hence, it suffices to prove that 

(a 2 + l)(4b 2 + 4c 2 + 3) > (a + b + c + l) 2 . 
Writing this inequality as 

^a 2 + ^ ^ ^ j (1 + 4b 2 + 4c 2 + 2) > (a + b + c + l) 2 , 

we recognize the Cauchy-Schwarz inequality. 


□ 


P 2.11. If a, b,c are real numbers, then 

(a) a 6 + b 6 + c 6 — 3 a 2 b 2 c 2 + 2(a 2 + bc)(b 2 + ca)(c 2 + ab) > 0; 

(b) a 6 + b 6 + c 6 — 3a 2 b 2 c 2 > (a 2 — 2bc)(b 2 — 2ca)(c 2 — 2ab). 

Solution, (a) Since 

(a 2 + bc)(b 2 + ca)(c 2 + ab) = 2 a 2 b 2 c 2 + ^ a 3 b 3 + abc ^ a 3 , 
we can write the desired inequality as follows 

a 6 + 2^ a 3 b 3 + 2 abc ^ a 3 + a 2 b 2 c 2 > 0, 

a 3 ) 2 + 2abc ^ a 3 + a 2 b 2 c 2 > 0, 
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("^ a 3 + abc) 2 > 0. 

The equality holds for a 3 + b 3 + c 3 + abc = 0. 

(b) Since 

(a 2 — 2 bc)(b 2 — 2ca)(c 2 — 2 ab) = —7a 2 b 2 c 2 — 2 ^ a 3 b 3 + 4abc ^ a 3 , 
we can write the desired inequality as follows 

^a 6 + 2^a 3 b 3 —4abc^a 3 + 4a 2 b 2 c 2 > 0, 

(^a 3 ) 2 —4abc^a 3 + 4a 2 b 2 c 2 > 0, 

Cy~' i a 3 — 2 abc) 2 > 0 . 

The equality holds for a 3 + b 3 + c 3 — 2abc = 0. 


□ 


P 2.12. If a, b, c are real numbers, then 

^(a 6 + b 6 + c 6 ) + a 3 b 3 + b 3 c 3 + c 3 a 3 + abc(a 3 + b 3 + c 3 ) > 0. 

Solution. Write the inequality as follows 

^(a 6 + b 6 + c 6 ) + 2(a 3 b 3 + b 3 c 3 + c 3 a 3 ) + 2 abc(a 3 + b 3 + c 3 ) > 0, 

^(a 6 + b 6 + c 6 ) + (a 3 + b 3 + c 3 ) 2 + 2abc(a 3 + b 3 + c 3 ) > 0. 

By virtue of the AM-GM inequality, we have 

-(a 6 + b 6 + c 6 ) > a 2 b 2 c 2 . 

3 

Therefore, it suffices to show that 

a 2 b 2 c 2 + (a 3 + b 3 + c 3 ) 2 + 2abc(a 3 + b 3 + c 3 ) > 0, 
which is equivalent to 

(abc + a 3 + b 3 + c 3 ) 2 > 0. 


The equality holds for —a = b = c (or any cyclic permutation). 


□ 
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P 2.13. If a, b, c are real numbers, then 

4 (a 2 + ab + b 2 )(b 2 + bc + c 2 )(c 2 + ca + a 2 ) > (a — b) 2 (b — c) 2 (c — a) 2 . 

(Vasile Cirtoaje, 2009) 

Solution. Using the identity 

4xy = (x + y ) 2 - (x - y) 2 , 

we have 

4(a 2 + ab + b 2 )(a 2 + ac + c 2 ) = [(2a 2 + ab + ac + 2be) + (b — c) 2 ] 2 — (a + b 4- c) 2 (b — c) 2 

= (2a 2 + ab + ac + 2 be) 2 + 3 a 2 (b — c) 2 . 

From this result and 

4(b 2 + bc + c 2 ) = (b — c) 2 + 3(b + c) 2 , 

we get 

16 J - [(a 2 + ab + b 2 ) = [(2a 2 + ab + ac + 2be) 2 + 3a 2 (b — c) 2 ] [(b — c) 2 + 3(b + c) 2 ] . 

So, the Cauchy-Schwarz inequality gives 

16 r > 2 + ab + b 2 ) > [(2a 2 + ab + ac + 2 bc)(b — c) + 3a(b — c)(b + c)] 2 
= 4(b — c) 2 (a — b) 2 (a — c) 2 . 

The equality holds for ab(a + b) + bc(b + c) + ca(c + a) = 0. 

Remark. The inequality is a consequence of the identity 

4 J - [(a 2 + ab + b 2 ) = 3[ab(a + b) + bc(b + c) + ca(c + a)] 2 + (a — b) 2 (b — c) 2 (c — a) 2 . 

□ 


P 2.14. If a, b, c are real numbers, then 

(a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > 3(a 2 b + b 2 c + c 2 a)(ab 2 + be 2 + ca 2 ). 


(Gabriel Dospinescu, 2009) 
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Solution (by Vo Quoc Ba Can). As we have shown in the proof of the preceding P 2.13, 
16 J - [(a 2 + ab + b 2 ) = [(2a 2 + ab + ac + 2 be) 2 + 3 a 2 (b — c) 2 ] [3(b + c) 2 + (b — c) 2 ] . 
Thus, by the Cauchy-Schwarz inequality, we get 

16 J J(ct 2 + ab + b 2 ) > 3[(b + c)(2a 2 + ab + ac + 2be) + a(b — c) 2 ] 2 
= 12[(a 2 b + b 2 c + c 2 a) + (ab 2 + be 2 + ca 2 )] 2 . 

To prove the desired inequality, it suffices to show that 

[(a 2 b + b 2 c + c 2 a) + (ab 2 + be 2 + ca 2 )] 2 > 4(a 2 b + b 2 c + c 2 a)(ab 2 + be 2 + ca 2 ), 

which follows immediately from the AM-GM inequality. The equality holds when two 
of a, b, c are equal. 

Remark. The inequality is a consequence of the identity 
J J(a 2 + ab + b 2 ) = 3(a 2 b + b 2 c + c 2 a)(ab 2 + be 2 + ca 2 ) + (a — b) 2 (b — c) 2 (c — a) 2 . 

□ 


P 2.15. If a, b, c are real numbers such that abc > 0, then 

l)i b + l){ c + 7)- 9(a + b + c) ' 

Solution. Write the inequality as 

4(a 2 + l)(b 2 + l)(c 2 + 1) > 9abc(a + b + c). 

First Solution. It is easy to check that the equality occurs for a = b = c = \[2. There¬ 
fore, using the substitution a = x V2, b = y V2, c = z V2, the inequality can be written 
as 

(2x 2 + l)(2y 2 + l)2z 2 + 1) > 9 xyz(x + y + z). 

Since 

(xy + yz + zx) 2 - 3 xyz(x +y+z) = - ^x 2 (y -z) 2 > 0, 
it suffices to prove the stronger inequality 

(2x 2 + l)(2y 2 + l)(2z 2 + 1) > 3(xy + yz + zx) 2 . 


4 a + 


Let 


A=(y 2 -l)(z 2 -l), B = (z 2 — l)(x 2 — 1), C = (x 2 — l)(y 2 — 1). 
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From 

ABC = (x 2 - l) 2 (y 2 - l) 2 (z 2 - l) 2 > 0, 

it follows that at least one of A, B, C is nonnegative. Due to symmetry, assume that 

A = (y 2 - l)(z 2 —1)>0. 

Applying the Cauchy-Schwarz inequality, we have 

(xy + yz + zx) 2 < (x 2 + 1 + x 2 )(y 2 + y 2 z 2 + z 2 ). 

Therefore, it suffices to show that 

(2y 2 + l)(2z 2 + 1) > 3(y 2 + y 2 z 2 + z 2 ), 


which reduces to the obvious inequality 

(y 2 -l)0 2 -l)>0. 


Second Solution. Since 

4(b 2 + l)(c 2 + 1) - 3[(b + c) 2 + b 2 c 2 ] = (b - c) 2 + (be - 2) 2 > 0, 


it suffices to show that 

(a 2 + l)[(b + c) 2 + b 2 c 2 ] > 3abc(a + b + c). 


Applying the Cauchy-Schwarz inequality, we get 

(a 2 + l)[(b + c) 2 + b 2 c 2 ] > [a(b + c) + be] 2 > 3abc(a + b + c). 


□ 


P 2.16. If a, b, c are real numbers, then 

(a) (a 2 + 2 bc)(b 2 + 2ca)(c 2 -I- 2ab) < (a 2 + b 2 + c 2 )(ab + be + ca) 2 ; 

(b) (2a 2 + bc)(2b 2 -I- ca)(2c 2 -I- ab) < (a + b + c) 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ). 


(Vasile Cirtoaje, 2005) 
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Solution, (a) Let q = ab + be + ca. Since 

a 2 + 2 be = q + (a — b)(a — c), 

b 2 + 2ca = q + (b — c)(b — a), 
c 2 + 2ab = q + (c — a)(c — b), 
we can write the required inequality as follows 

q 2 (a 2 + b 2 + c 2 ) > [q + (a — b)(a — c)][q + (b — c)(b — a)][q + (c — a)(c — b], 

q 2 (a 2 + b 2 + c 2 ) > q 3 + q 2 ^~](a — b)(a — c) — (a — b) 2 (b — c) 2 (c — a) 2 . 

Since 

^~](a — b)(a — c) = a 2 + b 2 + c 2 — q, 
the inequality reduces to the obvious form 

(a — b) 2 (b — c) 2 (c — a) 2 > 0. 

The equality holds for a = b, or b = c, or c = a. 

(b) Since For a = 0, this inequality reduces to b 2 c 2 (b — c) 2 > 0. Otherwise, for 
a be 0, the inequality follows from the inequality in (a) by substituting a, b, c with 
1/a, 1/b, 1/c, respectively The equality occurs for a = b, or b = c, or c = a. 

□ 


P 2.17. If a, b, c are real numbers such that ab + be + ca > 0, then 
27(a 2 + 2bc)(b 2 + 2ca)(c 2 + 2ab) < (a + b + c) 6 . 

Solution. In virtue of the AM-GM inequality, we have 

(a + b + c) 6 = [a 2 + b 2 + c 2 + (ab + be + ca) + (ab + be + ca)] 3 
> 27(a 2 + b 2 + c 2 )(ab + be + ca) 2 . 

Thus, the required inequality follows immediately from the inequality (a) in P 2.16. The 
equality holds for a = b = c. 

□ 
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P 2.18. If a, b, c are real numbers such that a 2 + b 2 + c 2 = 2, then 
(a 2 + 2bc)(b 2 + 2ca)(c 2 + 2ab) + 2 > 0. 


(Vasile Cirtoaje, 2011) 

Solution (by Vo Quoc Ba Can). If a, b, c have the same sign, then the inequality is triv¬ 
ial. Otherwise, since the inequality is symmetric and does not change by substituting 
—a,—b,—c for a,b,c, respectively, it suffices to consider the case where a < 0 and 
b, c > 0. Substituting —a for a, we need to prove that 

(a 2 + 2bc)(b 2 — 2ac)(c 2 — 2 ab) + 2 > 0 

for all a, b, c > 0 satisfying a 2 + b 2 +c 2 = 2. If b 2 —2ac and c 2 —2ab have the same sign, 
then the inequality is also trivial. Due to symmetry in b and c, we may assume that 

b 2 — 2ac > 0 > c 2 — 2 ab. 

On the other hand, it is easy to check that the desired inequality becomes an equality 
for a = b = 1 and c = 0, when a 2 + 2 be = b 2 — 2ac = ab — c 2 j2. Then, we rewrite the 
desired inequality in the form 

(a 2 + 2bc)(b 2 — 2ac) ^ab — — J < 1. 

Using the AM-GM inequality, we have 

27(a 2 + 2bc)(b 2 — 2ac) yab — — < 

Thus, it suffices to prove that 

(a 2 + 2 be) + (b 2 — 2ac) + |^ab — — J <3. 

This inequality can be written in the homogeneous form 

2(a 2 + 2 be) + 2(b 2 — 2ac) + (2ab — c 2 ) < 3(a 2 + b 2 -I- c 2 ), 

which is equivalent to (a — b + 2c) 2 > 0. The equality occurs for for a = 0 and b + c = 0 
(or any cyclic permutation). 

Remark. In the same manner, we can prove the following generalization. 

• Let a, b, c be real numbers such that a 2 + b 2 + c 2 = 2. If 0 < k < 2, then 

(a 2 + kbc)(b 2 + kca)(c 2 + kab ) + k > 0. 



□ 
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P 2.19. If a, b, c are real numbers such that a + b + c = 3, then 

3(a 4 + b 4 + c 4 ) + a 2 + b 2 + c 2 + 6 > 6(a 3 + b 3 + c 3 ). 

(Vasile Cirtoaje, 2006) 

Solution. Write the inequality as F(a, b, c) > 0, where 

F(a, b, c) = 3(a 4 + b 4 + c 4 ) + (a 2 + b 2 + c 2 ) — 6(a 3 + b 3 + c 3 ) + 6. 

Due to symmetry, we may assume that a < b < c. To prove the required inequality, we 
use the mixing variable method. More precisely, we show that 

F(a, b, c) > F(a,x,x) > 0, 

where x = (b + c)/2, x > 1. We have 

F(a, b, c) — F(a, x, x) = 3(b 4 + b 4 — 2x 4 ) + (b 2 + c 2 — 2x 2 ) — 6(b 3 + c 3 — 2x 3 ) 

= 3[(b 2 + c 2 ) 2 - 4x 4 ] + 6(x 4 - b 2 c 2 ) + (b 2 + c 2 - 2x 2 ) - 6(b 3 + c 3 - 2x 3 ) 

= (b 2 + c 2 — 2x 2 )[3(b 2 + c 2 + 2x 2 ) + 1] + 6(x 2 — bc)(x 2 + be) — 12x(b 2 + c 2 — be — x 2 ). 
Since 

b 2 + c 2 — 2x 2 = ^(b — c) 2 , 

x 2 — be = -(b — c) 2 , 

b 2 + c 2 — be — x 2 = -(b — c) 2 , 

4 

we have 

F(a, b, c) — F(a, x,x) = -(b — c) 2 [3(b 2 + c 2 + 2x 2 ) + 1 + 3(x 2 + be) — 18x] 

= -(b — c) 2 [3(x 2 — be) + 18x(x — 1) + 1] > 0. 

Also, 

F(a,x, x) = F(3 — 2x, x,x) = 6(x — l) 2 (3x — 4) 2 > 0. 

This completes the proof. The equality holds for a = b = c = 1, and for a = 1/3 and 
b = c = 4/3 (or any cyclic permutation). 

□ 


P 2.20. If a, b, c are real numbers such that abc = 1, then 

3(a 2 + b 2 + c 2 ) + 2(a + b + c) > 5(ab + be + ca). 
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Solution. From a be = 1, it follows that either a,b,c > 0, or one of a, b, c is positive and 
the others are negative. In the last case, due to symmetry, we may assume that a > 0 
and b, c < 0. 

Case 1: a,b,c > 0. Let p = a + b + c and q = ab + be + ca. By the AM-GM inequality 

a + b + c > 3 Vabc, 

we get p > 3, while by Schur’s inequality 

p 3 + 9 abc > 4 pq, 


we get 


Write the required inequality as 


<7 < 


p 3 + 9 
4 P 


3(p 2 — 2q) + 2p > 5q, 
3 p 2 + 2 p > llq. 


This is true since 


9 9 ll(p 3 + 9) (p — 3)(p 2 + lip + 33) 

3p 2 + 2p - llq > 3p 2 + 2p-—-- = —-—---- > 0. 

4p 4p 

Case 2: a > 0 and b, c < 0. Substituting —b for b and —c for c, we need to prove that 
3(a 2 + b 2 + c 2 ) + 2a + 5a(b + c) ^ 2(b + c) + 5bc 
for a,b,c > 0 satisfying abc = 1. It suffices to show that 

3(b 2 + c 2 ) — 5 be > (2 — 5a)(b + c). 

Since _ 

3(b 2 + c 2 ) — 5bc b + c -/be 1 
v v - >-> — 


b + c 


2 /a’ 


we need to prove that 


2 /a 


> 2-5a. 


Indeed, by the AM-GM inequality, 


1 11 ,, 

5a + - 7 —— — 5a + 7 —~ + 7 —^ 3 ^ 


1 1 

5a-—-— > 2. 


2/a 4/a 4/a \ 4/a 4/a 

This completes the proof. The equality holds for a = b = c = 1. 


□ 
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P 2.21. If a, b, c are real numbers such that abc = 1, then 


a 2 + b 2 + c 2 + 6> 


, 1 1 1 
a+b+c+-+-+- 
a b c 


Solution. Substituting a, b,c by |a|, | b\, |c|, respectively, the left side of the inequality 
remains unchanged, while the right side either remains unchanged or increases. There¬ 
fore, it suffices to prove the inequality only for a,b,c > 0. 

First Solution. Write the inequality in the form 

3(6x 2 — 3x + 4)> 7(ab + bc + ca), 

where x = + ^ + . By virtue of the AM-GM inequality, we get x > 1. The third degree 

Schur’s inequality states that 

(a + b + c) 3 + 9 abc > 4(a + b + c)(ab + bc + ca), 


which is equivalent to 


ab + be + ca < 


3(3x 3 + 1) 
4x 


Therefore, it suffices to show that 


3(6x 2 — 3x + 4) > 


21(3x 3 + 1) 
4x 


This inequality reduces to (x — l)(3x 2 — 9x + 7) > 0, which is true because 


3 1 

3x 2 — 9x + 7 = 3(x-) 2 + - > 0. 

2 4 


The equality holds for a = b = c = 1. 

Second Solution. Due to symmetry, assume that a = min{a, b, c}, and then use the 
mixing variable method. Let 

F(a, b, c) = a 2 + b 2 + c 2 + 6-(fl + b + c-l-1-1— |. 

2 V a b c J 


We will show that 


F(a, b, c) > F(a, \[bc, \[bc) > 0 
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where x = V~bc (x > 1). We have 


2 / _ 11 ^ "\ 

F(a, b, c)—F(a, V~bc, Vbc) = (b — c) 2 -f b + c — 2\Tbc H-1-— ) 

2 V be /bcJ 

= 1( — -v/c) 2 [2(\/b + -v/c) 2 —3 — -1- 


bc 


> -(Vb — Vc) 2 (8V~bc — 3 


be 


> 1 ( — \/ c ) 2 (8 —3 — 3 ) > 0 


and 


F(a, \/bc, \/bc) = F(l-, x, x) 
x z 

x 6 — 6x 5 + 12x 4 — 6x 3 — 3x 2 + 2 
2x 4 

(x — l) 2 (x 4 — 4x 3 + 3x 2 + 4x + 2 
2x 4 

_ (x - l) 2 [(x 2 - 2x - l) 2 + x 2 + 1] 
~ 2X 4 


□ 


P 2.22. If a, b, c are real numbers, then 

(1 + a 2 )(l + b 2 )(l + c 2 ) + 8 abc > ^(1 + a) 2 (l + b) 2 (l + c) 2 . 


Solution. It is easy to check that 

(1 + a 2 )(l + b 2 )(l + c 2 ) + 8 abc = (1 + abc) 2 + (a + be) 2 + (b + ca) 2 + (c + ab) 2 . 


Thus, using the Cauchy-Schwarz inequality, we have 


(1 + a 2 )(l + b 2 )(l + c 2 ) + 8 abc > 


[(1 + abc) + (a + be) + (b + ca) + (c + ab)] 2 
4 


= I ( l + a) 2 (l + b) 2 (l + c) 2 . 

The equality holds for b = c = 1 (or any cyclic permutation), and also for a = b = c = 
- 1 . 

□ 
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P 2.23. Let a, b, c be real numbers such that a + b + c = 0. Prove that 


a 12 + b 12 + c 12> 2049 a 4 b 4 c 4_ 


Solution. Consider only the nontrivial case a be ^ 0, and rewrite the inequality as fol¬ 
lows 

a 12 + b 12 + (a + b) 12 > —a 4 b 4 (a + b) 4 , 

8 

(a 6 + b 6 ) 2 - 2a 6 b 6 + (a 2 + b 2 + 2ab) 6 > ^Vb 4 (a 2 + b 2 + 2ab) 2 . 

8 


Let us denote 


Since 


d = 1 ^ 1 ^ 2 - 


a 6 + b 6 = (a 2 + b 2 ) 3 - 3a 2 b 2 (a 2 + b 2 ), 

the inequality can be restated as 

, „ , 2049 o 

(d 3 - 3d) 2 - 2 + (d + 2) 6 > —-(d + 2 f, 

8 

which is equivalent to 

(d - 2)(2d + 5) 2 (4d 3 + 12d 2 + 87d + 154) > 0. 
Since this inequality is obvious for d > 2, we only need to show that 

4d 3 + 12d 2 + 87d + 154< 0 


for d < —2. Indeed, 

4d 3 + 12d 2 + 87d + 154 < 4d 3 + 12d 2 + 85d + 154 

= (d + 2)[(2d + l) 2 + 76] < 0. 

The equality holds for a = b = —c/2 (or any cyclic permutation). 


□ 


P 2.24. If a, b, c are real numbers such that abc > 0, then 

a 2 + b 2 + c 2 + 2abc + 4 > 2(a + b + c) + ab + be + ca. 


(Vasile Cirtoaje, 2012) 
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Solution. Let us denote 

x = a(b — l)(c — 1), y = b(c — l)(a — 1), z = c(a — l)(b — 1). 

Since 

xyz = abc(a — 1 ) 2 (b — 1 ) 2 (c — l) 2 > 0, 
at least one of x, y, z is nonnegative; let a(l — b)(l — c) > 0. Thus, we have 


abc > a(b + c — 1), 


and it suffices to show that 


o. + b + c H- 2a(b + c — 1) H- 4 ^ 2 (q + b + c) + ab + be + cci, 
which is equivalent to 

a 2 — (4 — b — c)a + b 2 + c 2 — be — 2(b + c) + 4 > 0, 
f b + c\ 2 3 

— 2 H - J +-(b-c) >0. 

The equality holds for a = b = c = 1, and also for a = 0 and b = c = 2 (or any cyclic 
permutation). 

□ 


P 2.25. Let a, b, c be real numbers such that a + b + c = 3. 


(a) If a,b,c > —3, then 


1 1 1111 

_ 2 + K2 +_ 2- _ + T + _ ' 
a z b z c z a b c 


(b) If a,b,c> —1, then 


1 — a 1 — b 1 — c 

- 1 - 1 -> 0 . 

(1 + a) 2 (1 + b) 2 (l + c) 2 ~ 


Solution. Assume that a = min{a, b,c} and denote 

b + c 

t = -, a + 2t = 3. 

2 

(a) From a,b,c > —3 and a + b + c = 3, it follows that 

a + b + c 

-3 < a < -= 1. 

3 


(Vasile Cirtoaje, 2012) 
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We will show that 


where 


We have 


£(a, b, c) > E(a, t, t) > 0, 


, , „ 1 1 1111 

E(a,b,c) = — + — + — - 

a z b z c z a b c 


, , „ „ i i 2 n l 2 

E(a,b,c)-E(a,t,t)= — + — - — - - +- 

b z c z t z \b c t 

(b — c) 2 (b 2 + c 2 + 4bc) (b-c) 2 


b 2 c 2 (b + c) 2 bc(b + c) 

(b — c) 2 [(b + c) 2 — bc(b + c — 2)] 


b 2 c 2 (b + c) 2 


>0, 


since 


(b + c) 2 — bc(b + c — 2) = (b + c) 2 — bc(l — a) 
, ,, T (u _l 

> (b + c) 


2 (b + c) 2 (l — a) _ (b + c) 2 (3 + a) 


> 0. 


Also, 


r , 1-a , 2(l-t) 3(a — l) 2 (a + 3) 

E(a, t, t) = —— + ——— =-—-rr— > 0. 

a 2 t 2 a 2 (3 — a) 2 

The equality holds for a = b = c = 1, and also for a = — 3 and b = c = 
permutation). 


(b) From 

it follows that 

We will show that 

where 


a + b + c 3 — a 

t> -= 1, t = -<5, 

3 2 

t € [1,5]. 

£(a, b, c) > £(a, t, t) > 0, 


E(a,b,c ) 


1 — a 1 — b 1 — c 

' + 71 - 7777 + 


(1 + a) 2 (1 + b) 2 (1 + c) 2 


Write the left inequality as follows: 


' 1 — b 

1-t " 

+ 

1 — c 

i-t ■ 

[(1 + b) 2 

(1 + 0 2 J 

La+c) 2 

(i+o 2 J 


(b-c) 


(b — l)t — b — 3 (c — l)t — c — 3 


(1 + b) 2 


(1 + c) 2 


> 0 , 

> 0 , 


3 (or any cyclic 
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(b — c) 2 [(3 + b + c — bc)t + 3(b + c) + be] > 0, 

(b — c) 2 [2t 2 + 9t + 5 — bc(t — 1)] > 0. 

The last inequality is true since 

2t 2 + 9t + 5 — bc(t - 1) > 2t 2 + 9t + 5 - t 2 (t - 1) = (5 - t)(l + t) 2 > 0. 

Also, we have 

, , 1 — a 2(1-t) t-1 2(1-t) 

£ Q ’ f ~~ (1 + a) 2 + (iTtj 2 _ 2(2 — t) 2 + (1+7)2 

= 3(1 — t) 2 (5 — t) 

2(2 — t) 2 (l + t) 2 — ' 

The proof is completed. The equality occurs for a = b = c = 1, and also for a = —7 and 
b = c = 5 (or any cyclic permutation). 

□ 


P 2.26. If a, b, c are real numbers, then 

a 6 + b 6 + c 6 - 3 a 2 b 2 c 2 > ^(a - b) 2 (b - c) 2 (c - a) 2 . 

(Sungyoon Kim, 2006) 

Solution. Applying the Cauchy-Schwarz inequality, we have 

a 6 + b 6 + c 6 - 3a 2 b 2 c 2 = ^(a 2 + b 2 + c 2 )[(b 2 - c 2 ) 2 + (c 2 - a 2 ) 2 + (a 2 - b 2 ) 2 ] 

> i[a(b 2 - c 2 ) + b(c 2 - a 2 ) + c(a 2 - b 2 )] 2 
= ~(a - ^) 2 (^> - c) 2 (c - a) 2 . 

Thus, the proof is completed. The equality holds for a = b = c, and for a = 0 and 
b + c = 0 (or any cyclic permutation). 

□ 


P 2.27. If a, b, c are real numbers, then 


a 2 + b 2 + c‘ 


> a 2 b 2 c 2 + — (a - b) 2 (b - c) 2 (c - a) 2 . 
16 


(Vasile Cirtoaje, 2011) 
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Solution (by Vo Quoc Ba Can). Without loss of generality, assume that b and c have the 
same sign. Denote * = ( b 2 + c 2 )/2. Since 


a 2 + b 2 + 


2 i 2 2 

■a b e = 


a 2 + 2x 2 


■ a 2 x 4 + a 2 (x 4 — b 2 c 2 ) 


+ a 2 (x 4 — b 2 c 2 ) 


(a 2 — x 2 ) 2 (a 2 + 8x 2 ) 

27 

(2a 2 -b 2 - c 2 ) 2 (a 2 + 4b 2 + 4c 2 ) a 2 (b 2 -c 2 ) 2 


108 


the desired inequality can be rewritten as 


(2 ‘ 2 _ +46 , +£ f (6 _ «*(■ - + cn 


According to the inequalities x 2 — y 2 < 2x(x + y) and 2xy <-(x + y) 2 , we have 

(a — b) 2 (a — c) 2 —4a 2 (b + c) 2 < 2(a — b)(a — c)[(a — b)(a — c) + 2a(b + c)] 

= 2(a 2 - b 2 )(a 2 - c 2 ) < ^(2a 2 -b 2 - c 2 ) 2 . 

Therefore, it suffices to show that 

8(a 2 + 4b 2 + 4c 2 ) > 27(b - c) 2 , 

which is equivalent to the obvious inequality 8a 2 + 5b 2 + 5c 2 + 54bc > 0. The equality 
holds for a = b = c, and for —a = b = c (or any cyclic permutation). 

□ 


P 2.28. If a, b, c are real numbers, then 

( a 2 + b 2 + c 2 ) 3 > ^^a 2 b 2 c 2 + 2(a — b) 2 (b — c) 2 (c — a) 2 . 

(Vo Quoc Ba Can and Vasile Cirtoaje, 2011) 
Solution. Write the inequality as /(a, b, c) > 0, where 

/(a, b, c) = (a 2 + b 2 + c 2 ) 3 - -^-a 2 b 2 c 2 — 2(a — b) 2 (b — c) 2 (c — a) 2 . 

Without loss of generality, assume that b and c have the same sign. Since/(— a, —b, —c) = 
/(a, b, c), we may consider b > 0, c > 0. In addition, for a > 0, we have 

f(a, b,c) — /(— a, b,c) = 8a(b + c)(a 2 + bc)(b — c) 2 > 0. 
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Therefore, it suffices to prove the desired inequality for a < 0, b > 0, c > 0. For 
b = c = 0, the inequality is trivial. Otherwise, due to homogeneity, we may assume that 
b + c = 1. Denoting x = be, we can write the desired inequality as follows: 

( a 2 + 1 — 2x) 3 > -^-a 2 x 2 + 2(1 — 2x)(a 2 — a + x)2, 

2 

—(4a — 5) 2 x 2 + 2(a + l)(a 3 — 9a 2 + 5a — 3)x + (a + l) 2 (a 4 — 2a 3 + 4a 2 — 2a + 1) > 0. 
This inequality holds if 

^(4a — 5) 2 (a 4 — 2a 3 + 4a 2 — 2a + 1) > (a 3 — 9a 2 + 5a — 3) 2 . 

Since 

10(a 4 - 2a 3 + 4a 2 - 2a + 1) = (a + l) 2 + (3a 2 - 4a + 3) 2 > (3a 2 - 4a + 3) 2 , 
it suffices to prove that 

(4a - 5) 2 (3a 2 - 4a + 3) 2 > 25(a 3 - 9a 2 + 5a - 3) 2 . 

This is true for a < 0 if 

(5 - 4a)(3a 2 - 4a + 3) > 5(-a 3 + 9a 2 - 5a + 3), 

which reduces to 

a(a + l) 2 < 0. 

Thus, the proof is completed. The equality holds for a = 0 and b + c = 0 (or any cyclic 
permutation). 

□ 


P 2.29. If a, b, c are real numbers, then 

2 (a 2 + b 2 \b 2 + c 2 )(c 2 + a 2 ) > (a - b) 2 (b - c) 2 (c - a) 2 . 

(Vasile Cirtoaje, 2011) 


First Solution. Since 

2(a 2 + b 2 ) = (a — b) 2 + (a + b) 2 


and 


(b 2 + c 2 )(c 2 + a 2 ) = {ab + c 2 ) 2 + (be — ac) 2 
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by virtue of the Cauchy-Schwarz inequality, we have 

2(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) > [(a — b)(ab + c 2 ) + (a + b)(bc — ac)] 2 

= (a 2 b + b 2 c + c 2 a — ab 2 — be 2 — ca 2 ) 2 
= (a — b) 2 (b — c) 2 (c — a) 2 . 

This completes the proof. The equality holds for (a — b)(bc — ac) = (a + b)(ab + c 2 ), 
which is equivalent to 

(a + b + c)(ab + be + ca) = 5 abc. 

Second Solution. Making the substitution 

x = ^ ab 2 = ab 2 + be 2 + ca 2 , y = ^ a 2 b = a 2 b + b 2 c + c 2 a, 

we have 

a 2 b 4 = ab 2 ) 2 — 2 abc^^a 2 b = x 2 — 2abcy, 
a 4 b 2 = ( ^~] a 2 b) 2 — 2 abc ^ ab 2 = y 2 — 2abex, 

and hence 

J JC q2 + b 2 ) = ^ a 2 b 4 + a 4 b 2 + 2 a 2 b 2 c 2 

= x 2 + y 2 — 2abc(x + y) + 2 a 2 b 2 c 2 . 

Then, the desired inequality is equivalent to 

2[x 2 + y 2 — 2abc(x + y) + 2a 2 b 2 c 2 ] > (x — y) 2 , 


(x + y) 2 — 4abc(x + y) + 4a 2 b 2 c 2 > 0, 
(x + y — 2abc) 2 > 0. 

The last inequality is obviously true. 


□ 


P 2.30. If a, b, c are real numbers, then 

32(a 2 + bc)(b 2 + ca)(c 2 + ab) + 9(a — b) 2 (b — c) 2 (c — a) 2 > 0. 


(Vasile Cirtoaje, 2011) 
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Solution (by Vo Quoc Ba Can). For a,b,c> 0, the inequality is trivial. Otherwise, since 
the inequality is symmetric and does not change by substituting —a,—b,—c for a, b,c, 
we may assume that a < 0 and b, c > 0. Substituting —a for a, we need to prove that 

32(a 2 + bc)(b 2 — ac)(c 2 — ab) + 9(a + b) 2 (a + c) 2 (b — c) 2 > 0 

for all a,b,c> 0. By the AM-GM inequality, we have 

(a + b) 2 (a + c) 2 = [a(b + c) + (a 2 + be)] 2 > 4 a(b + c)(a 2 + be). 

Thus, it suffices to prove that 

8(b 2 — ac)(c 2 — ab) + 9a(b + c)(b — c) 2 > 0. 

Since 

(b 2 — ac)(c 2 — ab) = bc(bc + a 2 ) — a(b 3 + c 3 ) 

> 2abc\Tbe — a(b 3 + c 3 ) = —a(bV~b — c^/c) 2 , 

it is enough to show that 

9(i> + c)(b — c) 2 — 8 (b\fb — cj~c) 2 > 0. 

Setting Vb = x and Je = y, the inequality can be rewritten as 

(x - y) 2 [9(x 2 + y 2 )(x + y) 2 - 8(x 2 + xy + y 2 ) 2 ] > 0. 

This follows from the Cauchy-Schwarz inequality as follows 

9(x 2 + y 2 )(x + y) 2 = 9[(x - y) 2 + 2xy][(x - y) 2 + 4xy] 

o /o’ 

> 9[(x-y) 2 + 2-/2xy] 2 > 9 (x-y) 2 + 2yf2xy 

= 8(x 2 + xy + y 2 ) 2 > 0. 

The equality occurs when two of a, b, c are zero, and when —a = b = c (or any cyclic 
permutation). 

□ 

P 2.31. If a, b, c are real numbers, then 

a 4 (b — c) 2 + b 4 (c — a) 2 + c 4 (a — b) 2 > -(a — b) 2 (b — c) 2 (c — a) 2 . 


(Vasile Cirtoaje, 2011) 
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Solution. Since 

b 4 (c — a) 2 + c 4 (a — b) 2 > ^[b 2 (c — a) + c 2 (a — b)] 2 
= -(b — c) 2 (bc — ca — ab) 2 , 

it suffices to prove that 

2a 4 + (ab — be + ca) 2 > (a — b) 2 (a — c) 2 , 

which is equivalent to 

a 2 (a 2 — 2 be + 2ca + 2ab) > 0. 

Therefore, the desired inequality is true if 

a 2 — 2be + 2ca + 2 ab > 0. 


Indeed, from 

^(a 2 — 2 be + 2ca + 2 ab) = & + b + c) 2 > 0, 

due to symmetry, we may assume that a 2 — 2be + 2ca + 2ab > 0. Thus, the proof is 
completed. The equality occurs when a = b = c, when two of a, b, c are equal to zero, 
and when a = 0 and b + c = 0 (or any cyclic permutation). 

□ 


P 2.32. If a, b, c are real numbers, then 

a 2 (b — c) 4 + b 2 (c — a) 4 + c 2 (a — b) 4 > -(a — b) 2 (b — c) 2 (c — a) 2 . 

(Vasile Cirtoaje, 2011) 

Solution. Let us denote 

x = ^ ab 2 = ab 2 + be 2 + ca 2 , y = ^ a 2 b = a 2 b + b 2 c + c 2 a. 

Since 


a 2 b 4 = ^y~' i ab 2 ) 2 — 2abc^^a 2 b = x 2 — 2 abey, 
^ a 4 b 2 = a 2 b) 2 — 2abc ^ ab 2 = y 2 — 2abcx 

a 2 b 2 (a 2 + b 2 ) = x 2 + y 2 — 2 abc(x + y), 
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we have 

a 2 (b - c) 4 = a 2 (b 4 - 4b 3 c + 6b 2 c 2 - 4be 3 + c 4 ) 

= ^ a 2 b 2 (a 2 + b 2 ) — 4abc(^ ab 2 + ^ a 2 b) + 18a 2 b 2 c 2 
= x 2 + y 2 — 6 abc(x + y) + 18 a 2 b 2 c 2 . 

Therefore, we can write the desired inequality as 

x 2 + y 2 — 6abc(x + y) + 18a 2 b 2 c 2 > i(x — y) 2 , 

which is equivalent to the obvious inequality 

(x + y — 6abc) 2 > 0. 

The equality holds for a(b — c) 2 + b(c — a) 2 + c(a — b) 2 = 0. 


□ 


P 2.33. If a, b, c are real numbers, then 

a\b 2 - c 2 ) 2 + b\c 2 - a 2 ) 2 + c 2 (a 2 - b 2 ) 2 > -(a - b)\b - c) 2 (c - a) 2 . 

8 

(Vasile Cirtoaje, 2011) 

Solution. We see that the inequality remains unchanged and the product 

(a + b)(b + c)(c + a) 

changes its sign by replacing a, b, c with —a,—b,—c, respectively. Thus, without loss of 
generality, we may assume that (a + b)(b + c)(c + a) > 0. According to this condition, 
at least one of a, b, c is nonnegative. So, we may consider a > 0, and hence 

a(a + b)(b + c)(c + a) > 0. 

In virtue of the Cauchy-Schwarz inequality, we get 

b 2 (c 2 — a 2 ) 2 + c 2 (a 2 — b 2 ) 2 > ^ [b(c 2 — a 2 ) + c(a 2 — b 2 )] 2 = ^(b — c) 2 (a 2 + be) 2 . 
Thus, it suffices to show that 

2 aH b + c?Ha> + b c^l<.a-ma-cf, 
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which is equivalent to 

(a + b)(a + c)[a 2 + 5a(b + c) + be] > 0, 

(a + b)(a + c)[(a + b)(a + c) + 4a(b + c)] > 0, 

(a + b) 2 (a + c) 2 + 4a(a + b)(b + c)(c + a) > 0. 

Since the last inequality is clearly true, the proof is completed. The equality holds for 
a = b = c, for —a = b = c (or any cyclic permutation), and for b = c = 0 (or any cyclic 
permutation). 

□ 


P 2.34. If a, b, c are real numbers such that ab + be + ca = 3, then 

(a) (a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > 3(a + b + c) 2 ; 

(b) (a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > -(a 2 + + c 2 ). 

(Vasile Cirtoaje, 1995) 

Solution. Let 

p = a + b + c, q = ab + bc + ca, r = abc. 

We have 

j JC£> 2 + bc + c 2 ) = J J[(£> + c) 2 — be] 

=nt‘-) 2 -E bc(a + b) 2 (a + c) 2 + abc ^ a(b + c) 2 — a 2 b 2 c 2 . 

Since 

J J(b + c) 2 = (pq - r) 2 = r 2 -2pqr+ p 2 q 2 , 

'y~' i bc(a + b) 2 (a + c) 2 = ^ bc(a 2 + q) 2 = r ^ a 3 + 2 pqr + q 2 
= r(3r + p 3 — 3pq) + 2 pqr +q 2 = 3 r 2 + (p 3 —pq)r + q 3 , 
abc^a(b + c) 2 = r(3r +pq) = 3r 2 + pqr, 

we get 

Y\(b 2 + be + c 2 ) = (p 2 -q)q 2 -p 3 r. 

(a) Write the inequality as follows 

3 J - [(b 2 + be + c 2 ) > (a + b + c) 2 (ab + be + ca) 2 , 
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(2p 2 — 3q)q 2 — 3p 3 r > 0, 
q 2 (p 2 -3q) + p 2 (q 2 -3pr)>0, 
q 2 - c) 2 + p 2 a 2 (b - cf > 0. 

Clearly, the last inequality holds for all real a, b,c. The equality holds when a = b = 
c = ± 1. 

(b) Write the inequality in the homogeneous forms 

2 [(b 2 + be + c 2 ) > (a 2 + b 2 + c 2 )(ab + be + ca) 2 , 


2(p 2 - q)q 2 -2p 3 r - (p 2 - 2q)q 2 > 0, 
p 2 (q 2 -2pr)>0, 

(a + b + c) 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) > 0. 
The equality holds when a + b + c = 0 and ab + be + ca = 3. 


□ 


P 2.35. If a, b, c are real numbers, then 

( a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > 3 (ab + be + ca)(a 2 b 2 + b 2 c 2 + c 2 a 2 ). 

(Vasile Cirtoaje, 2011) 


Solution. As we have shown in the proof of the preceding P 2.34, 

J - [(b 2 + be + c 2 ) = (p 2 — q)q 2 -p 3 r, 

where 

p = a + b + c, q = ab + bc + ca, r = abc. 
Thus, we can write the desired inequality as 

ip 2 ~q)q 2 ~P 3 r > 3q(q 2 —2pr), 

q 2 (p 2 -4q) + p(6q—p 2 ) r > 0. 

Consider further two cases: 6q — p 2 > 0 and 6q — p 2 < 0. 

Case 1: 6q — p 2 > 0. By Schur’s inequality of degree four, we have 


6 pr > (p 2 —q)(4q-p 2 ). 
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Therefore, it suffices to show that 

6q 2 (p 2 - 4q) + (6q -p 2 )(p 2 - q)(4q - p 2 ) > 0, 
which is equivalent to the obvious inequality 

(p 2 -4q) 2 (p 2 -3q)>0. 

Case 2: 6q —p 2 < 0. Since 3pr < q 2 , it suffices to show that 

3q 2 (p 2 -4q) + (6q-p 2 )q 2 > 0, 
which is equivalent to the obvious inequality 

q 2 (p 2 - 3q) > 0 . 

The inequality is an equality when a = b = c, and when a = 0 and b = c (or any cyclic 
permutation). 

□ 


P 2.36. If a, b, c are real numbers, not all of the same sign, then 

(a 2 + ab + b 2 )(b 2 + bc + c 2 )(c 2 + ca + a 2 ) > 3(ab + be + ca) 3 . 

(Vasile Cirtoaje, 2011) 

Solution. Since the inequality is symmetric and does not change by substituting —a, —b, —c 
for a, b, c, we may assume that a < 0 and b, c > 0. Substituting —a for a, we need to 
prove that 

(a 2 — ab + b 2 )(b 2 + bc + c 2 )(c 2 — ca + a 2 ) > 3 (be — ab — ac) 3 

for a,b,c> 0. Since the left hand side of this inequality is nonnegative, consider further 
the nontrivial case 

be — ab — ac > 0. 

Since 

b 2 + be + c 2 — 3(bc — ab — ac) = (b — c) 2 + 3 a(b + c) > 0, 
it suffices to show that 

(a 2 — ab + b 2 )(a 2 — ac + c 2 ) > ( be — ab — ac) 2 . 

First Solution. From be — ab — ac > 0, it follows that a = min{a, b, c). Since a 2 — ab + 
b 2 > (b — a) 2 and a 2 — ac + c 2 > (c — a) 2 , it suffices to show that 

(b — a) 2 (c — a) 2 > (be — ab — ac) 2 . 
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This is true if (b — a)(c — a) > be — ab — ac; indeed, 

(b — a)(c — a) — (be — ab — ac) = a 2 > 0. 

The original inequality is an equality when two of a, b, c are zero, and when a = 0 and 
b = c (or any cyclic permutation). 

Second Solution. Since 

4(a 2 — ab + b 2 ) = (a + b) 2 + 3(a — b) 2 , 

4(a 2 — ac + c 2 ) = (a + c) 2 + 3(a — c) 2 , 
by the Cauchy-Schwarz inequality, we get 

16(a 2 — ab + b 2 )(b 2 + be + c 2 ) > [(a + b)(a + c) + 3(a — b)(a — c)] 2 . 


Thus, we only need to show that 

(a + b)(a + c) + 3(a — b)(a — c) > 4(bc — ab — ac), 
which is equivalent to the obvious inequality a(2a + b + c) > 0. 


□ 


P 2.37. If a, b, c are real numbers, then 

(a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > -(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ). 

8 

(Vasile Cirtoaje, 2011) 

Solution. If a, b, c have the same sign, then the inequality follows from 

a 2 + ab + b 2 >a 2 + b 2 , b 2 + be + c 2 > b 2 + c 2 , c 2 + ca + a 2 > c 2 + a 2 . 

Consider now that a, b, c have not the same sign. Since the inequality is symmetric and 
does not change by substituting —a,—b,—c for a, b, c, we may assume that a < 0 and 
b, c > 0. Substituting —a for a, we need to prove that 

(a 2 - ab + b 2 )(a 2 - ac + c 2 )(b 2 + be + c 2 ) > -(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) 

8 

for a, b, c > 0. Write this inequality in the form 


[(a 2 + b 2 ) + (a — b) 2 ][(a 2 + c 2 ) + (a — c) 2 ][2(b 2 + c 2 ) + 2bc] > 
> 3(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ). 
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It suffices to show that 

2(b 2 + c 2 )[(a — b) 2 (a 2 + c 2 ) + (a — c) 2 (a 2 + b 2 )] + 2bc(a 2 + b 2 )(a 2 + c 2 ) > 

> (a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ), 

which is equivalent to 

2(b 2 + c 2 )[(a - b) 2 (a 2 + c 2 ) + (a - c) 2 (a 2 + b 2 )] > (b - c) 2 (a 2 + b 2 )(a 2 + c 2 ), 
or 

(q-fr ) 2 (a-c) 2 ) > (b-c ) 2 

a 2 + b 2 a 2 + c 2 — 2 (b 2 + c 2 ) 

Consider further two cases. 

Case 1: 2a 2 < b 2 + c 2 . By the Cauchy-Schwarz inequality, we have 

(q-fr ) 2 (q-c) 2 ) > [(b-a) + (g — c)] 2 _ Cb-c) 2 

a 2 + b 2 a 2 + c 2 ~ (a 2 + b 2 ) + (a 2 + c 2 ) 2a 2 + b 2 + c 2 

Thus, it suffices to show that 

1 1 

2a 2 + b 2 + c 2 — 2 (b 2 + c 2 )’ 

which reduces to b 2 + c 2 > 2a 2 . 

Case 2: 2a 2 > b 2 + c 2 . By the Cauchy-Schwarz inequality, we have 

(a —b) 2 (a —c) 2 [c(b — a) + b(a — c)] 2 a 2 (b —c) 2 

a 2 + b 2 a 2 + c 2 — c 2 (a 2 + b 2 ) + b 2 (a 2 + c 2 ) a 2 (b 2 + c 2 ) + 2b 2 c 2 

Therefore, it suffices to prove that 

a 2 > 1 

a 2 {b 2 + c 2 ) + 2b 2 c 2 ~ 2 (b 2 + c 2 ) 

This reduces to a 2 (b 2 + c 2 ) > 2b 2 c 2 , which is true because 

2a 2 (b 2 + c 2 ) -4b 2 c 2 > (b 2 + c 2 ) 2 -4b 2 c 2 = (b 2 - c 2 ) 2 > 0. 

Thus, the proof is completed. The equality holds when two of a, b, c are zero, and when 
—a = b = c (or any cyclic permutation). 

□ 
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P 2.38. If a, b, c are real numbers, then 

2(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) > (a 2 -ab + b 2 )(b 2 -bc + c 2 )(c 2 -ca + a 2 ). 

(Vasile Cirtoaje, 2014) 

Solution. Since the inequality is symmetric and does not change by substituting —a, —b, —c 
for a, b, c, we may assume that a < 0 and b, c > 0. Substituting —a for a, we need to 
prove that 

2(a 2 + b 2 Xb 2 + c 2 )(c 2 + a 2 ) > (b 2 -bc + c 2 )(c 2 + ca + a 2 )(a 2 + ab + b 2 ) 
for a,b,c> 0. Using the notation 

A=b 2 + c 2 , B = c 2 + a 2 , C = a 2 + b 2 , 
we can write the inequality as follows: 

2ABC > (A— bc)(B + ca)(C + ab), 

ABC + a 2 b 2 c 2 > ab(AB — c 2 C) + ac(AC — b 2 B) — bc(BC — a 2 A), 

ABC + a 2 b 2 c 2 > ab(c 4 + a 2 b 2 ) + ac(b 4 + a 2 c 2 ) - bc(a 4 + b 2 c 2 ). 

It suffices to show that 

ABC + a 2 b 2 c 2 > ab(c 4 + a 2 b 2 ) + ac(b 4 + a 2 c 2 ) + bc(a 4 + b 2 c 2 ). 

Moreover, since 2 ab < a 2 + b 2 , 2ac < a 2 + c 2 , 2be < b 2 + c 2 , it is enough to prove that 
2 ABC + 2 a 2 b 2 c 2 > (a 2 + b 2 )(c 4 + a 2 b 2 ) + (a 2 + c 2 )(b 4 + a 2 c 2 ) + {b 2 + c 2 )(a 4 + b 2 c 2 ). 
Indeed, this inequality reduces to the obvious inequality 

6a 2 b 2 c 2 > 0. 


The equality holds when two of a, b, c are zero. 


□ 


P 2.39. If a, b, c are real numbers, then 

9(1 + a 4 )(l + b 4 )(l + c 4 ) > 8(1 + abc + a 2 b 2 c 2 ) 2 . 


(Vasile Cirtoaje, 2004) 
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Solution. Substituting a, b,c by |a[, \b\, |c|, respectively, the left side of the inequality 
remains unchanged, while the right side either remains unchanged or increases. There¬ 
fore, it suffices to prove the inequality only for a, b,c > 0. If a = b = c, then the 
inequality reduces to 

9(1 + a 4 ) 3 > 8(1 + a 3 + a 6 ) 2 , 

9(a 2 +4) 3 >8(a 3 + 4 + l) 2 - 

a z 

Setting a H— = x, this inequality can be written as follows 
a 

9(x 2 — 2) 3 > 8(x 3 — 3x + 1 ) 2 , 

x 6 - 6x 4 - 16x 3 + 36x 2 + 48x - 80 > 0, 

(x — 2) 2 [x(x 3 — 8) + 4(x 3 — 5) + 6x 2 ] > 0. 

Since x > 2, the last inequality is clearly true. Multiplying now the inequalities 

9(1 + a 4 ) 3 > 8(1 + a 3 + a 6 ) 2 , 

9(1 + b 4 ) 3 > 8(1 + b 3 + b 6 ) 2 , 

9(1 + c 4 ) 3 > 8(1 + c 3 + c 6 ) 2 , 


we get 

[9(1 + a 4 )(l + b 4 )(l + c 4 )] 3 > 8 3 (1 + a 3 + a 6 ) 2 (l + b 3 + b 6 ) 2 ( 1 + c 3 + c 6 ) 2 . 
According to Holder’s inequality 

(1 + a 3 + a 6 )(l + b 3 + b 6 )(l + c 3 + c 6 ) > (1 + abc + a 2 b 2 c 2 ) 3 , 
the conclusion follows. The equality holds for a = b = c = 1. 

□ 


P 2.40. If a, b, c are real numbers, then 

2(1 + u 2 )(l + b 2 )(l + c 2 ) > (1 + u)(l + b)(l + c)(l + abc). 


(Vasile Cirtoaje, 2001) 
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Solution. Substituting a, b,c by |a[, \b\, |c|, respectively, the left side of the inequality 
remains unchanged, while the right side either remains unchanged or increases. There¬ 
fore, it suffices to prove the inequality only for a,b,c > 0. 

First Solution. For a = b = c, the inequality reduces to 

2(1 + a 2 ) 3 > (1 + a) 3 (l + a 3 ). 


This is true, since 

2(1 + a 2 ) 3 - (1 + a) 3 (l + a 3 ) = (1 - a) 4 (l + a + a 2 ) > 0. 

Multiplying the inequalities 

2(1 + a 2 ) 3 > (1 + a) 3 (l + a 3 ), 

2(1 + b 2 ) 3 > (1 + b) 3 (l + b 3 ), 

2(1 + c 2 ) 3 > (1 + c) 3 (l + c 3 ), 

we get 

8(1 + a 2 ) 3 (l + b 2 ) 3 (l + c 2 ) 3 > (1 + a) 3 (l + b) 3 (l + c) 3 (l + a 3 )(l + b 3 )(l + c 3 ). 
Using this result, we still have to show that 

(1 + a 3 )(l + b 3 )( 1 + c 3 ) > (1 + abc) 3 , 

which is just Holder’s inequality. We can also prove this inequality using the AM-GM 
inequality. To do this, we write the inequality as 

(a 3 b 3 + b 3 c 3 + c 3 a 3 — 3 a 2 b 2 c 2 ) + (a 3 + b 3 + c 3 — 3 abc) > 0. 

The equality holds for a = b = c = 1. 

Second Solution. We use the substitution 


where x,y,z e (—1, 1]. Since 

1 + a 2 _ 1 + x 2 1 + b 2 
1+ a 1+x’ 1 +b l+y ’ 1+c 1 +z 

2(1 +xy +yz + zx) 

1 + abc = --—-—- 

(1 + x)(l +y)(l +z) 


1 -y 1-z 

1+7’ C_ 1+^’ 

l + y 2 1 + c 2 1+z 2 


and 
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the required inequality becomes 

(1 + x 2 )(l + y 2 )(l + z 2 ) > 1 + xy + yz + zx, 
x 2 y 2 + y 2 z 2 + z 2 x 2 + x 2 + y 2 + z 2 > xy + yz + zx, 
x 2 y 2 -\-y 2 z 2 + z 2 x 2 + i(x — y) 2 + ^(y — z) 2 + ^(z — x) 2 > 0. 

□ 

P 2.41. If a, b, c are real numbers, then 

3(a 2 - ab + b 2 )(b 2 - be + c 2 )(c 2 - ca + a 2 ) > a 3 b 3 + b 3 c 3 + c 3 a 3 . 

(Titu Andreescu, 2006) 

Solution. Substituting a, b,c by |a[, \b\, |c|, respectively, the left side of the inequality 
remains unchanged or decreases, while the right side remains unchanged or increases. 
Therefore, it suffices to prove the inequality for a, b, c > 0. If a = 0, then the inequality 
reduces to b 2 c 2 (b — c) 2 > 0. Consider further then a,b,c> 0. We first show that 

3(a 2 -ab + b 2 ) 3 >a 6 + a 3 b 3 + b 6 . 

... a b .... .. 

Indeed, setting x = —I —, x > 2, we can write this inequality as 
b a 

3(x — l) 3 > x 3 — 3x + 1, 

(x — 2) 2 (2x — 1) > 0. 

Using this inequality, together with the similar ones, we have 

27(a 2 - ab + b 2 ) 3 (b 2 - be + c 2 ) 3 (c 2 -ca + a 2 ) 3 > 

> (a 6 + a 3 b 3 + b 6 )(b 6 + b 3 c 3 + c 6 )(c 6 + c 3 a 3 + a 6 ). 

Therefore, it suffices to show that 

(a 6 + a 3 b 3 + b 6 )(b 6 + b 3 c 3 + c 6 )(c 6 + c 3 a 3 + a 6 ) > (a 3 b 3 + b 3 c 3 + c 3 a 3 ) 3 . 
Writing this inequality in the form 

(a 3 b 3 + b 6 + a 6 )(b 6 + b 3 c 3 + c 6 )(a 6 + c 6 + c 3 a 3 ) > (a 3 b 3 + b 3 c 3 + c 3 a 3 ) 3 , 

we see that it is just Holder’s inequality. The equality holds when a = b = c, when a = 0 
and b = c (or any cyclic permutation), and when two of a, b, c are 0. 

□ 
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P 2.42. If a, b, c are nonzero real numbers, then 


S 


b 2 — be + c 2 




(Vasile Cirtoaje, 2010) 


Solution. We have 

b 2 — bc + c 2 


S 


a z 






b 2 — bc + c 2 | b 2 | c 2 
a 2 ca ab 


(b 2 — be + c 2 )(ab + be + ca) 


a 2 bc 


ab + bc + ca 


aW I>(i> 2 -f,c + c 2 ). 

Then, we can write the inequality as 

(ab + be + ca)[^ bc(b 2 — be + c 2 ) — abc a] > 0. 

Since 

bc(b 2 — be + c 2 ) — abc^ a = bc)(^~] a 2 ) — ^ b 2 c 2 — 2abc ^ a 

= bc)(]>] q2 ) - 

= (^ bc )(X q2 _ X bc )> 

the inequality is equivalent to 

(ab + be + ca) 2 (a 2 + b 2 + c 2 — ab — be — ca) > 0, 
which is true. The equality holds for a = b = c, and for ab + be + ca = 0. 


□ 


P 2.43. Let a, b, c be real numbers. Prove that 

(a) if a, b,c e [0,1], then 

abc — (b + c — a)(c + a — b)(a + b — c) < 1; 

(b) if a, b,c e [—1,1], then 

abc — (b + c — a)(c + a — b)(a + b — c) < 4. 


(Vasile Cirtoaje, 2011) 
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Solution. We will show that if a, b, c e [m, M ], where M > 0, then 

abc — (b + c — a)(c + a — b)(a + b — c) < M(M — m) 2 . 

Without loss of generality, assume that 

M > a> b > c>m. 

We have two cases to consider. 

Case 1: a < 0. The required inequality is true, since 

abc — (b + c — a)(c + a — b)(a + b — c) < 0 < M(M — m) 2 . 

Indeed, substituting —a, —b, —c for a, b, c, respectively, the left inequality can be restated 
as 

abc > (b + c — a)(c + a — b)(a + b — c), 

where a, b, c > 0. This is just the well-known Schur’s inequality of degree three. 

Case 2: a > 0. Since (M — m) 2 > (a — b) 2 and M > a, we have 

M(M — m) 2 > a(a — c) 2 . 

Therefore, it suffices to show that 

abc — (b + c — a)(c + a — b)(a + b — c) < a(a — c) 2 , 
which is equivalent to 

(b — c)[a 2 + (b — 2c)a — b 2 + c 2 ] > 0. 

This is true, since 

a 2 + (b — 2c)a — b 2 + c 2 = (a — b)(a + 2b — 2c) + (b — c) 2 

> 2(a — b)(b — c) + (b — c) 2 > 0. 

Thus, the proof is completed. The equality holds when two of a, b, c are equal to m, and 
the other is equal to M. 

□ 


P 2.44. Let a, b, c be real numbers. Prove that 

(a) if a, b,c e [0,1], then 

^]a 2 (a-b)(a-c) < 1; 

(b) if a, b,c e [—1,1], then 

^ a 2 (a — b)(a — c) < 4. 

(Vasile Cirtoaje, 2011) 
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Solution. We will show that if a, b, c e [m, M ], then 

a 2 (a — b)(a — c) < (M — m) 2 • ma x{m 2 , M 2 }. 

Without loss of generality, assume that 

M > a> b > c>m. 

Since b 2 (b — c)(b — a) < 0, (a — c) 2 < (M — m) 2 , and max{a 2 , c 2 } < max{m 2 ,M 2 }, it 
suffices to show that 

a 2 (a — b)(a — c) + c 2 (c — a)(c — b) < (a — c) 2 • max{a 2 , c 2 }. 

This is equivalent to 

(a — c) 2 (a 2 + c 2 + ac — ab — be — max{a 2 , c 2 }) < 0. 

Case 1: a 2 > c 2 . From a 2 — c 2 = (a — c)(a + c) > 0, it follows that a + c > 0. Then, 

a 2 + c 2 + ac — ab — bc — max{a 2 , c 2 } = (a + c)(c — b) < 0. 

Case 2: a 2 < c 2 . From a 2 — c 2 = (a — c)(a + c) < 0, it follows that a + c < 0. Then, 

a 2 + c 2 + ac — ab — be — max{a 2 , c 2 } = (a + c)(a — b) < 0. 

Thus, the proof is completed. For M 2 > m 2 , the equality holds when two of a, b, c are 
equal to m, and the other is equal to M. For M 2 < m 2 , the equality holds when two of 
a,b,c are equal to M, and the other is equal to m. 

□ 


P 2.45. Let a, b, c be real numbers such that 

ab + be + ca = abc + 2. 


Prove that 

a 2 + b 2 + c 2 — 3 > (2 + \/3)(a + b + c — 3). 

(Vasile Cirtoaje, 2011) 

Solution. Substituting a + 1, b + 1, c + 1 for a, b, c, respectively, we need to prove that 

a + b + c = abc 


implies 


a 2 + b 2 + c 2 > V3(a + b + c). 
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This inequality is true if 

(a 2 + b 2 + c 2 ) 2 > 3(a + b + c) 2 , 
which is equivalent to the homogeneous inequality 

(a 2 + b 2 + c 2 ) 2 > 3abc(a + b + c). 

Since 

(ab + be + ca) 2 — 3abc(a + b + c) = - ^ a 2 (b — c) 2 > 0, 
it suffices to prove that 

(a 2 + b 2 + c 2 ) 2 > (ab + be + ca ) 2 , 

which is equivalent to 

(a 2 + b 2 + c 2 — ab — be — ca)(a 2 + b 2 + c 2 + ab + be + ca) > 0. 

This inequality is true, since 

2(a 2 + b 2 + c 2 — ab — be — ca) = (a — b) 2 + (b — c) 2 + (c — a) 2 > 0, 

2(a 2 + b 2 + c 2 + ab + be + ca) = (a + b) 2 + (b + c) 2 + (c + a) 2 > 0. 

The equality holds for a = b = c = 1, and fora = b = c = l + V3. 

□ 


P 2.46. Let a, b, c be real numbers such that 

(a + b)(b + c)(c + a) = 10. 


Prove that 

(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) + 12a 2 b 2 c 2 > 30. 

(Vasile Cirtoaje, 2011) 


Solution. Since 

2(b 2 + c 2 ) = (b + c) 2 + (b — c) 2 

and 

(a 2 + b 2 )(a 2 + c 2 ) = (a 2 + be) 2 + a 2 (b - c) 2 , 
by virtue of the Cauchy-Schwarz inequality, we have 

2(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) > [(b + c)(a 2 + be) + a(b - c) 2 ] 2 

= [(a + b)(b + c)(c + a) — 4abc] 2 
= 4(5 — 2abc) 2 . 
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Thus, it suffices to show that 

(5 — 2 abc) 2 + 6 a 2 b 2 c 2 > 15. 

This inequality is equivalent to (abc — l) 2 = 0. The homogeneous inequality 
10(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) + 120a 2 b 2 c 2 > 3(a + b) 2 (b + c) 2 (c + a) 2 

becomes an equality for — = b = c (or any cyclic permutation), where k + - = 3. 


P 2.47. Let a, b, c be real numbers such that 

(a + b)(b + c)(c + a) = 5. 

Prove that 

(a 2 + ab + b 2 )(b 2 + bc + c 2 )(c 2 + ca + a 2 ) + 12a 2 b 2 c 2 > 15. 

(Vasile Cirtoaje, 2011) 

Solution. Since 


b 2 + bc + c 2 = ^(b + c) 2 + i(b-c) 2 


and 


( a z + ab + b 2 )(a 2 + ac + c z ) = I a z + 


—- + bc\ + ^a 2 (b-c) 2 , 


by the Cauchy-Schwarz inequality, we have 

(a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > 


> 


^(b + c)( a 2 + 


ab + ac \ V3 

-1- be H-a(b — c) 


~l2 


= -[(a + b)(b + c)(c + a) — 2abc] 2 = -(5 — 2 abc) 2 . 
4 4 


Thus, it suffices to show that 

3 


(5 -2 abc) 2 + 12a 2 b 2 c 2 > 15, 


which is equivalent to (2 abc — l) 2 = 0. The homogeneous inequality 
5(a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) + 60 a 2 b 2 c 2 > 3(a + b) 2 (b + c) 2 (c + a) 2 

becomes an equality for — = b = c (or any cyclic permutation), where k + - = 3. 

k k 


□ 
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P 2.48. Let a, b, c be real numbers such that a + b + c = 1 and a 3 + b 3 + c 3 = k. Prove 
that 

(a) ifk = 25, then |a| < 1 or \b\ < 1 or |c| < 1; 

(b) ifk = —11, then l<a<2orl<b<2orl<c<2. 

(Vasile Cirtoaje, 2011) 

Solution. Without loss of generality, assume that a < b < c. If b = 1, then a + c = 0, 
and hence 

k = a 3 + b 3 + c 3 = 1 + a 3 + c 3 = 1, 
which is false in (a) and (b), too. From (b — a)(b — c) < 0, we get 

b 2 — (a + c)b + ac < 0, 

which is equivalent to 

2 b 2 — b + ac < 0. 

(a) It suffices to show that | b \ < 1. We have 

25 — b 3 = a 3 + c 3 = (a + c) 3 — 3 ac(a + c) = (1 — b) 3 — 3ac(l — b), 


which yields 

b 2 — b —8 

ac = --—. 

1 — b 

Thus, the inequality 2b 2 — b + ac < 0 is equivalent to 

(l + b)(4-3b + b 2 ) >Q 
1 — b _ ’ 

which involves —1 < b < 1, and hence |b[ < 1. The equality |b[ = 1 holds for a = b = — 1 
and c = 3. 

(b) It suffices to show that 1 < b < 2. We have 


—11 — b 3 = a 3 + c 3 = (a + c) 3 — 3 ac(a + c) = (1 — b) 3 — 3ac(l — b), 


which yields 


ac = 


b 2 —b + 4 
1 — b 


Thus, the inequality 2b 2 — b + ac< 0 is equivalent to 


(b — 2)(b 2 + 1) 
1 — b 


> 0 , 


which involves 1 < b < 2. The equality b = 2 holds for a = — 3 and b = c = 2. 


□ 
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P 2.49. Let a, b, c be real numbers such that 

a + b + c = a 3 + b 3 + c 3 = 2. 

Prove that a,b,c £ 2 . 

(Vasile Cirtoaje, 2011) 

Solution. From 

2 = a 3 + b 3 + c 3 = a 3 + (b + c) 2 — 3 bc(b + c) = a 3 + (2 — a) 2 — 3bc(2 — a), 


we get 


be = 


2(1-a) 2 

2 — a 


Thus,we can write the false inequality 4bc > (b + c) 2 as 

8(1-a) 2 


2 — a 
a(a 2 + 2a — 4) 


> (2-a) 2 , 

> 0 , 


2 — a 

a € (-1 - a/5, 0) U (-1 + a/5, 2). 

In addition, the case a = 2 is also not possible, because it involves b + c = 0 and 
b 3 + c 3 = —6, which is false. Therefore, 

a,b,c<£ (-1 - a/5, 0) U (-1 + a/5, 2]. 


Since 

C (-1 - a/5, 0) U (-1 + a/5, 2], 

the conclusion follows. 



□ 


P 2.50. If a, b, c and k are real numbers, then 

^~](q — b)(a — c)(a — fcb)(a — kc) > 0. 


(Vasile Cirtoaje, 2005) 
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Solution. For a = b = c, the equality holds. Otherwise, using the substitution m = k+2, 
u = (1 — k)a, b = a + x, c = a + y, the inequality can be written as 

Au 2 + Bu + c> 0, 

where 

A = x 2 — xy + y 2 , 

B = {x + y)(2A-mxy), 

C = O + y) 2 (A-mxy ) + m 2 x 2 y 2 . 

The quadratic Au 2 + Bu + C has the discriminant 

D = B 2 - 4AC = -3m 2 x 2 y 2 (x - y) 2 . 

Since A > 0 and D < 0, the conclusion follows. The equality holds for a = b = c, and 
for a/k = b = c or any cyclic permutation. 

Remark 1. The inequality is equivalent to 

a 4 + k(k + 2)^ a 2 b 2 + (1 — k 2 )abc^^a > (k + 1)^ab(a 2 + b 2 ). 

For k = 0, we get Schur’s inequality of degree four 

a 4 + b 4 + c 4 + abc(a + b + c) > ^ ab(a 2 + b 2 ). 

For k = 1, we get the inequality 

a 4 + b 4 + c 4 + 3 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) > 2^ ab(a 2 + b 2 ), 

with equality for a = b = c. 

For k = 2, we get the inequality 

a 4 + b 4 + c 4 + 8(a 2 b 2 + b 2 c 2 + c 2 a 2 ) > 3(ab + be + ca)(a 2 + b 2 + c 2 ), 
which can be rewritten as 

9(a 4 + b 4 + c 4 ) + 126(a 2 b 2 + b 2 c 2 + c 2 a 2 ) > 5(a + b + c) 4 , 

with equality for a = b = c, and for a/2 = b = c (or any cyclic permutation). 

Remark 2. The inequality in P 2.50 is equivalent to 

^~](q — b) 2 (a + b — c — kc ) 2 > 0. 

□ 
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P 2.51. If a, b, c are real numbers, then 

(b + c- a) 2 (c + a- b) 2 (a + b-cf> (b 2 + c 2 - a 2 )(c 2 + a 2 - b 2 )(a 2 + b 2 - c 2 ). 


(Poland, 1992) 

Solution. Consider the nontrivial case where a> b > c and b 2 + c 2 — a 2 > 0. We get 
the desired inequality by multiplying the inequalities 

(c + a - b) 2 (a + b — c) 2 > (c 2 + a 2 - b 2 )(a 2 + b 2 - c 2 ), 

(b + c- a) 2 (a + b - c) 2 > (b 2 + c 2 - a 2 )(a 2 + b 2 - c 2 ), 

(b + c - a) 2 (c + a - b) 2 > (b 2 + c 2 - a 2 )(c 2 + a 2 - b 2 ). 

We have 

(c + a - b) 2 (a + b — c) 2 — (c 2 + a 2 - b 2 )(a 2 + b 2 - c 2 ) = 

= [a 2 -(b- c) 2 ] 2 - a 4 + (b 2 - c 2 ) 2 = 2(6 - c) 2 (b 2 + c 2 - a 2 ) > 0. 

The equality holds for a = b = c, for a = 0 and b = c (or any cyclic permutation), and 
for a = 0 and b + c = 0 (or any cyclic permutation). 

□ 


P 2.52. If a, b, c are real numbers, then 

^~V(a-b)(a —c)> 


(a — b) 2 (b — c) 2 (c — a) 2 
a 2 + b 2 + c 2 + ab + be + ca 


Solution (by Michael Rozenberg). Since 

X! a ^ a ~ b ^ a ~ c ^ = \ ~ +c _ a ) 2 ’ 

we can write the inequality in the form 

E( b+c ) 2 ] - c ^ 2 ^ +c _ a ^ 2 ] - 4 ( a _ b ^ 2 ^ _ c ^ 2 ^ c - a ^ 2 - 

Using now the Cauchy-Schwarz inequality, is suffices to show that 

+ c)(b — c)(b + c — a)J > 4(a — b) 2 (b — c) 2 (c — a) 2 , 

which is an identity. The equality holds for a = b = c, for a = 0 and b = c (or any cyclic 
permutation), and for a = 0 and b + c = 0 (or any cyclic permutation). 

□ 
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P 2.53. Let a < b < c be real numbers such that 

a + b + c=p, ab + bc + ca = q, 

where p and q are fixed real numbers satisfying p 2 > 3 q. Prove that the product 

r = abc 

is minimal when b = c, and is maximal when a = b. 


First Solution. We show first that a e [a 1 , a 2 ], where 

_ p-2^/p 2 -3q _ p- Vp 2 -3q 

1 3 3 

From 

(b — c) 2 = (b + c) 2 — 4bc = (b + c) 2 + 4a(b + c) — 4q 

= (p — a) 2 + 4a(p — a) — 4q = —3a 2 + 2 pa + p 2 — 4q > 0, 

we get a > O], with equality for b = c. Similarly, from 

(a — b)(a — c) = a 2 — 2a(b + c) + q = a 2 — 2a(p — a) + q = 3a 2 — 2pa + q > 0, 

we get a < a 2 , with equality for a = b. On the other hand, from 

abc = a[q — a(b + c)] = aq — a 2 (p — a) = a 3 —pa 2 + qa, 

we get 

r(a) = a 3 —pa 2 + qa. 

Since r'(a) = 3a 2 — 2pa + q = (a — b)(a — c) > 0, r(a) is strictly increasing on [a 1; a 2 ], 
and hence r(a) is minimal for a = a 1; when b = c, and is maximal for a = a 2 , when 
a = b. 

Second Solution. From 

(a - b) 2 (b - c) 2 (c - a) 2 = -27r 2 + 2(9pq - 2p 3 )r + p 2 q 2 - 4q 3 > 0, 
we get rq < r < r 2 , where 

_ 9pq - 2p 3 - 2(p 2 - 3q) Vp 2 - 3q 
ri _ 27 

9 pq — 2p 3 + 2(p 2 — 3q)\/ p 2 — 3q 
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Obviously, r attains its minimal and maximal values when two of a, b, c are equal; that 
is, when either a = b or b = c. For a = b, from a + b + c = p and ab + be + ca = q, we 
get 


a = b = 


P~ Vp 2 — 3<? p + 2-v/p 2 — 3q 


c = 


(p- v / P 2 -3q) 2 (p + 2Vp 2 -3q) 

r =- 

27 


= r 2- 


Similar, for b = c, we get 


p+ VP 2 - 3q p-2Vp 2 —3q 

b = c = -, a =- 


(P + Vp 2 - 3q) 2 (p - 2 Vp 2 - 3q) 

r =-= n. 

27 

Remark. Using this result, we can prove the following generalization: 

• Let aq, a 2 ,...,a n be real numbers such that 

a 1 + a 2 + --- + a n = p, a% +a% +■ ■■ + a% = p lt 

where p and p 1 are fixed real numbers satisfying p 2 < np 1 . Then, the product 


r = a 1 a 2 ---a n 

is minimal and maximal when n — 1 numbers of aq, a 2 , ...,a n are equal. 

Assume, by the sake of contradiction, that the product r is minimal/maximal when three 
of aq, a 2 ,...,a n are distinct, let aq < a 2 < a 3 . According to P .53, the product r can be 
increased/decreased (which is a contradiction) by choosing some suitable non-distinct 
numbers b 1 ,b 2 ,b 3 such that 


b 1 + b 2 + b 3 = a 1 + a 2 + a 3 , b 2 + b 2 + b 2 = a 2 + a 2 + a 2 . 


□ 


P 2.54. Let a, b, c be real numbers such that a + b + c = 3. Prove that 

[ab + be + ca — 3) 2 > 2 7[abc — 1). 


(Vasile Cirtoaje, 2011) 
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First Solution. Let q = ab + be + ca. We need to show that (q — 3) 2 + 27 > 27abc. 
According to P 2.53, for fixed q, the product abc is maximal when two of a, b,c are 
equal. Therefore, it suffices to prove the desired inequality for b = c; that is, to show 
that (2 ab + b 2 — 3) 2 > 27(ab 2 — 3) for a + 2b = 3. This inequality is equivalent to 

(b — l) 2 (b + 2) 2 > 0. 


The equality holds for a = b = c = 1, and also for a = 7 and b = c = —2 (or any cyclic 
permutation). 

Second Solution. Assume that a = max{a, b, c}, a > 1. Since 
3 — ab — be — ca > 3 — a(b + c) — -(b + c) 2 = 3 — a(3 — a) — -(3 — a) 2 = -(a — l) 2 
and 

abc — 1 < -a(b + c) 2 — 1 = -a(3 — a) 2 — 1 = -(a — l) 2 (a — 4), 
it suffices to prove that 

^(a-l) 4 >^(a-l) 2 (a-4), 
lo 4 

which is equivalent to 

(a — l) 2 (a — 7) 2 > 0. 


□ 


P 2.55. Let a, b, c be real numbers such that a + b + c = 3. Prove that 

(ab + bc + ca ) 2 + 9 > 18 abc. 


(Vasile Cirtoaje, 2011) 

First Solution. Let q = ab+bc+ca. We need to show that q 2 +9 > 18abc. According to 
P 2.53, for fixed q, the product abc is maximal when two of a, b, c are equal. Therefore, 
it suffices to prove the desired inequality for b = c; that is, to show that (2ab + b 2 ) 2 +9 > 
18ab 2 for a + 2b = 3. This inequality is equivalent to 

(b — l) 2 (b + l) 2 > 0. 

The equality holds for a = b = c = 1, and also for a = 5 and b = c = — 1 (or any cyclic 
permutation). 

Second Solution. Using the substitution a = x + 1, b = y + 1, c = z + 1, we need to 
show that 

(xy + yz + zx) 2 > 12(xy + yz + zx ) + 18xyz, 



Symmetric Polynomial Inequalities in Real Variables 


85 


where x,y,z are real numbers such that x + y + z = 0. Substituting x by — y —z, the 
inequality can be restated as 

(y 2 + yz + z 2 ) 2 + 12(y 2 + yz + z 2 ) > -18 yz(y + z). 


Since 

3 

y 2 + yz + z 2 > -(y + z) 2 > 3 yz, 

it suffices to show that 


9y 2 z 2 + 9(y + zf > -18 yz(y + z), 


which is equivalent to 


9(yz + y + z) 2 > 0. 


□ 


P 2.56. If a, b, c are real numbers such that a 2 + b 2 + c 2 = 9, then 

abc + 10 > 2(a + b + c). 


(Vietnam TST, 2002) 

Solution. Let p = a + b + c, q = ab + be + ca and r = abc. We need to show that 
r > 2p — 10 for p 2 — 2q = 9. According to P 2.53, for fixed p and q, r is minimal when 
two of a, b, c are equal. Therefore, it suffices to prove the desired inequality for b = c; 
that is, to show that ab 2 + 10 > 2(a + 2b) for a 2 + 2 b 2 = 9. Since 

2(ab 2 + 10) - 4(a + 2b) = a(9 - a 2 ) + 20 - 4(a + 2b) = 20 + 5a - a 3 - 8b, 

we need to show that 

20 + 5a - a 3 > 4^2(9 -a 2 ) 

for —3 < a < 3. For —3 < a < 0, we have 20 + 5a—a 3 > 5(4 + a) > 0, and for 0 < a < 3, 
we have 20 + 5a — a 3 = 4(5 — a) + a(9 — a 2 ) > 0. Therefore it suffices to prove that 

(20 + 5a - a 3 ) 2 > 32(9 - a 2 ). 

This is true, since it is equivalent to (a + l) 2 /(a) > 0, where 

/(a) = a 4 - 2a 3 - 7a 2 - 24a + 112 

= 4+ 12(3 - a) + (3 - a) 2 (a 2 + 4a + 8) > 0. 

The equality holds for a = — 1 and b = c = 2 (or any cyclic permutation). 

□ 
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P 2.57. If a, b, c are real numbers such that 

a + b + c + abc = 4, 


then 

a 2 + b 2 + c 2 + 3 > 2{ab + be + ca). 

(Vasile Cirtoaje, 2011) 

Solution. Without loss of generality, assume that a > b > c. The case a < 0 is not 
possible, since it involves a + b + c + abc<0<4. If a > 0 > b > c, then 

a 2 + b 2 + c 2 + 3 — 2(ab + bc + ca ) > a 2 + (b — c) 2 + 3 > 0. 

Also, if a > b > 0 > c, then 

a 2 + b 2 + c 2 + 3 — 2 (ab + be + ca) > (a — b) 2 + c 2 + 3 > 0. 


Consider further that a > b > c > 0. Let p = a + b + c, q = ab + be + ca and r = abc. 
We need to show that p 2 + 3 > 4q for p + r = 4. 

First Solution. By Schur’s inequality of degree three, we have p 3 +9r > 4 pq. Therefore, 
we get 

p(p 2 + 3 - 4q) > p 3 + 3p - (p 3 + 9r) = 12(p - 3). 


To complete the proof, we need to show that p > 3. By virtue of the AM-GM inequality, 
we get 


p 3 > 27r, 


p 3 > 27(4 —p), 

(p — 3)(p 2 + 3p + 36) > 0, 


p > 3. 

The equality holds for a = b = c = 1. 

Second Solution. For the sake of contradiction, assume that p 2 + 3 < 4q. Then, it 
suffices to show that p + r > 4. According to P 2.53, for fixed p and q, r is minimal 
when two of a, b, c are equal. Therefore, it suffices to consider that b = c; that is, to 
prove that a + 2b > 0 and a 2 + 3 < 4ab imply a + 2b + ab 2 > 4. From a 2 + 3 < 4 ab, 
it follows that a and b have the same sign. In addition, from a + 2b > 0, it follows that 
a > 0 and b > 0. Therefore, it suffices to prove that a + 2b + ab 2 > 4 if a > 0 and 
a 2 + 3 

b > -. Indeed, 

4a 


2 a 2 + 3 (a 2 + 3) 2 

a + 2b + ab 2 — 4>aH -1- --4 

2a 16a 

(a — l) 2 (a 2 + 2a + 33) 


16a 


>0. 


□ 
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P 2.58. If a, b, c are real numbers such that 

ab + be + ca = 3 abc, 


then 

4(a 2 + b 2 + c 2 ) + 9 > 7(ab + be + ca). 

(Vasile Cirtoaje, 2011) 

Solution. If one of a, b, c is 0, then the inequality is trivial. Otherwise, write the in¬ 
equality in the homogeneous form 

2 ,2 2 -v 81a 2 b 2 c 2 

4(a 2 + b 2 + c 2 ) + —---— > 7(ab + bc + ca), 

(ab + be + ca) z 


or 

81 a 2 b 2 c 2 > (ab + bc + ca) 2 A, 

where 

A = 7(ab + be + ca) — 4(a 2 + b 2 + c 2 ). 

First Solution (by Vo Quoc Ba Can). Consider the nontrivial case A > 0. Substitut¬ 
ing a, b,c by |a|, \b\, |c|, respectively, the left side of the inequality remains unchanged, 
while the right side remains unchanged or increases. Therefore, it suffices to prove the 
inequality only for a, b, c > 0 and A > 0. Assume that a > b > c > 0. There are two 
cases to consider. 

Case 1: 4b 2 < 3a b + 3be + ca. Since 


4(ab + be + ca) 2 A < 


(ab + be + ca) 2 
b 


2 


+ bA 


it suffices to show that 


, (ab + bc + ca) 2 
18 abc > ---1- bA, 


which is equivalent to the obvious inequality 

(a — b)(b — c)(3ab + 3bc + ca — 4b 2 ) > 0. 
Case 2: 4b 2 > 3ab + 3bc + ca. Since 


4(ab + bc + ca) 2 A < 


(ab + be + ca) 2 


+ aA 


it suffices to show that 


18abc > 


(ab + bc + ca) 2 
-h aA, 


a 
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which is equivalent to 


(a — b)(a — c)(4a 2 — 3 ab — be — 3ca) > 0. 


This is true, since 

4a 2 — 3 ab — be — 3 ca = (4b 2 — 3 ab — 3be — ca ) + 2(a — b)(2a + 2b — c) > 0. 

The equality holds for a = b = c = 1, and for a = 1/2 and b = c = 2 (or any cyclic 
permutation). 

Second Solution. Let p = a + b + c, q = ab + be + ca, r = abc. Since A = 15q — 4p 2 ,we 
need to show that 

81r 2 > q 2 (15q — 4p 2 ) 

for all real numbers a, b, c. For fixed p and q, r 2 is minimal when r = 0, or when r is 
either minimal or maximal. For a = 0, the inequality is true since 


2(15q - 4p 2 ) = -b 2 - c 2 - 7(b - c) 2 < 0. 


According to P 2.53, r is minimal and maximal when two of a, b, c are equal. Therefore, 
due to symmetry and homogeneity, it suffices to prove the inequality for b = c = 1. In 
this case, the inequality can be written as 

(a — l) 2 (4a — l) 2 > 0. 


□ 


P 2.59. If a, b, c are real numbers such that a + b + c = 3, then 

(a 2 + l)(b 2 + l)(c 2 + 1) > (a + l)(b + l)(c + 1). 

(Tran QuocAnh, 2010) 

Solution. Write the inequality as 

a 2 b 2 c 2 + a 2 b 2 + b 2 c 2 + c 2 a 2 + a 2 + b 2 + c 2 > abc + ab + be + ca + 3. 

Since a 2 b 2 c 2 > 2a be — 1, it suffices to prove that 

abc + a 2 b 2 + b 2 c 2 + c 2 a 2 + a 2 + b 2 + c 2 > ab + be + ca + 4, 
which is equivalent to 

5(1 — abc) > q(3 — q), 
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where q = ab + be + ca. For fixed q, according to P 2.53, the product abc is maxi¬ 
mal when two of a, b, c are equal. Therefore, due to symmetry, it suffices to prove the 
inequality for b = c. We have a = 3 —2b and 

5(1 — abc) — q(3 — q) = 5(1 — ab 2 ) — (2 ab + b 2 )(3 — 2 ab — b 2 ) 

= (b — l) 2 (9b 2 — 8b + 5) > 0. 


The equality holds for a = b = c = 1. 


□ 


P 2.60. Let / 4 (a, b, c) be a symmetric homogeneous polynomial of degree four. Prove that 
the inequality / 4 (a, b, c) > 0 holds for all real numbers a, b, c if and only if / 4 (a, 1,1) > 0 
for all real a. 

Solution. Let p = a + b+c, q = ab + bc+ca and r = abc. Any symmetric homogeneous 
polynomial / 4 (a, b, c) can be written as 

/ 4 (a, b,c) =Apr + Bp 4 + Cp 2 q + Dq 2 , 

where A, B, C, D are real constants. For fixed p and q, the linear function g(r) = 
Apr + Bp 4 + Cp 2 q + Dq 2 is minimal when r is either minimal or maximal. By P 2.53, 
r is minimal and maximal when two of a, b,c are equal. Since / 4 (a, b,c) is symmet¬ 
ric, homogeneous and satisfies f 4 (—a,—b,—c) = / 4 (a, b,c), it follows that the inequal¬ 
ity / 4 ( a > b,c) > 0 holds for all real numbers a, b,c if and only if / 4 (a, 1,1) > 0 and 
/ 4 (a, 0,0) > 0 for all real a. Notice that the condition "/4( a >0>0) > 0 for all real a" 
is not necessary because it follows from the condition "/ 4 (a, 1,1) > 0 for all real a" as 
follows: 

/ 4 (a, 0,0) = lim/ 4 (a, t, t) = lim t 4 f 4 (a/t, 1,1) > 0. 


Remark. Similarly, we can prove the following more general statement, where / 4 (a, b, c) 
is only a symmetric polynomial (homogeneous or non-homogeneous). 

• Let f 4 (a, b,c) be a symmetric polynomial function of degree n = 4. The inequality 
/ 4 (a, b, c) > 0 holds for all real numbers a, b, c if and only i// 4 (a, b, b) > 0 for all real 
numbers a and b. 

Notice that a function / (a, b, c) is symmetric if it is unchanged by any permutation 
of its variables. A function / (a, b, c) is a polynomial function if it is a polynomial in one 
variable when the other two variables are fixed. In addition, /(a, b,c) is a polynomial 
of degree n if/(a, a, a) is a polynomial of degree n. 

□ 
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P 2.61. If a, b, c are real numbers, then 


10(a 4 + b 4 + c 4 ) + 64(a 2 b 2 + b 2 c 2 + c 2 a 2 ) > 33 ab(a 2 + b 2 ). 


(Vasile Cirtoaje, 2008) 

Solution. According to P 2.60, it suffices to prove the required inequality for b = c = 1, 
when it becomes 

5a 4 - 33a 3 + 64a 2 - 33a + 9 > 0, 

(a — 3) 2 (5a 2 — 3a + 1) > 0. 


This is true since 

9 , 3 11 

5a 2 - 3a + 1 = 5(a-) 2 + — > 0. 

10 20 


The equality holds for a/3 = b = c (or any cyclic permutation). 


□ 


P 2.62. If a, b, c are real numbers such that a + b + c = 3, then 
3(a 4 + b 4 + c 4 ) + 33 > 14(a 2 + b 2 + c 2 ). 

(Vasile Cirtoaje, 2009) 

First Solution. Write the inequality as F(a, b, c) > 0, where 

F(a, b, c) = 3(a 4 + b 4 + c 4 ) + 33 — 14(a 2 + b 2 + c 2 ). 

Due to symmetry, we may assume that a < b < c. Let us denote x = (b + c)/2, x > 1. 
To prove the desired inequality, we use the mixing variable method. We will show that 

F(a, b, c) > F(a,x, x) > 0. 

We have 

F(a, b, c) — F(a, x, x) = 3(b 4 + b 4 — 2x 4 ) — 14(b 2 + c 2 — 2x 2 ) 

= 3[(b 2 + c 2 ) 2 - 4x 4 ] + 6(x 4 - b 2 c 2 ) - 14(b 2 + c 2 - 2x 2 ) 

= (b 2 + c 2 — 2x 2 )[3(b 2 + c 2 + 2x 2 ) — 14] + 6(x 2 — bc)(x 2 + be). 

b 2 + c 2 — 2x 2 = 2(x 2 — be) = -(b — c) 2 , 


Since 
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we get 

f(a ’ ”• C) ~ F(a ’ X ’ X) = \^ b ~ C ) 2[ 3( fa2 + ^ + 2^) — 14 + 3 ^ 2 + ‘O] 

= -(b — c) 2 [3(x 2 — be) + 18x 2 — 14] > 0. 

Also, 

F(a,x, x) = F(3 — 2x, x,x) = 6(x — l) 2 (3x — 5) 2 > 0. 

This completes the proof. The equality holds for a = b = c = 1, and for a = —1/3 and 
b = c = 5/3 (or any cyclic permutation). 

Second Solution. Write the inequality in the homogeneous form 

81(a 4 + b 4 + c 4 ) + ll(a + b + c) 4 > 42(a 2 + b 2 + c 2 )(a + b + c) 2 . 

According to P 2.60, it suffices to prove this inequality for b = c = 1, when it becomes 

25a 4 - 40a 3 + 6a 2 + 8a + 1 > 0, 

(a — l) 2 (5a + l) 2 > 0. 

□ 

P 2.63. If a, b, c are real numbers such that a 2 + b 2 + c 2 = 3, then 

a 4 + b 4 + c 4 + 3(ab + be + ca) < 12. 

Solution. Write the inequality in the homogeneous form 

3(a 4 + b 4 + c 4 ) + 3(ab + be + ca)(a 2 + b 2 + c 2 ) < 4(a 2 + b 2 + c 2 ) 2 . 

According to P 2.60, it suffices to prove this inequality for b = c = 1, when it becomes 

a 4 - 6a 3 + 13a 2 - 12a + 4 > 0, 

(a — l) 2 (a — 2) 2 > 0. 

The equality holds fora = b = c = ±l, for a = V2 and b = c = V2/2 (or any cyclic 
permutation), and a = — \/2 and b = c = — V2/2 (or any cyclic permutation). 

□ 
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P 2.64. Let a,{5,y be real numbers such that 

1 + a + 15 = 2y. 


The inequality 

a 4 + a 

holds for any real numbers a, b, c if and only if 

1 + a>y 2 . 


J]a 2 b 2 + /3abc ab(a 2 + b 2 ) 


(Vasile Cirtoaje, 2009) 

Solution. Let 

/ 4 (a, b, c) = ^ a 4 + a 2 b 2 + [5abc ^ a — ab(a 2 + b 2 . 

According to P 2.60, the inequality / 4 (a, b, c) > 0 holds for any real numbers a, b, c if 
and only if / 4 (a, 1,1) > 0 for any real a. From 

/ 4 (a, 1,1) = (a - l) 2 [(a - y+ l) 2 + l + a- y 2 ], 

the conclusion follows. The equality holds for a = b = c. 

Remark. For y = k + 1 and a = k(k + 2), we get 

^ a 4 + k(k + 2)^ a 2 b 2 + (1 — k 2 )abc ^ a > (k + 1)^ ab(a 2 + b 2 ), k e M, 

which is equivalent to the elegant inequality from P 2.50, namely 

^~](q — b)(a — c)(a — kb)(a — kc) > 0, 

where the equality holds for a = b = c, and also for a/k = b = c (or any cyclic permu¬ 
tation). In addition, for k = 0, we get Schur’s inequality of degree four 

^V(a-b)(a-c), 

with equality for a = b = c, and also for a = 0 and b = c (or any cyclic permutation). 

□ 


P 2.65. If a, b, c are real numbers such that a 2 + b 2 + c 2 = 2, then 

ab(a 2 — ab + b 2 — c 2 ) + bc(b 2 — be + c 2 — a 2 ) + ca(c 2 — ca + a 2 — b 2 ) < 1. 
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(a 2 + b 2 + c 2 ) 2 > 4^ab(a 2 — ab + b 2 — c 2 ). 


According to P 2.60, it suffices to prove this inequality for b = c = 1, when it can be 


written as 


a 2 (a — 4) 2 > 0. 


The equality holds for 


a 2 + b 2 + c 2 = 2(ab + bc + ca). 


P 2.66. If a, b, c are real numbers, then 

(a + b) 4 + (b + c) 4 + (c + a) 4 > ^(a 4 + b 4 + c 4 ). 

(Vietnam TST, 1996) 

Solution. Denote the left side of the inequality by / 4 (a, b,c). According to P 2.60, it 
suffices to prove that / 4 (a, 1,1) > 0 for all real a. Indeed, 

/ 4 (a, 1,1) = ^(5a 4 + 28a 3 + 42a 2 + 28a + 59) > 0 

since, for the nontrivial case a < 0, we have 

23 2 

5a 4 + 28a 3 + 42a 2 + 28a + 59 = (5a 2 - 2a)(a + 3) 2 + 9(a + — ) 2 + - > 0. 

The equality holds for a = b = c = 0. 


P 2.67. Let a, b, c be real numbers, and let 


p = a + b + c, q = ab + bc + ca, r = abc. 


Prove that 


. p 2 + a 2 —pa 
(3 -p)r + ^ --- >q. 


(Vasile Cirtoaje, 2011) 
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First Solution. Write the inequality as 

(P 2 - 3q) + (q 2 - 3pr) >pq- 9r, 

\ b - c ) 2 +\ 2 - c ) 2 ^ X a(b _ c)2 - 

According to the AM-GM inequality, it suffices to prove that 

\/[2> - c ) 2 ] E a2 ^ b - c ) 2 ] ^ S < b - c ) 2 - 

Clearly, this inequality follows immediately from the Cauchy-Schwarz inequality. The 
equality holds for a = b = c, and for b = c = 1 (or any cyclic permutation). 

Second Solution Write the inequality as / 4 (a, b, c) > 0, where 

/ 4 (a, b, c) = 3(3 -p)r + p 2 + q 2 -pq- 3q. 

is a symmetric polynomial of degree four in a, b, c. According to Remark from the proof 
of P 2.60, it suffices to prove that / 4 (a, b, b) > 0 for all real numbers a and b. Indeed, 
we have 

/ 4 (a, b, b) = (a — b) 2 (b - l) 2 > 0. 

□ 


P 2.68. If a, b, c are real numbers, then 

ab(a + b) + bc(b + c) + ca(c + a) 3 
(a 2 + l)(b 2 + l)(c 2 + 1) ~4 

(Vasile Cirtoaje, 2011) 

First Solution. We try to get a stronger homogeneous inequality of third order. Accord¬ 
ing to the AM-GM inequality, we have 

(a 2 + l)(b 2 + l)(c 2 + 1) = (a 2 b 2 c 2 + 1) + (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + (a 2 + b 2 + c 2 ) 

> 2 abc + 2\/(a 2 b 2 ^i-T 2 c 2 ^i-^ 2 a 2 )(a 2 ^b 2 ^rc 2 ). 

Therefore, it suffices to prove that 

3 abc + 3\/(a 2 b 2 + b 2 c 2 + c 2 a 2 )(a 2 + b 2 + c 2 ) > 2^ab(a + b). 

Indeed, using the identity 


9(a 2 + b 2 + c 2 ) = ^(2a + 2b — c) 2 
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and the Cauchy-Schwarz inequality, we get 

2b2][^(2a + 2b-c)2]>J] ab(2a + 2b — c) 

= 2^ ab(a + b) — 3abc. 

The equality holds for a = b = c = 1. 

Second Solution Since the equality holds for a = b = c = 1, we write the inequality as 

3(abc — l) 2 +/ 4 (a, b,c) > 0, 


where 

/ 4 (a, b, c) = ^ a 2 b 2 + ^ a 2 + 2 abc — ^ ^ ab(a + b) 

is a symmetric polynomial of degree four. Clearly, it suffices to prove that / 4 (a, b, c) > 0. 
According to Remark from P 2.60, it suffices to prove that / 4 (a, b, b) > 0 for all real 
numbers a and b. Indeed, we have 


3/ 4 (a, b, b) = (6b 2 — 8b + 3)a 2 — 2b 2 a + b 2 (3b 2 — 8b + 6) 

' 2 18b 2 (b — l) 4 

+ . > 0 - 


= (6b —8b + 3) a — 


6b 2 —8b + 3 


6b 2 — 8b + 3 
Remark. The inequality is equivalent to 

3(abc — l) 2 + ^(a — l) 2 (b — c) 2 + (ab + be + ca — a — b — c) 2 > 0. 


□ 


P 2.69. If a, b, c are real numbers such that abc > 0, then 




+ 2 > —(q + b + c) 



(Vasile Cirtoaje, 2011) 


Solution. Let p = a + b + c, q = ab + be + ca and r = abc. Multiplying by abc, we can 
rewrite the inequality as 


r 2 + (4 —p — q)r + p 2 + q 2 


4 pq 

3 


-p — q + 1 > 0. 
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Since the equality holds for a = b = c = 1, that is, for p = q = 3 and r = 1, we write 
the inequality as 

+ +f(p,q,r)> 0, 

where 

12/(p, q, r) = 24(3 -p)r + 9(p 2 + q 2 ) - 10pq - 24q 
> 24(3 — p)r + 8(p 2 + q 2 ) — 8pq — 24q 

Thus, it suffices to prove that / 4 (a, b, c) > 0, where 

/ 4 (a, b,c) = 3(3 — p)r + p 2 + q 2 — pq — 3q > 0. 

According to Remark from P 2.60, it suffices to prove that / 4 (a, b, b) > 0 for all real 
numbers a and b. Indeed, we have 

/ 4 (a, b, b) = (b - l) 2 (a - b) 2 > 0. 

The equality holds for a = b = c = 1. 

Remark. The inequalities in P 2.68 and P 2.69 are particular cases of the following 
more general statement ( Vasile Cirtoaje, 2011). 

• Let a, b, c be real numbers such that abc > 0. If— 2 <k< 1, then 

4-b k^j + — + k'j H-b + (1 — k)( 2 + kj 2 > 

>h 2 + ma + b + c)(- + l + -). 

3 \a b cJ 

□ 



2 
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where 

/ 4 (a, b, c) = Y\ (a 2 + - FI ( a + b ~ “ ( abc + \ ~ a + 2 +C ) 

is a symmetric polynomial of degree four. Clearly, it suffices to prove that / 4 (a, b, c) > 0. 
According to Remark from P 2.60, it suffices to prove that / 4 (a, b, b) > 0 for all real 
numbers a and b. Indeed, we have 

2/ 4 (a, b, b ) = [(2b — l)a — b(2 — b)] 2 > 0. 

Remark. The inequality is equivalent to 

(2 abc + l — a — b — c) 2 + 2(ab + be + ca — a — b — c) 2 > 0. 


□ 


P 2.71. If a, b, c are real numbers such that a + b + c = 3, then 

a(a-l) + Kb-1) + c(c-l) > Q 
8a 2 + 9 8b 2 + 9 8c 2 + 9 ~~ 

(Vasile Cirtoaje, 2013) 


Solution (by Michael Rozenberg). We see that the equality holds for a = b = c, and for 
a = 3/2 and b = c = 3/4 (or any cyclic permutation). Let k be a positive constant, 
k > 3. Write the inequality as 

y (k 2 — 8)a(a — 1) > 

8a 2 + 9 



(k 2 — 8)a(a — 1) 
8a 2 + 9 


>3. 


Choosing 

k = 3 + a/17, 

the inequality can be written as 


(ka — 3) 2 
^ 8a 2 + 9 


>3. 


Let m be a real constant. According to the Cauchy-Schwarz inequality, we have 


yn (ka — 3) 2 > [Xi(fea - 3)(ma + 3)] 2 
2 - J 8a 2 + 9 _ 2( ma + 3) 2 (8a 2 + 9) ’ 
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with equality for 

ka — 3 kb —3 kc — 3 

(8a 2 + 9)(ma + 3) (8b 2 + 9)(mb + 3) (8c 2 + 9)(mc + 3) 

Choosing m = k, these conditions are satisfied for a = 3/2 and b = c = 3/4. Therefore, 
it suffices to show that 

[k 2 (a 2 + b 2 + c 2 ) - 27] 2 > 3 J](fca + 3) 2 (8a 2 + 9). 

Write this inequality in the homogeneous form / 4 (a, b, c) > 0, where 
/ 4 (a, b, c) = [ k 2 (a 2 + b 2 + c 2 ) — 3(a + b + c) 2 ] 2 

—3 ^(fca + a + b + c) 2 [8a 2 + (a + b + c) 2 ]. 

According to P 2.60, it suffices to prove that / 4 (a, 1,1) > 0 for all real a. Indeed, this 
inequality is equivalent to (a — l) 2 (a — 2) 2 > 0. 

□ 


P 2.72. If a, b, c are real numbers such that a + b + c = 3, then 

(a — ll)(a — 1) (b — ll)(b — 1) (c-ll)(c-l) > 

2a 2 + 1 2b 2 + 1 2c 2 + 1 

(Vasile Cirtoaje, 2013) 


Solution. Write the inequality as 



(a — ll)(a — 1) 
2a 2 + 1 



>3, 


yi (a — 2) 2 
2a 2 + 1 


> 1 . 


According to the Cauchy-Schwarz inequality, we have 


\r-i(a — 2) 2 > ( a — 2) 2 ] 2 

^ 2a 2 + 1 “ X(a-2) 2 (2a 2 + l)’ 


Therefore, it suffices to show that 

(a 2 + b 2 + c 2 ) 2 > 2 - 8 ^ a 3 + 9 X a'— 4 Z a + 12- 

Write this inequality in the homogeneous form / 4 (a, b, c) > 0, where 

/ 4 (a, b, c) = 3(a 2 + b 2 + c 2 ) 2 - 6 ^ a 4 + 8 a 3 ) Q] a) - 3 a 2 ) a) 

— 3abc^S~' a 
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According to P 2.60, it suffices to prove that / 4 (a, 1,1) > 0 for all real a. Indeed, 

/ 4 (a,l,l) = 2(a-l) 2 (a + 2) 2 >0. 

The equality holds for a = b = c = 1. 


□ 


P 2.73. If a, b, c are real numbers, then 

(cz 2 + 2)(b 2 + 2)(c 2 + 2) > 9(ab + be + ccz). 


(Vasile Cirtoaje, 1994) 

Solution. We will prove the sharper inequality / 4 (a, b, c) > 0, where 
/ 4 (a, b, c) = (a 2 + 2)(b 2 + 2)(c 2 + 2) — 9(ab + be + ca ) — ^ abc — 

Since / 4 (a, b, c) is a symmetric polynomial of degree four, according to Remark from P 
2.60, it suffices to prove that / 4 (a, b, b) > 0 for all real numbers a and b. For fixed b, 
this inequality is equivalent to / (a) > 0, where 

/(a) = 7(6 b 2 + 5)a 2 + 2b(6b 2 - 83)a + 18b 4 - 13b 2 + 72. 

Clearly, it is true for all real a if and only if 

7(6b 2 + 5)(18b 4 - 13b 2 + 72) > b 2 (6b 2 - 83) 2 . 


a + b + c A 2 

3 J ‘ 


Indeed, we have 

7(6b 2 + 5)(18b 4 - 13b 2 + 72) - b 2 (6b 2 - 83) 2 = 360(b 2 - l) 2 (2b 2 + 7) > 0. 

The equality holds for a = b = c = 1. 

□ 


P 2.74. If a, b, c are real numbers such that ab + be + ca = 3, then 
4(a 4 + b 4 + c 4 ) + llabc(a + b + c) > 45. 

(Vasile Cirtoaje, 2014) 
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Solution. Write the inequality in the homogeneous form 

4(a 4 + b 4 + c 4 ) + llabc(a + b + c) > 5(ab + bc + ca) 2 . 

It suffices to prove that there exists a positive number k such that / 4 (a, b, c) > 0, where 

/ 4 (a, b, c) =4(a 4 + b 4 + c 4 ) + llabc(a + b + c) — 5(ab + bc + ca) 2 
— k(ab + be + ca)(a 2 + b 2 + c 2 — ab — be — ca). 


According to P 2.60, the inequality / 4 (a, b, c) > 0 holds for all real a, b, c if and only if 
/ 4 (a, 1,1) > 0 for all real a. We have 


/ 4 (a, 1,1) = (a- l) 2 (2a + l)(2a + 3)- k(2a + l)(a- l) 2 
= (a- l) 2 (2a + l)(2a + 3-k). 

Setting k = 2, we get 

/ 4 (a,l,l) = (a-l) 2 (2a + l) 2 >0. 

The equality holds fora = b = c = ±l. 


□ 


P 2.75. Any sixth degree symmetric homogeneous polynomial f^{a, b, c) can be written in 
the form 

/ 6 (a, b, c) = Ar 2 + B(p, q)r + C(p, q), 
where A is called the highest coefficient of / 6 , and 

p = a + b + c, q = ab + bc + ca, r = abc. 

In the case A< 0, prove that the inequality / 6 (a, b,c) > 0 holds for all real numbers a, b, c 
if and only if f 6 (a, 1,1) > 0 for all real a. 

(Vasile Cirtoaje, 2006) 


Solution. For A < 0 and fixed p and q, 

g(r) =Ar 2 + B(p,q)r + C(p,q) 

is a concave quadratic function of r. Therefore, g(r) is minimal when r is minimal or 
maximal. By P 2.53, r is minimal and maximal when two of a, b, c are equal. Since 
f 6 (a,b,c) is symmetric, homogeneous and satisfies f 6 (—a,—b,—c) = f 6 (a,b,c), it fol¬ 
lows that the inequality f^(a, b,c) > 0 holds for all real numbers a, b, c if and only if 
/ 6 (a, 1,1) > 0 and f&(a, 0,0) > 0 for all real a. Notice that the condition "/g(a, 0,0) > 0 
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for all real a" is not necessary because it follows from the condition "/ 6 (a, 1,1) > 0 for 
all real a" as follows: 

/ 6 (a, 0,0) = lim/ 6 (a, t, t) = lim t 6 f 6 {a/t, 1,1) > 0. 

Remark 1. In order to write the polynomial / 6 (a, b, c) given by (A) as a function of p, 
q and r, we can use the following relations: 

^ a 3 = 3r + p 3 — 3pq, 
ab(a + b) = —3 r +pq, 

^a 3 b 3 = 3r 2 — 3pqr + q 3 , 
a 2 b 2 (a 2 + b 2 ) = —3r 2 — 2{p 3 — 2pq)r +p 2 q 2 — 2q 3 , 
ab(a 4 + b 4 ) = -3r 2 - 2(p 3 - 7pq)r + p 4 q - 4 p 2 q 2 + 2q 3 , 

a 6 = 3r 2 + 6(p 3 - 2pq)r + p 6 - 6p 4 q + 9 p 2 q 2 - 2q 3 . 

According to these relations, the highest coefficient A of the polynomuial / 6 (a, b, c ) has 
the expression 

( B ) A = 3(A X — A 2 — A 3 +A 4 +A 5 — A 6 +A 7 ). 

Remark 2. The polynomial 

Pi(a, b, c) = '^(A 1 a 2 + A 2 bc)(B 1 a 2 + B 2 bc)(C 1 a 2 + C 2 bc ) 
has the highest coefficient 

A = 3(Ai +A 2 )(B 1 + S 2 )(C 1 + C 2 ) = PjCl, 1,1). 


Indeed, since 

P^a, b, c) =A 1 B 1 C 1 ^ a 6 +A 2 B 2 C 2 ^ b 3 c 3 + Q^A^Ca) abc ^ a 3 
+ 3(Y i A 1 B 2 C 2 )a 2 b 2 c 2 , 

we have 

A= 3A 1 R 1 C 1 + 3 A 2 B 2 C 2 + 3^^AiBiC 2 + 3 ^~]a 1 R 2 C 2 
= 3(A 1 +A 2 )(B 1 +B 2 )(C 1 + C 2 ). 

Similarly, we can show that the polynomial 

P 2 (a, b, c) = ^^(Aja 2 + A 2 bc)(Bib 2 + B 2 ca)(CiC 2 + C 2 ab) 
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has the highest coefficient 

A = 3 (A 1 +A 2 )(B 1 + S 2 )(C 1 + C 2 ) = P 2 (l, 1,1), 


and the polynomial 

P 3 (a, b, c) = (Aja 2 + A 2 bc)(A 1 b 2 +A 2 ca)(A 1 c 2 + A 2 ab) 
has the highest coefficient 

A=(A 1 +A 2 ) 3 =P 3 (1,1,1). 


With regard to 


P 4 (a, b, c) = (a - b) 2 (b - c) 2 (c - a) 2 , 


from 


P 4 (a, b, c) = (p 2 — 2 q — c 2 — 2 ab)(p 2 — 2q — a 2 — 2 bc)(p 2 — 2 q — b 2 — 2 ca), 

it follows that P 4 has the same highest coefficient as (—c 2 —2ab)(—a 2 —2bc)(—b 2 —2ca); 
that is, 

A = (—1 — 2) 3 = —27. 

Remark 3. We can extend the statement in P 2.75 as follows: 

• Let/ 6 (a, b, c) be a sixth degree symmetric homogeneous polynomial having the highest 
coefficient A < 0, and let k 1 , k 2 be two fixed real numbers. The inequality / 6 (a, b, c) > 0 
holds for all real numbers a, b, c satisfying 

kffa + b + c) 2 + k 2 (ab + bc + ca) > 0, 

if and only if fffa, 1,1) > 0/or ad real a satisfying kffa + 2) 2 + k 2 {2a + 1) > 0. 

Notice that the condition "/ 6 (a, 0,0) > 0 for all real a satisfying kja 2 > 0" is not 
necessary because it follows from the condition "fffa, 1,1) > 0 for all real a satisfying 
kffa + 2) 2 + k 2 {2a + 1) > 0". Indeed, for the non-trivial case kj > 0, when the condition 
"/ 6 (a, 0,0) > 0 for all real a satisfying k 1 a 2 > 0" becomes "fffa, 0,0) > 0 for all real a", 
we have 

/ 6 (a, 0,0) = lim/ 6 (a, t, t) = lim t 6 f 6 (a/t, 1,1) > 0. 

Remark 4. The statement in P 2.75 and its extension in Remark 3 are also valid in the 
more general case when fffa, b, c) is a symmetric homogeneous function of the form 

/ 6 (a, b, c) = Ar 2 + B(p, q)r + C(p, q), 


where B(p,q) and C(p,q) are rational functions. 


□ 
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P 2.76. If a, b, c are real numbers such that ab + be + ca = —1, then 

(a) 5(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) > 8; 

(b) (a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > 1. 

(Vasile Cirtoaje, 2011) 


Solution. Let p = a + b + c and q = ab + be + ca. 

(a) Write the inequality in the homogeneous form / 6 (a, b, c) > 0, where 

/ 6 (a, b, c) = 5(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) + 8(ab + be + ca) 3 . 

From _ 

[(i> 2 + c 2 ) = f~[(p 2 - 2q - a 2 ), 

it follows that / 6 (a, b, c) has the highest coefficient A = —5. Then, by P 2.75, it suffices 
to prove that / 6 (a, 1,1) > 0 for all real a. Indeed, we have 

/ 6 (a, 1,1) = 2(a + 3) 2 (5a 2 + 2a + 1) > 0. 

The homogeneous inequality / 6 (a, b,c) > 0 is an equality for —a/3 = b = c (or any 
cyclic permutation), and for b = c = 0 (or any cyclic permutation). The original inequal¬ 
ity becomes an equality for a = —3/-/5 and b = c = 1/-/5 (or any cyclic permutation), 
and for a = 3/\/5 and b = c = —1/-/5 (or any cyclic permutation) 

(b) Write the inequality in the homogeneous form / 6 (a, b, c) > 0, where 

/ 6 (a, b, c) = [(b 2 + be + c 2 ) + (ab + bc + ca) 3 . 

First Solution. From 


J - [(b 2 + bc + c 2 ) = J JCp 2 — 2 q + be — a 2 ), 
it follows that f(,(a, b, c) has the same highest coefficient as P 3 (a, b, c), where 

P 3 (a,b,c) = J - [(be — a 2 ); 
that is, according to Remark 2 from P 2.75, 

A = P 3 (1,1,1) = (1-1) 3 = 0. 

Then, by P 2.75, it suffices to prove that f(,(a, 1,1) > 0 for all real a. Indeed, we have 
/ 6 (a, 1,1) = (a + 2) 2 (3a 2 + 2a + 1) > 0. 
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The homogeneous inequality / 6 (a, b, c) > 0 is an equality when a + b + c = 0, and when 
b = c = 0 (or any cyclic permutation). The original inequality becomes an equality for 
ab + be + ca = —1 and a + b + c = 0. 


Second Solution. As we have shown in the proof of P 2.35, 

]“[ (b 2 + bc + c 2 ) = (p 2 _ q)q 2 _ p 3 r) 

where 


Therefore, 


p = a + b + c, q = ab + bc + ca, r = abc. 
f 6 (a,b,c) = p 2 (q 2 - pr) = ^p 2 ^ a 2 (b + c) 2 > 0. 


□ 


P 2.77. If a, b, c are real numbers, then 

(a) ^ a 2 (a — b)(a — c)(a + 2b)(a + 2c) + (a — b) 2 (b — c) 2 (c — a) 2 > 0; 

(b) 2 a 2 (a — b)(a — c)(a — 4b)(a — 4c) + 7(a — b) 2 (b — c) 2 (c — a) 2 > 0. 

(Vasile Cirtoaje, 2008) 

Solution. Let p = a + b +c and q = ab + be + ca. Consider the more general inequality 
/ 6 (a, b, c) > 0, where 

/ 6 (a, b, c) = /(a, b, c) + m(a - b) 2 (b - c) 2 (c - a) 2 > 0, 

/(a, b, c) = ^ a 2 (a — b)(a — c)(a — kb)(a — kc). 

Since 

/(a, b, c) = ^ a 2 (a 2 + 2bc — q)[a 2 + (k + k 2 )bc — kq], 

/(a, b, c) has the same highest coefficient as Pi(a, b, c), where 

P 1 (a, b, c) = ^ a 2 (a 2 + 2bc)[a 2 + (k + k 2 )bc]. 

According to Remark 2 from P 2.75, f(,(a, b, c) has the highest coefficient 

A = Pj( 1,1,1) - 27m = 9(k 2 + k+ 1 - 3m). 

(a) For k = —2 and m = 1, we get A = 0. Then, by P 2.75, it suffices to prove the 
original inequality for b = c = 1; that is, 

a 2 (a — l) 2 (a + 2) 2 > 0. 
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The equality holds for a = b = c, for a + b + c = 0, and for a = 0 and b = c (or any 
cyclic permutation). 

(b) For k = 4 and m = 7, we get A = 0. Then, by P 2.75, it suffices to prove the 
original inequality for b = c = 1; that is, 

a 2 (a — l) 2 (a — 4) 2 > 0. 

The equality holds for a = b = c, and for a 2 + b 2 + c 2 = 2(ab + be + ca ). 

Remark. The inequalities in P 2.77 are equivalent to 

G a ) E a 4 +abc X a- X ab( v 2 + k 2 )]>° 

and 

(S fl 2 -S ab )(E a 2 - 2 S ab ) 2 ^ 0 ’ 

respectively. 

□ 


P 2.78. If a, b, c are real numbers, then 

( a 2 + 2bc)(b 2 + 2ca)(c 2 + 2 ab) + (a — b) 2 (b — c) 2 (c — a) 2 > 0. 

(Vasile Cirtoaje, 2011) 

First Solution. Denote the left side of the inequality by/ 6 (a, b, c). According to Remark 
2 from P 2.75, f^(a, b, c) has the highest coefficient 

A = (1 + 2) 3 — 27 = 0. 

Then, by P 2.75, it suffices to prove that f^(a, 1,1) > 0 for all real a. Indeed, 

/ 6 (a,l,l) = (a 2 + 2)(2a + l) 2 >0. 

The equality holds forab + bc + ca = 0. 

Second Solution (by Vo Quoc Ba Can). Without loss of generality, assume that b and c 
have the same sign. Since 

(a — b) 2 (a — c) 2 = -[(cl 2 + 2 be) + (a 2 — 2 ab — 2ac)] 2 
> (a 2 + 2bc)(a 2 — 2 ab — 2ac) 
and a 2 + 2be > 0, it suffices to prove that 

(b 2 + 2ca)(c 2 + 2ab) + (b — c) 2 (a 2 — 2ab — 2ac) > 0. 
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This inequality is equivalent to 

(b + c) 2 a 2 + 2 bc(b + c)a + b 2 c 2 > 0, 


or 

[(b + c)a + be] 2 > 0, 

which is clearly true. The equality holds for ab + be + ca = 0. 
Remark 1. The inequality is equivalent to 

(a 2 + b 2 + c 2 )(ab + be + ca) 2 > 0. 


Remark 2. The inequality in P 2.78 is a particular case of the following more general 
statement. 

• If a, b, c are real numbers and 


f 


a k = < 




9k 2 (k 2 — k + 1) 
4(fc + l) 3 
k 2 
4’ 


l<k<2 
k> 2 


then 

( a 2 + kbc)(b 2 + kca)(c 2 + kab) + a k (a — b) 2 (b — c) 2 (c — a) 2 > 0, 
with equality for —ka = b = c, and for b = c = 0 (or any cyclic permutation). 


□ 


P 2.79. If a,b,c are real numbers, then 

(2a 2 + 5 ab + 2b 2 )(2b 2 + 5 be + 2c 2 )(2c 2 + 5ca + 2a 2 ) + (a — b) 2 (b — c) 2 (c — a) 2 > 0. 

(Vasile Cirtoaje, 2011) 

Solution. Let p = a + b + c and q = ab + bc + ca. Write the inequality as / 6 (a, b, c) > 0, 
where 

/ 6 (a, b, c) = /(a, b, c) + (a - b) 2 (b - c) 2 (c - a) 2 , 

/(a, b, c) = J J(2b 2 + 5bc + 2c 2 ). 

Since _ 

/(a, b,c) = J J(2p 2 — 4q + 5bc — 2a 2 ), 

f(a, b, c) has the same highest coefficient as P^ia, b, c), where 

P 3 (a, b, c) = J J(5be - 2a 2 ). 
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Therefore, according to Remark 2 from P 2.75, / 6 (a, b, c) has the highest coefficient 

A=P 3 (l,l,l)-27 = 0. 

Then, by P 2.75, it suffices to prove that / 6 (a, 1,1) > 0 for all real a. Indeed, 

/ 6 (a, 1,1) = 9(2a 2 + 5a + 2) 2 > 0. 

The equality holds for a + b + c = 0, and also for ab + be + ca = 0. 

Remark 1. The inequality in P 2.79 is equivalent to 

(a + b + c) 2 (ab + be + ca) 2 > 0. 

Remark 2. The following more general statement holds. 

• Let a, b, c be real numbers. Ifk> —2, then 

4 J JC£> 2 + kbc + c 2 ) > (2 — k)(a — b) 2 (b — c) 2 (c — a) 2 . 

Notice that this inequality is equivalent to 

(k + 2)[(a + b + c)(ab + bc + ca) — (5 — 2 k)abc] 2 > 0. 


□ 


P 2.80. If a, b, c are real numbers, then 

^a 2 + ^ab + b 2 ^j ^b 2 + ^bc + c 2 ^j ^c 2 + ^ca + a 2 ^j > ^(a 2 + bc)(b 2 + ca)(c 2 + ab). 

Solution. Let p = a + b + c, q = ab + be + ca and 

/(a, b, c) = ^a 2 + -ab + b 2 ^b 2 + -bc + c 2 ^j ^c 2 + —ca + a 2 ^j . 

We need to prove that / 6 (a, b, c) > 0, where 

64 

/ 6 (a, b, c) = /(a, b, c) - —(a 2 + bc)(b 2 + ca)(c 2 + ab). 

Since 

/(a, b, c) = (p 2 - 2q + ^ab - c 2 j (p 2 -2 q + ^bc- a 2 j (p 2 - 2q + ^ca - b 2 j, 
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/ 6 (a, b, c ) has the same highest coefficient as 

^ab - c 2 ^j Qbc - a 2 j Qca - b 2 j - ^(a 2 + bc)(b 2 + ca)(c 2 + ab); 
that is, according to Remark 2 from P 2.75, 


64, 


A =ir j j -^ ti+i > 3<0 - 

Then, it suffices to prove that / 6 (a, 1,1) > 0 for all real a (see P 2.75). Indeed, 


/ 6 (a, 1,1) = ^ [a 2 + + 1^1 - ^(a 2 + l)(a + l) 2 = ^-(a - l) 4 > 0. 


3 V 3 
The equality holds for a = b = c. 


27 


27 


□ 


P 2.81. If a, b, c are real numbers, then 


^a 2 (a-b)(a-c)> 


2(a — b) 2 (b — c) 2 (c — a) 2 
a 2 + b 2 + c 2 


Solution. Let p = a + b + c, q = ab + be + ca, r = abc and 

/ 6 (a, b, c) = (a 2 + b 2 + c 2 )^ a 2 (a — b)(a — c) — 2(a — b) 2 (b — c) 2 (c — a) 2 . 
Clearly, / 6 (a, b, c) has the highest coefficient 

A = —2(—27) = 54. 

Since A > 0, we will use the highest coefficient cancellation method. It is easy to check 
that 

/( 1 , 1 , 1 ) = 0 , / ( 0 , 1 , 1 ) = 0 . 

Therefore, we define the symmetric homogeneous polynomial of degree three 

P(a, b, c) = r + Bp 3 + Cpq 
such that P(l, 1,1) = 0 and P(0,1,1) = 0; that is, 

1,4 

P(a,b,c) = r + -p ~~pq. 

We will prove the sharper inequality g 6 (a, b, c) > 0, where 

g 6 (a, b, c) = / 6 (a, b, c) - 54P 2 (a, b, c). 
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Since g 6 (a, b, c) has the highest coefficient A 1 = 0, it suffices to show that g 6 (a, 1,1) > 0 
for all real a (see P 2.75). Indeed, we have 

/ 6 (a, 1,1) = a 2 (a 2 + 2)(a - l) 2 , P(a, 1,1) = -q-a(a - l) 2 , 

O 1 

hence 

g 6 (a, 1,1) = / 6 (a, 1,1) - 54P(a, 1,1) = ^a 2 (a - l) 2 (a + 2) 2 > 0. 

The equality holds for a = b = c, for a = 0 and b = c (or any cyclic permutation), and 
also for a = 0 and b + c = 0 (or any cyclic permutation). 

Remark. In the same manner, we can prove the following generalization ( Vasile Cirtoaje, 
2014). 

• Let x,y,z be real numbers. Ifk e [—1,2), then 

ST 2 r sr w (2 ~k)(x-y) 2 (y-z) 2 (z-x) 2 

2.x (x-y)(x-z)> -----y 

1 x z + y z + z z + k[xy + yz + zx) 

with equality for x = y = z, and for x = 0 and y 2 = z 2 (or any cyclic permutation). 

□ 


P 2.82. If a, b, c are real numbers, then 


^~](q — b)(a — c)(a — 2b)(a — 2c) > 


8(a — b) 2 (b — c) 2 (c — a) 2 
a 2 + b 2 + c 2 


Solution. Let 

/ 6 (a, b, c) = (a 2 + b 2 + c 2 )^(a — b)(a — c)(a — 2b)(a — 2c) —8(a — b) 2 (b — c) 2 (c — a) 2 . 
Clearly, f(,(a, b, c) has the highest coefficient 

A = (—8)(—27) = 216. 

Since A > 0, we will use the highest coefficient cancellation method. Since 

/ ( 1 , 1 , 1 ) = 0 , / ( 2 , 1 , 1 ) = 0 , 

we define the symmetric homogeneous polynomial of degree three 

P(a, b, c) = abc + B(a + b + c) 3 + C(a + b + c)(ab + be + ca) 
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such that P( 1,1,1) = 0 and P(2,1,1) = 0. We get B = 1/18 and C = —5/18, hence 


1 , 5 

P(a, b,c) = abc H-(a + b + cy -(a + b + c)(ab + be + ca). 


18 


18 


Consider now the sharper inequality g 6 (a, b, c) > 0, where 

g 6 (a, b, c ) = / 6 (a, b, c) - 216P 2 (a, b, c ). 

Clearly, g 6 (a, h, c) has the highest coefficient A x = 0. By P 2.75, it suffices to prove that 
gg(ci, 1,1) > 0 for all real a. We have 

/ 6 (a, 1,1) = (a 2 + 2)(a - l) 2 (a - 2) 2 , P(a, 1,1) = -^(a - l) 2 (a - 2), 

lo 

hence 

g 6 (a, 1,1) = / 6 (a, 1,1)- 216P 2 (a, 1,1) = ^(a - l) 2 (a 2 - 4) 2 > 0. 

The equality holds for a = b = c, for a = 0 and b + c = 0 (or any cyclic permutation), 
and also for a/2 = b = c (or any cyclic permutation). 


Remark. In the same manner, we can prove the following generalization (Vasile Cirtoaje, 
2014). 


• Let x,y,z be real numbers, pel, then 

(k + 2) 2 (x-y) 2 (y-z) 2 (z-x) 2 


- y )(x - z)(x - ky)(x — kz) > 


2(x 2 + y 2 + z 2 ) 


( 2 . 1 ) 


with equality for x = y = z, for x/k = y = z (or any cyclic permutation ) ifkf= 0, and for 
x = 0 and y + z = 0 (or any cyclic permutation). 

□ 


P 2.83. If a, b, c are real numbers, no two of which are zero, then 

a 2 + 3bc b 2 + 3ca c 2 + 3ab 

-+-b - ^ 0. 

b 2 + c 2 c 2 + a 2 a 2 + b 2 

(Vasile Cirtoaje, 2014) 

Solution. Write the inequality as f(,(a, b, c) > 0, where 

f 6 (a, b, c) = ^(a 2 + 3 bc)(a 2 + b 2 )(a 2 + c 2 ). 

Let 

p = a + b+c, q = ab + bc + ca, r = abc. 
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From 

/ 6 (a, b, c) = ^(a 2 + 3 bc)(p 2 -2 q - c 2 )(p 2 - 2q - b 2 ), 
it follows that / 6 (a, b, c) has the same highest coefficient A as /(a, b, c), where 

/(a, b, c) = ^(a 2 + 3 bc)b 2 c 2 = 3r 2 + 3 ^ b 3 c 3 = 12r 2 — 9pqr + 3q 3 ; 

that is, A = 12. Since A > 0, we will use the highest coefficient cancellation method. It is 
easy to check that 

/ 6 (-l,l,l) = 0. 

So, we define the homogeneous polynomial 

P(a, b, c) = r + Bp 3 + (B — l)pq, 

which satisfies the property P(—1,1,1) = 0. We will show that there is at least a real 
value of B such that the following sharper inequality holds 

f 6 (a,b,c)> 12 P 2 (a,b,c). 


Let us denote 

g 6 (a, b, c) = / 6 (a, b, c) - 12P 2 (a, b, c). 

Clearly, g 6 (a, b,c ) has the highest coefficient A x = 0. By P 2.75, it suffices to prove that 
g 6 (a, 1,1) > 0 for all real a. We have 

h(a, 1,1) = (a + l) 2 (a 2 + l)(a 2 - 2a + 7) 

and 

P(a, 1,1) = (a + 1 )[B(a + 2)(a + 5) - 2(a + 1)], 

hence 

g 6 (a, 1,1) = / 6 (a, 1,1)- 12P 2 (a, 1,1) = (a + l) 2 g(a), 

where 

g(a) = (a 2 + l)(a 2 -2a + 7) - 12[B(a + 2)(a + 5) - 2(a + l)] 2 . 

Choosing B = 1/4, we get 

4g(a) = a 2 (a — l) 2 + 4(4a 2 + a + 4) > 0, 

hence g 6 (a, 1,1) > 0 for all real a. The proof is completed. The equality holds for 
—a = b = c (or any cyclic permutation). 

□ 
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P 2.84. If a, b, c are real numbers, no two of which are zero, then 

a 2 + 6bc b 2 + 6ca c 2 + 6ab > ^ 
b 2 — bc + c 2 c 2 — ca + a 2 a 2 — ab + b 2 ~ 

(Vasile Cirtoaje, 2014) 


Solution. Write the inequality as / 6 (a, b, c) > 0, where 

/ 6 (a, b, c) = ^(a 2 + 6 bc)(a 2 — ab + b 2 )(a 2 — ac + c 2 ). 


Let 


p = a + b + c, q = ab + bc + ca, r = abc. 


From 

/ 6 (a, b, c) = ^(a 2 + 6bc)(p 2 — 2 q — c 2 — ab)(p 2 — 2q — b 2 — ac), 
it follows that / 6 (a, b, c) has the same highest coefficient A as /(a, b, c), where 

/(a, b, c) = ^(a 2 + 6 bc)(b 2 + ca)(c 2 + ab); 
that is, according to Remark 2 from P 2.75, 

A = /(l,l,l) = 84. 


Since A > 0, we use the highest coefficient cancellation method. We will show that there 
are two real numbers B and C such that the following sharper inequality holds 

f 6 (a,b,c)> 84 P 2 (a,b,c), 


where 

P(a, b,c) = r + Bp 3 + Cpq. 

Let us denote 

g 6 (a, b, c) = / 6 (a, b, c) - 84P 2 (a, b, c). 

Clearly, g 6 (a, b,c) has the highest coefficient equal to zero. Then, it suffices to prove 
that g(,(a, 1,1) > 0 for all real a. 

We have 

g 6 (a, 1 , 1) = / 6 (a, 1, 1 ) - 84P 2 (a, 1,1), 

where 

/ 6 (a, 1,1) = (a 2 — a + l)(a 2 + a + l)(a 2 — 2a + 8) 

and 

P(a, 1,1) = a + B(a + 2) 3 + C(a + 2)(2q + 1). 

Let us denote g(a) = g(,(a, 1,1). Since g(—2) = 0, we can have g(a) > 0 in the vicinity 
of a = —2 only if g'(—2) = 0, which involves C = —61/168. On the other hand, 
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from g(l) = 0, we get B = 155/1512. Using these values of B and C, the inequality 
ge(a, 1,1) > 0 is equivalent to 

27216(a 2 - a + l)(a 2 + a + l)(a 2 - 2a + 8) > 

> [l55(a + 2) 3 - 549(a + 2)(2a + 1) + 1512a] 2 ; 

that is, 

(a + 2) 2 (a - l) 2 (3191a 2 - 8734a + 49391) > 0, 
which is true for all real a. 

The proof is completed. The equality holds for a = b+c = 0 (or any cyclic permutation). 

□ 


P 2.85. If a, b, c are real numbers such that ab + be + ca > 0, then 

4a 2 + 23bc 4b 2 + 23ca 4c 2 + 23ab 

- 1 - 1 -> 0 . 

b 2 + c 2 c 2 + a 2 a 2 + b 2 

(Vasile Cirtoaje, 2014) 


Solution. Write the inequality as / 6 (a, b, c) > 0, where 

/ 6 (a, b, c) = ^(4a 2 + 23bc)(a 2 + b 2 )(a 2 + c 2 ). 


Let 

p = a + b+c, q = ab + bc + ca, r = abc. 

From 

/ 6 (a, b, c) = ^(4 a 2 + 23 bc)(p 2 -2q- c 2 )(p 2 -2 q- b 2 ), 
it follows that f(,(a, b, c ) has the same highest coefficient A as /(a, b, c), where 

/(a, b,c ) = ^(4a 2 + 23 bc)b 2 c 2 = 12r 2 + 23^ b 3 c 3 = 81 r 2 — 69 pqr + 23q 3 ; 

that is, A = 81. Since A > 0, we will use the highest coefficient cancellation method. It is 
easy to check that 

/ (— 1 , 2 , 2 ) = 0 . 

Therefore, define the homogeneous polynomial 

4 o 

P(a, b,c) = r + —P + CP*!’ 

which satisfies the property P(—1,2,2) = 0. We will show that there is at least a real C 
such that the following sharper inequality holds for ab + be + ca> 0: 


/ 6 (a,b,c)> 81P 2 (a, b, c). 
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Let us denote 

g 6 (a, b, c) = / 6 (a, b, c) - 81P 2 (a, b, c ). 

Clearly, g 6 (a, c ) has the highest coefficient A x = 0. Then, by Remark 3 from P 2.75, it 
suffices to prove that g 6 (a, 1,1) > 0 for all real a such that 2a + 1 > 0. 

We have 

/ 6 (a, 1,1) = (2a + l)(a 2 + l)(2a 3 - a 2 + 14a + 39), 

P(a, 1,1) = —(2a + l)[2a 2 + (27C + ll)a + 54C + 32], 

2 7 

g 6 (a,l,l) = / 6 (a,l,l)-81P 2 (a,l,l). 

From the condition g 6 (l, 1,1) = 0, we get C = —1/3. For this value of C, we find 

P(.a, 1) 1) = —(2a + l)(a 2 + a + 7), 

then 

g 6 (a, 1,1) = ^(2a + l)(10a 5 - 29a 4 + 16a 3 + 170a 2 - 322a + 155) 

= ^(2a + l)(a - l) 2 (10a 3 - 9a 2 - 12a + 155). 

We need to show that 10a 3 — 9a 2 — 12a + 155 > 0 for a > —1/2. This is clearly true for 
—1/2 < a < 0. Also, for a > 0, we have 

10a 3 - 9a 2 - 12a + 155 = 10a(a 2 - a + 1) + (a - ll) 2 + 34 > 0. 

The proof is completed. The equality holds for —2a = b = c (or any cyclic permutation). 

□ 


P 2.86. If a, b, c are real numbers such that ab + be + ca = 3, then 
20(a 6 + b 6 + c 6 ) + 43abc(a 3 + b 3 + c 3 ) > 189. 

(Vasile Cirtoaje, 2014) 

Solution. Write the inequality in the homogeneous form f(,(a, b, c) > 0, where 
/ 6 (a, b, c) = 20(a 6 + b 6 + c 6 ) + 43abc(a 3 + b 3 + c 3 ) — 7(ab + be + ca) 3 . 

Since the highest coefficient of f^(a, b, c) is positive, namely 


A = 20- 3 + 43 -3 = 189 
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we will use the highest coefficient cancellation method. From 

/ 6 (a, 1,1) = (2a + l)(a - l) 2 (10a 3 + 15a 2 + 44a + 33), 

it follows that 

/ 6 ( 1 , 1 , 1 ) = 0 , / 6 (— 1 / 2 , 1 , 1 ) = 0 . 

Define the homogeneous function 

P(a, b,c) = r + Bp 3 + Cpq, p = a + b + c, q = ab + be + ca, r = abc, 

such that P(l, 1,1) = P(—1/2,1,1) = 0; that is, 

4,5 

P(a,b,c) = r+ —p — ~pq, 

hence 

, , 27a + 4(a + 2) 3 — 15(a + 2)(2a + 1) 2(a - l) 2 (2a + 1) 

P(a, 1,1) =-=-. 

27 27 

We will show that the following sharper inequality holds for ab + be + ca> 0: 

/ 6 (a, b,c)> 189P 2 (a, b,c). 

Let us denote 

g 6 (a, b, c) = / 6 (a, b, c) - 189P 2 (a, b, c). 

Since the highest coefficient of g 6 (a, b, c) is zero, it suffices to prove that g 6 (a, 1,1) > 0 
for all real a such that 2a + 1 > 0 (see Remark 3 from P 2.75). We have 

g 6 (a, 1,1) = / 6 (a, 1,1) - 189P 2 (a, 1,1) = (2a + l)(a - l) 2 g(a), 

where 

28 

g(a) = 10a 3 + 15a 2 + 44a + 33-(a - l) 2 (2a + 1). 

27 

Since 

g(a) > 10a 3 + 15a 2 + 44a + 33 - 5(a - l) 2 (2a + 1) = 22(a + l) 2 + 8a 2 + 6 > 0, 

we have g 6 (a, 1,1) > 0 for all a > —1/2. Thus, the proof is completed. The equality 
holds for a = b = c = 1. 

□ 


P 2.87. If a, b, c are real numbers, then 

4^(a 2 + bc)(a — b)(a — c)(a — 3b)(a — 3c) > 7(a — b) 2 (b — c) 2 (c — a) 2 . 

(Vasile Cirtoaje, 2014) 
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Solution. Write the inequality as / 6 (a, b, c) > 0, where 

f 6 (a, b, c) = 4/(a, b, c) - 7(a - b) 2 (b - c) 2 (c - a) 2 , 
/(a, b, c) = ^(a 2 + hc)(a — b)(a — c)(a — 3b)(a — 3c). 

We have 

/ 6 (a, 1,1) = 4(a 2 + l)(a - l) 2 (a - 3) 2 . 


Let 


p = a + b + c, q = ab + bc + ca, r = abc. 

Since (a — b)(a — c) = a 2 + 2bc — q and (a — 3b)(a — 3c) = a 2 + 12bc — 3q, / (a, b, c) has 
the same highest coefficient A 0 as g(a, b,c), where 

g(a, b, c) = ^(a 2 + hc)(a 2 + 2bc)[a 2 + 12bc]; 

that is, according to Remark 2 from P 2.75, 

Aq = g(l, 1,1) = 3 • 2 • 3 • 13 = 234. 

Therefore, / 6 (a, b,c ) has the highest coefficient 

A = 4A 0 — 7(—27) = 1125. 

Since the highest coefficient A is positive, we will use the highest coefficient cancellation 
method. There are two cases to consider: q > 0 and q < 0. 

Case 1: q > 0. Since 

/ 6 (1,1,1) = / 6 (3,1,1) = 0, 
define the homogeneous function 

P(a, b, c) = r + Bp 3 + Cpq 

such that P(l, 1,1) = P(3,1,1) = 0; that is, 


, , , 2 - 11 

P(a, b,c) = r H- p - pq, 

45 F 45 fh 


hence 


P(a,l,l) = 


45a + 2(a + 2) 3 - ll(a + 2)(2a + 1) 2(a - l) 2 (a - 3) 


45 45 

We will show that the following sharper inequality holds for q > 0: 


/ 6 (a,b,c)> 1125 P 2 (a,b,c). 
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Let us denote 

g 6 (a, b, c) = / 6 (a, b, c) - 1125P 2 (a, b, c). 

Since the highest coefficient of g 6 (a, b, c) is zero, it suffices to prove that g 6 (a, 1,1) > 0 
for all real a such that 2a + 1 > 0 (see Remark 3 from P 2.75). We have 


g 6 (a, 1,1) = / 6 (a, 1,1) - 1125P 2 (a, 1,1) = 


8(a - l) 2 (a - 3) 2 (a + 2)(2a + 1) 


> 0. 


Case 2: q < 0. Define the homogeneous polynomial 

P(a, b,c) = r + Bp 3 — ^3 B + ^ 


P<T 


which satisfies P(1,1,1) = 0. We will show that there is a real number B such that the 
following sharper inequality holds 


/ 6 (a, b, c) > 1125P 2 (a, b, c). 


Let us denote 

g 6 (a, b, c) = / 6 (a, b, c) - 1125P 2 (a, b, c). 

Clearly, g 6 (a, b,c) has the highest coefficient equal to zero. Then, by Remark 3 from P 
2.75, it suffices to prove that g 6 (a, 1,1) > 0 for 2a + 1 < 0. We have 

g 6 (a, 1,1) = / 6 (a, 1,1) - 1125P 2 (a, 1,1), 


where 


P 2 (a, 1,1) = 


a + B(cl + 2) 3 — ( 3 B H— ] (& + 2)(2& + 1) 


l2 


Let us denote g(a) = g 6 (a, 1,1). Since g(—2) = 0, we can have g(a) > 0 in the vicinity 
of a = —2 only if g'(— 2) = 0, which involves B = 8/135. Using this value of B, we get 


P 2 (a, 1,1) = 


4(a — l) 4 (4a — 7) 2 
25 • 729 


g 6 (a, l,l) = 4(a-l) 2 


(a 2 + l)(a — 3) 2 


81 


(a — l) 2 (4a — 7) 2 


4 _ 

81 


(a - l) 2 (a + 2) 2 (a 2 - 50a + 121) > 0. 


The proof is completed. The equality holds for a = b = c, for a/3 = b = c (or any cyclic 
permutation), and for a = 0 and b + c = 0 (or any cyclic permutation). 

□ 
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P 2.88. Let a, b, c be real numbers such that ab + be + ca > 0. For any real k, prove that 
^ 4 bc(a — b)(a — c)(a — kb)(a — kc ) + (a — b) 2 (b — c) 2 (c — a) 2 > 0. 

(Vasile Cirtoaje, 2014) 

Solution. Write the inequality as / 6 (a, b, c) > 0, where 

/ 6 (a, b, c) = 4/(a, b, c) + (a - b) 2 (b - c) 2 (c - a) 2 , 

/(a, b, c) = ^ bc(a — b)(a — c)(a — kb)(a — kc), IceR. 

Let 

p = a + b+c, q = ab + bc + ca, r = abc. 

Since (a — b)(a — c) = a 2 + 2bc—q and ( a — kb)(a — kc ) = a 2 + (k + k 2 )bc — kq, f(a, b,c) 
has the same highest coefficient A 0 as Pi(a, b,c), where 

P 1 (a, b, c) = ^ bc(a 2 + 2bc)[a 2 + (k + fc 2 )bc]; 

that is, according to Remark 2 from P 2.75, 

.Ag = 1,1,1) = 3(1 + 2)(1 + k + k 2 ) = 9(1 + k + k 2 ). 

Therefore, f^,(a, b,c) has the highest coefficient 

A = 4A 0 — 27 = 9(2k + l) 2 . 


We have 

/ 6 (a, 1,1) = 4(a - l) 2 (a - k) 2 . 

Consider first that k = —1/2, when A = 0. By P 2.75, it suffices to prove that/ 6 (a, 1,1) > 
0 for all real a. Clearly, these conditions are fulfilled. Consider further that k / —1/2, 
when the highest coefficient A is positive. We will use the highest coejficient cancellation 
method. Since 

/ 6 (l,l,l)=/ 6 (fc,l,l) = 0, 
define the homogeneous function 


P(a, b,c) = r + Cpq + D — 

P 

such that P(l, 1,1) = P(k, 1,1) = 0; that is, 

pq 2(k + 2)q 2 
3(2k + l)~ 3(2k + l)p' 


P(a,b,c) = r + 
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We will show that the following sharper inequality holds for ab + be + ca> 0: 

/ 6 (a, b, c) > 9(2 k + l) 2 P 2 (a, b, c). 


Let us denote 

g 6 (a, b, c ) = / 6 (a, b,c) — 9(2k + l) 2 P 2 (a, b, c). 

Clearly, g 6 (a, b, c) has the highest coefficient A x = 0. Then, by Remark 4 from P 2.75, it 
suffices to prove that g 6 (a, 1,1) > 0 for all real a such that 2a + 1 > 0. We have 


P(a,l,l) = a + 


(a + 2)(2 cl + 1) 
3(2fc + l) 


2(a — l) 2 (a — k) 
3(2fc + l)(a + 2)’ 


2(k + 2)(2a + l) 2 
3(2k + l)(a + 2) 


then 


g 6 (a, 1,1) = / 6 (a, 1,1)- 9(2k + l) 2 P 2 (a, 1,1) 
12(a-l) 2 (a-k) 2 (2a + l) > 

(a+ 2) 2 

The proof is completed. The equality holds for a = b = c, for a/k = b = c (or any cyclic 
permutation) - if k / 0, and for b = c = 0 (or any cyclic permutation). 

□ 


P 2.89. If a, b, c are real numbers, then 

[(a 2 b + b 2 c + c 2 a) + (ab 2 + be 2 + ca 2 )] 2 > 4(ab + be + ca)(a 2 b 2 + b 2 c 2 + c 2 a 2 ). 

First Solution. Consider the nontrivial case ab + be + ca> 0, and write the inequality 
as f(,(a, b, c) > 0, where 

/ 6 (a, b, c) = [(a 2 b + b 2 c+c 2 a)+(ab 2 + bc 2 +ca 2 )] 2 —4(ab + bc+ca)(a 2 b 2 + b 2 c 2 +c 2 a 2 ). 


Since 


(a 2 b + b 2 c + c 2 a) + (ab 2 + be 2 + ca 2 ) = (a + b + c)(ab + be + ca) — 3abc, 

/ 6 has the highest coefficient A = (—3) 2 = 9. Since A > 0, we will use the highest 
coefficient cancellation method. Because 


/ ( 1 , 1 , 1 ) = / ( 0 , 1 , 1 ) = 0 , 
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define the homogeneous function 


P(a, b, c) = abc + C(a + b + c)(ab + be + ca ) + D 


(ab + bc + ca) 2 


a + b + c 

such that P( 1,1,1) = P(0,1,1) = 0; that is, 

. , . , (a + b + c)(ab + be + ca) 4 (ab + bc + ca) 2 

P(a, b,c) = abc +--- Qr ~ 7 , . • 

3 3(a + b + c) 

We will show that the following sharper inequality holds for ab + be + ca> 0: 

f 6 (a,b,c)>9P 2 (a,b,c). 


Let us denote 

g 6 (a, b, c) = / 6 (a, b, c) - 9P 2 (a, b, c). 

Clearly, g 6 (a, b, c) has the highest coefficient A x = 0. Then, by Remark 4 from P 2.75, it 
suffices to prove that g 6 (a, 1,1) > 0 for all real a such that 2a + 1 > 0. We have 


/ 6 (a, 1,1) = 4a 2 (a-l) 2 , 


P(a, 1,1) = a + 


(a + 2)(2a + 1) 4(2a + l) 2 2a(a-l) 2 


3(a + 2) 3(a + 2) ’ 


hence 


/ 6 (a, 1,1) = / 6 (a, 1,1) - 9P\a, 1,1) = 


12a 2 (a — l) 2 (2a + 1) 
(a + 2) 2 


>0. 


The proof is completed. The equality holds for a = b = c, for a = 0 and b = c (or any 
cyclic permutation), and for b = c = 0 (or any cyclic permutation). 


Second Solution (by Nguyen Van Quy). Since the inequality remains unchanged by 
replacing a, b, c with—a, —b,—c, we may assume that a + b+c > 0. In addition, consider 
the non-trivial case ab + be + ca > 0. Using the Cauchy-Schwarz inequality, we have 


(a 2 b + b 2 c + c 2 a) + (ab 2 + be 2 + ca 2 ) + (a 3 + b 3 + c 3 ) = (a 2 + b 2 + c 2 )(a + b + c) 


= ■y[a^U-^U-^+^(a2b^|-^2^7I)r^2^2)j^2r)r^F])r^2T|r2(ab^l- _ bc^ca)] 

> yj (a 4 + b 4 + c 4 )(a 2 + b 2 + c 2 ) + 2\/(a 2 b 2 ^T 2 c^i^ 2 ^ 2 )^^Tjr^Tjr^)_ 
Thus, it suffices to show that 


yj (a 4 + b 4 + c 4 )(a 2 + b 2 + c 2 ) > a 3 + b 3 + c 3 , 


which follows also from the Cauchy-Schwarz inequality. 


□ 
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P 2.90. If a, b, c are real numbers such that a + b + c = 3, then 

(a-l)(g-25) | (b-l)(b-25) | (c-lXc-25) 
a 2 + 23 b 2 + 23 c 2 + 23 

Solution. Letp = a+b+c. Write the inequality in the homogeneous form/ 6 (a, b, c) > 0, 
where 

/ 6 (a, b, c) = ^(3a —p)(3a — 25p)(9b 2 + 23p 2 )(9c 2 + 23p 2 ). 

Since the highest coefficient of f 6 is positive, namely 

A = 3 • 9 3 , 

we use the highest coefficient cancellation method. Thus, we will prove that there exist 
two real numbers B and C such that g 6 (a, b, c) > 0, where 

g 6 (a, b, c) = / 6 (a, b, c) —A[abc + B(a + b + c) 3 + C(a + b + c)(ab + be + ca)] 2 . 

Since g 6 has the highest coefficient equal to zero, it suffices to show that g 6 (a, 1,1) > 0 
for all real a. Notice that 

/ 6 (a, 1,1) = 12(a - l) 2 (7a + ll) 2 [23(a + 2) 2 + 9] 

and 

g 6 (a, 1,1) = / 6 (a, 1,1) - 3 • 9 3 [a + B{a + 2) 3 + C(a + 2)(2a + l)] 2 . 

Let us denote g(a) = g 6 (a, 1,1). Since g(—2) = 0, we can have g(a) > 0 in the vicinity 
of a = —2 only if g'{— 2) = 0; this involves C = —13/9, hence 

g 6 (a, 1,1) = 12(a—l) 2 (7a+ll) 2 [23(a+2) 2 +9]—27[9a+9B(a+2) 3 —13(a+2)(2a+l)] 2 . 
There are two cases to consider: 5p 2 + q < 0 and 5p 2 + q > 0. 

Case 1: 5p 2 + q < 0. By Remark 3 from the proof of P 2.75, we only need to show that 
there exist a real number B such that g 6 (a, 1,1) > 0 for all real a satisfying 5(a + 2) 2 + 
2a + 1 <0; that is, for a e [—3,—7/5], From g 6 (—11/7,1,1) = 0, we get B = 28/9, 
then 

g 6 (a, 1,1) = 12(a - l) 2 (7a + ll) 2 [23(a + 2) 2 + 9] - 108(7a + ll) 2 (2a 2 + 7a + 9) 2 
= —12(a + 2) 2 (7a + ll) 2 (13a 2 + 154a + 157) > 0. 

Case 2: 5p 2 + q > 0. By Remark 3 from the proof of P 2.75, we only need to show 
that there exist a real number B such that g(,(a, 1,1) > 0 for all real a satisfying 5(a + 
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2 ) 2 + 2a + 1 > 0; that is, for a e (—oo, —3] U [—7/5, oo). From g 6 (l, 1,1) = 0, we get 
B = 4/9,then 

g 6 (a, 1,1) = 12(a - l) 2 (7a + ll) 2 [23(a + 2 ) 2 + 9] - 108(a - l) 4 (2a + 3 ) 2 
= 12(a + 2) 2 (a - l) 2 (1091a 2 + 3650a + 3035) > 0. 

The proof is completed. The equality holds for a = b = c = 1, and for a = —11 and 
b = c = 7 (or any cyclic permutation). 

□ 


P 2.91. If a, b, c are real numbers such that abc 7 ^ 0, then 



(Michael Rozenberg, 2014) 

Solution. Assume that a 2 = min {a 2 ,b 2 ,c 2 }. By the Cauchy-Schwarz inequality, we 
have 

fc + a \ 2 (a + b\ 2 > [(c + a) + (—a — b )] 2 _ (b — c ) 2 
l b J V. c J ~ b 2 + c 2 b 2 + c 2 

On the other hand, 

fb + cV > ( b + c) 2 
V a J ~ b 2 + c 2 

Therefore, 


f b + c T 2 ( c + a ^ 2 f a + b } 2 (b + c ) 2 (b-c ) 2 _ 

V a J l b J V c J ~ b 2 + c 2 b 2 + c 2 

The equality holds if and only if 

(c + a \ 2 fa + b \ 2 (b —c ) 2 

(“b / + t _ ^J ~ b 2 + c 2 

and b + c = 0. Since these relations involves a = 0, we conclude that the inequality is 
strict (the equality does not hold). 


□ 


P 2.92. If a, b, c are real numbers, then 

(a) ( a 2 + l)(b 2 + l)(c 2 + 1 ) > -^= |(a - b)(b - c)(c - a)|; 

3 v 3 

(b) (a 2 — a + l)(b 2 — b + l)(c 2 — c + 1 ) > |(a — b)(b — c)(c — a)|. 


(Kwon Ji Mun, 2011) 
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Solution, (a) First Solution. Without loss of generality, assume that a < b < c, when 
|(a — b)(b — c)(c — a) | = (a — b)(b — c)(c — a). 


Denote 


k = 


4 

3a/3 


and write the inequality as 


Acl 2 + 2 Bo. + C 0, 


where 


A — (b 2 + l)(c 2 + 1) + 2k{b — c), 

B = —k(b 2 — c 2 ), 

C = (b 2 + l)(c 2 + 1) + 2 kbc{b — c). 


—x y 

Substituting b = —— and c = ——, by the Cauchy-Schwarz inequality, we get 
V 3 V 3 


9A = (x 2 + 1 + 2)(1 + y 2 + 2) — 8(x + y) > (x + y + 2) 2 — 8(x + y) = (x + y — 2) 2 > 0. 

We have A = 0 only for b = —1/-/3, c = 1/-/3, when Aa 2 +Ba + C = 64/27. Otherwise, 
for A > 0, it suffices to prove that AC — B 2 > 0. Let us denote 

E = b —c, F = bc + 1. 


Since 

(b 2 + l)(c 2 + 1) = (b - c) 2 + (be + l) 2 = E 2 + F 2 , 

(b + c) 2 = (b — c) 2 + 4(bc + 1) — 4 = E 2 + 4F — 4, 

(b 2 - c 2 ) 2 = (b - c) 2 (b + c) 2 = E 2 (E 2 + 4 F- 4), 

we have 

A= E 2 + F 2 + 2kE, B 2 = k 2 E 2 (E 2 + 4F -4), C = E 2 + F 2 + 2kE(F - 1), 
and hence 

AC-B 2 = (E 2 + F 2 + 2kE)(E 2 + F 2 + 2kEF - 2kE) - k 2 E 2 (E 2 + 4F - 4) 

= (E 2 + E 2 )(E 2 + F 2 + 2kEF) - k 2 E 4 = — (E + a/3E) 2 (11E 2 - 2a/3EE + 9E 2 ) > 0. 


b — c + V3(bc + 1) = 0, 


b + c 

CL H--— 

1 + 3 be 


= 0 


The equality holds for 
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(or any cyclic permutation). 

Second Solution (by Vo Quoc Ba Can). Substituting a = x \/3, b = y V3, c = z V3, the 
inequality becomes 

(3x 2 + l)(3y 2 + l)(3z 2 + 1) > 8|(x -y)(y -*)(z - x)|. 

It suffices to show that 

E 2 > 64(x — y) 2 (y — z) 2 (z — x) 2 , 

where 

E = (3x 2 + l)(3y 2 + l)(3z 2 + 1) = 2 7x 2 y 2 z 2 + 9 J]x 2 y 2 + 3 J]x 2 + 1. 

It it easy to check that the equality holds for x = —1, y = 0 and z = 1 (or any cyclic 
permutation), when 

x + y + z = 0, xy+yz + zx = — 1, xyz = 0. 


From 

£> + l) ^°> 

we get 

1 > -^x 2 y 2 -2xyx^x-2^]xy, 

and from 

(9xyz + ^]x) 2 > 0, 

we get 

x 2 —2^}xy. 

Therefore, 

3 E > 18xyz^) x — ^)x 2 — 2^)xy) + 27^) x 2 y 2 + 9 x 2 


81x 2 y 2 z 2 > -18xyz^x-^] 


+3 x 2 y 2 ~ 2xyx ^ x - 2 ^ xy ) 

= 24 (2] x 2 y 2 - xyz x) + 8 (J] x 2 - xy) 

= 12jV(y-z) 2 + ^(2x-y-z) 2 . 

By the AM-GM inequality, we have 

3E > 8 i/E x 2 (y-z) 2 ~\ [^)(2x -y -z) 2 ]. 
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In addition, by the Cauchy-Schwarz inequality, we get 

E 2 > y E*(y-z)(2x-y-z)] 

= 64G^-Z^ 2 ) 2 

= 64(x - y ) 2 (y - z) 2 (z - x) 2 . 


(b) Write the inequality as 


a -- + - 


b-~ +- 


c -- + - 


> (a — b)(b — c)(c — a). 


Using the substitution 


1 i/3 , 1 i/3 1 i/3 

a-= —x, b -= —y, c-= —z, 

2 2 2 2 2 2 

the inequality turns out into the inequality in (a). From the equality conditions in (a), 
namely 


y 


— z + -/3(yz + 1) = 0, x + 


J + z 
1 + 3yz 


0 , 


we get the following equality conditions 


, c-1 1 

b = -, a = 


1 — c 


(or any cyclic permutation). 


□ 


P 2.93. If a, b, c are real numbers such that a + b + c = 3, then 
(1 — a + a 2 )(l — b + b 2 )( 1 — c + c 2 ) > 1. 

Solution (by Marian Tetiva). Assume first that a,b,c > 0. Among the numbers a, b,c 
always there exist two (let b and c) which are either less than or equal to 1, or greater 
than or equal to 1. Then, 

bc(b — l)(c — 1) > 0, 

(1 - b + b 2 )( 1 - c + c 2 ) = 1 + (b 2 - b) + (c 2 - c) + (b 2 - b)(c 2 - c) 

>1 — b — c + b 2 + c 2 >1 — (b + c) — -(b + c) 2 

= l-(3-a)-^(3-a) 2 = ^(5-4a + a 2 ). 


hence 
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Therefore, it suffices to show that 

(1 — a + a 2 )(5 — 4a + a 2 ) > 2. 


Indeed, 

(1 — a + a 2 )(5 — 4a + a 2 ) — 2 = (a — l) 2 (a 2 — 3a + 3) > 0. 

Assume now that a < b < c and a<0. We have 

b + c a + b + c 3 

c >->-= 

2 2 2 

The desired inequality is true since 


1 — a + a 2 > 1, 


1 -b + b 2 = 


3 3 

+ 4 -?’ 


n 3c c 3 7 

1 — c + c 2 >l — cH -= l + ->l + - = -. 

2 2 4 4 

The proof is completed. The equality holds for a = b = c = 1. 


□ 


P 2.94. If a, b, c are real numbers such that a + b + c = 0, then 

a(a — 4) b(b — 4) c(c — 4) 


+ 


+ 


a 2 + 2 b 2 + 2 c 2 + 2 
Solution. Write the inequality as follows 

i(a — 4) 


> 0. 


y ^0 

^ . a 


+ 1 


S 


2 + 2 

(a — l) 2 > 3 
a 2 + 2 ~ 2 


>3, 


From 

we get 
Similarly, 


a 2 = (h + c) 2 < 2(b 2 + c 2 ), 

3a 2 < 2(a 2 + b 2 + c 2 ). 

3 b 2 < 2 (a 2 + b 2 + c 2 ), 3c 2 < 2(a 2 + b 2 + c 2 ). 
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Therefore, we have 

y (g - l) 2 _ y 3(a — l) 2 > y 3(a —l) 2 
a 2 + 2 ~ 3a 2 + 6 “ ^ 2(a 2 + b 2 + c 2 ) + 6 

__3_y, — ll 2 — - 

~~ 2(a 2 + b 2 + c 2 + 3) J ~ 2 

Thus, the proof is completed. The equality holds for a = b = c = 0, and also for a = —2 
and b = c = 1 (or any cyclic permutation). 

□ 


P 2.95. If a, b, c, d are real numbers, then 

(1 — a + a 2 )( 1 — b + b 2 )(l — c + c 2 )(l — d + d 2 ) > • 

(Vasile Cirtoaje, 1992) 

Solution. For a = b = c = d, the inequality can be written as 

2(1 — a + a 2 ) 2 > 1 + a 4 . 


It is true, since 

2(1 - a + a 2 ) 2 - 1 - a 4 = (1 - a) 4 > 0. 

Using this result, we get 

4(1 - a + a 2 ) 2 (l - b + b 2 ) 2 > (1 + a 4 )(l + b 4 ) > (1 + a 2 b 2 ) 2 . 
Then, the desired inequality follows by multiplying the inequalities 

2(1 — a + a 2 )(l — b + b 2 ) > 1 + a 2 b 2 , 

2(1 — c + c 2 )(l — d + d 2 ) > 1 + c 2 d 2 , 

(1 + a 2 b 2 )( 1 + c 2 d 2 ) > (1 + abed) 2 . 

The equality holds fora = b = c = d = l. 


□ 


P 2.96. Let a, b, c, d be real numbers such that abed > 0. Prove that 





>(a + b + c + d ) 



(Vasile Cirtoaje, 2011) 
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First Solution. Write the inequality as A> B, where 
A = (a 2 + l)(b 2 + l)(c 2 + l)(d 2 + 1) 

= 0 + a 2 c 2 )(l + bV) + Y, a 2 + Y, “ 2 i> 2 + S “W- 

a be) = 4 abed + ^ a 2 (bc + cd + bd ). 

Then, 

A — B =(1 — abed) 2 + (ac — bd) 2 + - ^ a 2 (l — be) 2 + - ^ a 2 (l — cd) 2 

+ yVb 2 -yVbd, 

and hence 

A - B > 2 a 2 b 2 - a 2 bd = i a \b - d) 2 > 0. 

The equality holds fora = b = c = d = l. 

Second Solution. Since 

(a + b)(b + c)(c + d)(d + a) — (a + b + c + d)(bcd + eda + dab + abc) = ( ac — bd) 2 > 0, 
it suffices to show that 

(a 2 + l)(b 2 + l)(c 2 + l)(d 2 + 1) > (a + b)(b + c)(c + d)(d + a). 

By the Cauchy-Schwarz inequality, we have 

(a 2 + 1)(1 + b 2 ) > (a + b) 2 , 

(b 2 + 1)(1 + c 2 ) > (b + c) 2 , 

(c 2 + l)(l + d 2 )>(c + d) 2 , 

(d 2 + 1)(1 + a 2 ) > (d + a) 2 . 

Multiplying these inequalities, we get 

(a 2 + l)(b 2 + l)(c 2 + l)(d 2 + 1) > |(a + b)(b + c)(c + d)(d + a)| 

> (a + b)(b + c)(c + d)(d + a). 

□ 
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P 2.97. Let a, b, c, d be real numbers such that 

a + b+ c + d= 4, a 2 + b 2 + c 2 + d 2 = 7. 


Prove that 

a 3 + b 3 + c 3 + d 3 < 16. 

(Vasile Cirtoaje, 2010) 

First Solution. Assume that a < b < c < d, and denote s = a + b and p = ab, s < 2, 
4 p < s 2 . Since 

2(a 3 + b 3 ) = 2(s 3 — 3 ps), 

c + d = 4 —s, c 2 + d 2 = 7 —(a 2 + b 2 ) = 7 — s 2 + 2 p, 

2(c 3 + d 3 ) = (c + d)[3(c 2 + d 2 ) — (c + d) 2 ] = (4 — s)(—4s 2 + 8s + 5 + 6 p), 
we have 

2(a 3 + b 3 + c 3 + d 3 - 16) = 12p(2 -s) + 6s 3 - 24s 2 + 27s - 12 

< 3s 2 (2 —s) + 6s 3 — 24s 2 + 27s — 12 
= 3(s — l) 2 (s — 4) < 0. 


This completes the proof. The equality holds fora = b = c = l/2 and d = 5/2 (or any 
cyclic permutation). 

Second Solution (by Vo Quoc Ba Can). From 


7 = a 2 + b 2 + c 2 + d 2 > a 2 + ^(b + c + d) 2 = a 2 + 1(4- a) 2 , 
it follows that a €[ 1]. Similarly, we have b,c,d € [-^, 1], On the other hand, 


a 3 + b 3 + c 3 + d 3 = | a 2 + ^ (a 3 _ £ a 2) 
35 1 yn n. 

_ o2j a (5_2a) 


2 2 

and, by virtue of the Cauchy-Schwarz inequality, 


V 0 2 (5 _ 2a)> E°(5-2.)] 2 = (5S-2 jyy = 

2 ( 5 - 2a ) 90-9 Vn 


20 - 2^0 


a 3 + b 3 + c 3 + d 3< 35_3 =16 _ 
2 2 


Therefore. 
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Remark. In the same manner as in the second solution, we can prove the following 
generalization. 

• If a 1 ,a 2 ,..., a n are real numbers such that 

ai + a 2 H-ba n = 2n, a 2 + a 2 -\ -1- a 2 = n(n + 3), 

then 

a i + a 2 4 -F — n ^ 2 + 3n + 4), 

with equality for a 1 = ... = a n _ 1 = 1 and a n = n + 1 (or any cyclic permutation). □ 


P 2.98. Let a, b, c, d be real numbers such that a + b+ c + d= 0. Prove that 
12 (a 4 + b 4 + c 4 + d 4 ) < 7(a 2 + b 2 + c 2 + d 2 ) 2 . 

(Vasile Cirtoaje, 2010) 

Solution. Assume that a 2 = max{b 2 , c 2 , d 2 } and denote 


A b 2 + c 2 + d 2 2 2 

X = \ ---, X 2 <a 2 . 


From 


b 2 + c 2 + d z 


> 


b + c + d 


2 a 2 


we get 9x 2 > a 2 . By the Cauchy-Schwarz inequality, we have 

b 4 + c 4 + d 4 = (b 2 + c 2 + d 2 ) 2 - 2 (b 2 c 2 + c 2 d 2 + d 2 b 2 ) 

= 9x 4 - 2 (b 2 c 2 + c 2 d 2 + d 2 b 2 ) 

< 9x 4 — ~(bc + cd + db) 2 

= 9 x 4 --[(b + c + d) 2 -b 2 -c 2 - d 2 ] 2 
6 

l,o o.o 45 x 4 + 6 a 2 x 2 — a 4 


■ 9x 4 - (a 2 — 3x 2 ) 2 

6 


6 


and hence 


a 4 + b 4 + c 4 + d 4 < 
Therefore, it suffices to prove that 


45x 4 + 6 a 2 x 2 + 5a 4 


2(45x 4 + 6a 2 x 2 + 5a 4 ) < 7(a 2 + 3x 2 ) 2 , 


2o2 
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which is equivalent to the obvious inequality 

(x 2 — a 2 )(9x 2 — a 2 ) < 0. 

The equality holds for —a/3 = b = c = d (or any cyclic permutation). 


Remark. Similarly, we can prove the following generalization. 

• If a 1; a 2 ,...,a n are real numbers such that 

a : + a 2 H-f a„ = 0, 

then 

(a 2 + a 2 + -ha 2 ) 2 > n (n- 1) 

a i + a 2 - n 2 — 3n + 3’ 

with equality for —a 1 /(n — 1) = a 2 = • • • = a n (or any cyclic permutation). 


□ 


P 2.99. Let a, b, c, d be real numbers such that a + b + c + d = 0. Prove that 
(a 2 + b 2 + c 2 + d 2 ) 3 > 3(a 3 + b 3 + c 3 + d 3 ) 2 . 

(Vasile Cirtoaje, 2011) 


Solution. Applying the AM-GM inequality and the identity 

(a + b + c) 3 = a 3 + b 3 + c 3 + 3(a + b)(b + c)(c + a), 


we have 

(a 2 + b 2 + c 2 + d 2 ) 3 = [a 2 + b 2 + c 2 + (a + b + c) 2 ] 3 

= [(a + b) 2 + (b + c) 2 + (c + a) 2 f 
> 2 7(a + b) 2 (b + c) 2 (c + a) 2 
= 3[(a + b + c) 3 — a 3 — b 3 — c 3 ] 2 
= 3(a 3 + b 3 + c 3 + d 3 ) 2 . 

The equality holds for a = b = c = —d/3 (or any cyclic permutation). 


Remark. The following generalization holds (Vasile Cirtoaje, 2011). 
• If a 1 ,a 2 , ■ ■ ■, a n are real numbers such that 


at + a 2 H-f a n — 0, 
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then 


( a l+4+---+<r>'-^—^(ai+4+---+<) 


, 2->3 - n i n 3 , „3 


3\2 


in - 2)2 

Moreover, 

• If k> 3 is an odd number, and a lt a 2 ,... ,a n are real numbers such that 

Qi + a 2 H-1- a n = 0, 


then 


(a 2 + a 


2 + - + a 2 n ) k > 


n k (n- l) k ~ 2 
[(n — l) fc_1 — l] 2 


( a i + a 


k\2 


2+ ••• + <) 


with equality for aq = ... = a n _ 1 = —a n /{n — 1) (or any cyclic permutation). 


□ 


P 2.100. If a, b, c, d are real numbers such that abed = 1. Prove that 
(1 + a 2 )(l + Z> 2 )( 1 + c 2 )(l + d 2 ) > (a + b + c + d) 2 . 

(Pham Kim Hung, 2006) 

Solution. Substituting a,b,c,d by |a|, |b|, |c|, |d|, respectively, the left side of the in¬ 
equality remains unchanged, while the right side either remains unchanged or increases. 
Therefore, it suffices to prove the inequality only for a, b,c,d> 0. Among a, b, c, d there 
are two numbers less than or equal to 1, or greater than or equal to 1. Let b and d be 
these numbers; that is, 

(1 — b)(l — d) > 0. 

By the Cauchy-Schwarz inequality, we have 

(1 + a 2 )(l + b 2 )(l + c 2 )(l + d 2 ) = (1 + a 2 + b 2 + a 2 b 2 )(c 2 + 1 + d 2 + c 2 d 2 ) 

> (c + a + bd + abed) 2 = (c + a + bd + l) 2 . 


So, it suffices to show that 


c + a + bd + l>a-l-b-l-c-l-d, 

which is equivalent to (1 — b)(l — d) > 0. The equality holds for a = b = c = d = 1. 

□ 
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P 2.101. Let a, b, c, d be real numbers such that 

a 2 + b 2 + c 2 + d 2 = 4. 

Prove that 

( abc ) 3 + (bed) 3 + (eda) 3 + (dab) 3 < 4. 

(Vasile Cirtoaje, 2004) 

Solution. Substituting a,b,c,d by [a|, \b\, |c|, |d|, respectively, the hypothesis and the 
right side of the inequality remains unchanged, while the left side either remains un¬ 
changed or decreases. Therefore, it suffices to prove the inequality only for a, b,c,d > 0. 
Setting x = a 2 , y = b 2 , z = c 2 and t = d 2 , we need to prove that 

(xyz) 3 ? 2 + ( yzt ) 3 / 2 + (ztx) 3 ! 2 + (txy) 3 ^ 2 < 4 


for x + y+z + t = 4. By the AM-GM inequality, we have 

4 %xyz < l+x+y+z=5— t, 


^fn = xyz ^y- z < x -y^z}L. 

lo 


Analogously, 


(yztr 2 < ya{S ~ X) \ (ztx?' 2 < ZtX{S - y) \ [txyf 2 < tX>,{S - Z)1 . 

16 16 16 

Therefore, it suffices to show that 

xyz( 5 — t) 2 + yzt( 5 — x) 2 -I- ztx(5 — y) 2 + txy(5 — z) 2 < 64, 

which is equivalent to E(x,y,z, t) > 0, where 

E(x,y,z, t) = 36 xyzt — 25(xyz + yzt + ztx + txy) + 64. 

To prove this inequality, we use the mixing variable method.Without loss of generality, 

x + y + z 4 

assume that x > y > z > t. Setting u = ---, we have 3u+t = 4, t <u < — and 

u 3 > xyz. We will show that 

E(x, y, z, t) > E(u, u, u, t) > 0. 

The left inequality is equivalent to 


25[(u 3 — xyz) + t(3u 2 — xy — yz — zx)] > 36 t(u 3 — xyz). 
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By Schur’s inequality 

(x + y + z) 3 + 9 xyz > 4(x + y 4- z)(xy + yz + zx ), 


we get 

and hence 


9 u 3 + 3 xyz > 4 u(xy + yz + zx), 


3(ir — xyz) 

3u" — xy — yz —zx > - : -> 0. 


4 u 


Therefore, it suffices to prove that 


, 31 

25(1 + —)>36t. 

4 u 

Write this inequality in the homogeneous form 

25(3 u + t)(4u + 3t) > 576 ut, 


or, equivalently, 


75(4u 2 + t 2 ) > 251ut. 


This inequality is true, since 


75(4u 2 + t 2 ) - 251ut > 75(4u 2 + t 2 - 4 ut) > 300 u(u - t) > 0. 


The right inequality E(iz, u, u,t)> 0 holds, since 

E(u, u, u, t) = (36u 3 — 75 u 2 )t — 25u 3 + 64 
= 4(16 - 75u 2 + 86u 3 - 2 7u 4 ) 

= 4(1 - u) 2 (16 + 32 u - 27u 2 ) 

= 4(1 - u) 2 [4(4-u) + 9u(4 - 3u)] > 0. 


This completes the proof. The equality holds for a = b = c = d = 1. 


□ 


P 2.102. Let a, b, c, d be real numbers such that a 2 + b 2 + c 2 + d 2 = 1. Prove that 
(1 - a) 4 + (1 - bf + (1 - c) 4 + (1 - d) 4 > a 4 + b 4 + c 4 + d 4 . 


(Vasile Cirtoaje, 2007) 
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Solution. The desired inequality follows by summing the inequalities 


(1 — a) 4 + (1 — b) 4 > c 4 + d 4 , 


(1 — c) 4 + (1 — d) 4 > a 4 + b 4 


(1 - a) 4 + (1 - b) 4 > 2(1 - a) 2 (l - b ) 2 


c 4 + d 4 > -(c 2 + d 2 ) 2 , 
2 


the former inequality holds if 


2(1 — a)(l — b) > c 2 + d 2 . 


Indeed, 


2(1 — a)(l — b) — c 2 — d 2 = 2(1 — a)(l — b) + a 2 + b 2 — 1 = (a + b — l) 2 > 0. 
The equality holds for a = b = c = d = ^. 


P 2.103. If a, b,c,d > — such that a + b + c + d = 4, then 

1 — a 1 — b 1 — c 1 — d 

1 — a + a 2 1 — b + b 2 1 — c + c 2 1 — d + d 2 ~ 

(Vasile Cirtoaje, 2014) 

Solution (by Nguyen Van Quy). Assume that a < b < c < d and consider two cases: 
a > 0 and a < 0. 

Case 1: a > 0. Write the inequality as 


a 2 b 2 c 2 d 2 ^ 

1 — a + a 2 1 — b + b 2 1 — c + c 2 1 — d + d 2 ~ ^ 


We have 


a 2 b 2 c 2 d 2 a 2 b 2 c 2 d 2 

-+-+-+-^ — — 4. 

1 — a + a 2 1 — b + b 2 1 — c + c 2 1 — d + d 2 a b c d 

Case 2: —1/2 < a < 0. We can check that the equality holds for a = —1/2 and b = c 
d =3/2 (or any cyclic permutation). Define the function 

1 — x —1 

fW=- -;— - + k 1 x + k 2 , X>—, 

1 — x + x 2 2 
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such that 


We get 


when 


/ (3/2) = f'(3/2) = 0. 


, 12 , ~ 4 

Ki = -, kn = -, 

1 49 2 49 


,, , 1-x 12x — 4 (2x — 3) 2 (3x + 5) 

r (x ) — - + - = - # 

1—x + x 2 49 49(1—x + x 2 ) 

Since /(x) > 0 for x > —1/2, we have 

1—x 4 —12x 

> 


1 —X + X 


2 - 


49 


Therefore, 


\-b 1 — c \-d > 12-12 (b + c + d) 12(a-3) 


1 — b + b 2 1—c + c 2 1 — d + d 2 
Thus, it suffices to show that 


49 


49 


1 — a 12(a — 3) 

-r H-T 0. 

1 — a + a 2 49 

Indeed, 

1 — a | 12(a-3) _ (2a + l)(6a 2 - 27a + 13) ^ 

1 — a + a 2 49 _ 49(1-a + a 2 ) - 

The proof is completed. The equality holds fora = b = c = d = l, and also for a = —1/2 
and b = c = d = 3/2 (or any cyclic permutation). 

□ 


P 2.104. If a, b, c,d,e> —3 such that a + b + c + d + e = 5, then 

1 — a 1 — b 1 — c 1 — d 1 —e 

1 + a + a 2 1 + b + b 2 1 + c + c 2 1 + d + d 2 l + e + e 2_ 

(Vasile Cirtoaje, 2014) 

Solution. Assume that a < b < c < d < e and consider two cases: a > 0 and a < 0. 
Case 1: a > 0. For any x > 0, we have 

1—x 1 —x (x —1 ) 2 (x + 2) 

- -—- —2 > o. 

3(1 + x + x 2 ) 


1 + x + x 2 


3 
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Therefore, it suffices to show that 


1 — a 

-b 

3 


1-6 

-b 

3 


1 — c 

-h 

3 


1 -d 
3 


+ 


1 — e 

3 


> 0 , 


which is an identity. 

Case 2: — 3 < a < 0. We can check that the equality holds for a = 3 and b = c = d = 
e = 2. Based on this, define the function 


/(*) = 


1 — x 

1 + X + X 2 


+ k 1 x + k 2 , 


x > —3, 


such that 

/ ( 2 ) = / / ( 2 ) = 0 . 


We get 



when 


fW = 


1 —x 


+ 


2x + 3 


1 + x + x 2 49 
Since /(x) > 0 for x > —3, we have 


3 

49’ 

(x — 2) 2 (2 x + 13) 
49(1 + x + x 2 ) 


1 — x —2x — 3 

->- 

1 + x + x 2 49 


Thus, it suffices to show that 

1 — a 2b + 3 2c + 3 2d + 3 2e + 3 
1 + a + a 2 49 49 49 49~~ 

which is equivalent to 


1 — a 

1 + a + a 2 


2(b + c + d + e) + 12 
_ 


> 0 , 


1 — a 2(5-a)+ 12 

--- - -> 0 , 

1 + a + a 2 49 

(a + 3)(2a 2 — 26a + 9) ^ 

49(1+ a + a 2 ) _ 

Clearly, the last inequality is true for — 3 < a < 0. The equality holds for a = b = c = 
d = e = 1, and also for a = — 3 and b = c = d = e = 2 (or any cyclic permutation). 

□ 
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P 2.105. Let a, b, c, d, e be real numbers such that a + b + c + d + e = 0. Prove that 
30(a 4 + b 4 + c 4 + d 4 + e 4 ) > 7(a 2 + b 2 + c 2 + d 2 + e 2 ) 2 . 

(Vasile Cirtoaje, 2010) 

Solution. Write the inequality as E(a, b, c, d, e) > 0, where 

E(a, b, c, d, e) = 30(a 4 + b 4 + c 4 + d 4 + e 4 ) — 7(a 2 + b 2 + c 2 + d 2 + e 2 ) 2 . 

Among the numbers a, b, c, d, e there exist three with the same sign. Let a, b, c be these 
numbers. We will show that 

E(a, b, c, d, e) > E(a, b, c, x,x) > 0, 

where 

d + e —(a + b + c) 

* “ 2 “ 2 ‘ 

The inequality E(a, b, c, d, e) > E(a, b, c,x,x) is equivalent to 

30(d 4 + e 4 - 2x 4 ) > 7(d 2 + e 2 - 2x 2 )(2 a 2 + 2 b 2 + 2c 2 + d 2 + e 2 + 2x 2 ). 


Since 


and 


d 4 + e 4 — 2x 4 


(d — e) 2 (7d 2 + lOde + 7e 2 ) 
8 

( d-e ) 2 


d 2 + e 2 — 2x 2 = 


2 


we need to show that 

15(7d 2 + lOde + 7e 2 ) > 14(2a 2 + 2 b 2 + 2c 2 + d 2 + e 2 + 2x 2 ), 
which reduces to 


Since 


21(d 2 + e 2 ) + 34de > 7(a 2 + b 2 + c 2 ). 
a 2 + b 2 + c 2 < (a + b + c) 2 = (d + e) 2 , 


it suffices to prove that 

21(d 2 + e 2 ) + 34de > 7(d + e) 2 , 
which is equivalent to the obvious inequality 


4(d 2 + e 2 ) + 10(d + e) 2 > 0. 
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The inequality E(a, b, c, x, x ) > 0, where x = —-— + can be written as 

23 ^ a 4 + 2(J] a) 4 > 7(J] a 2 )(J] a ) 2 + ^ 

Since (2 a) 2 > 3 ab, it suffices to prove that 

23^a 4 + 6(^ab)(^a) 2 > 7(^ a 2 )(^ a) 2 + 14^] a 2 b 2 . 
This is equivalent to 


'y~' t a 4 + abc^ a > - ^ ab(a 2 + b 2 ) + ^ a 2 b 2 
which follows by summing Schur’s inequality of degree four 

^ a 4 + abc^a > ^ab(a 2 + b 2 ) 
and the obvious inequality 


1 -Y i ab(a 2 + b 2 )>Y i ^i 2 - 

This completes the proof. The equality holds for a = b = c = 2 and d = e = — 3 (or any 
permutation thereof). 

Remark. Notice that the following generalization holds ( Vasile Cirtoaje, 2010). 

• If n is an odd positive integer and a 1 ,a 2 ,... ,a n are real numbers such that 

at + a 2 H-f a„ = 0, 

then 

(a 2 + a 2 + --- + a 2 ) 2 < n(n 2 -l) 
a 4 + a 4 H-ha 4 n 2 + 3 

with equality when (n+1)/2 ofa 1 , a 2 ,..., a n are equal to (n— 1)/2 and the other numbers 
are equal to — (n + l)/2. 

□ 


P 2.106. Let a 1 , a 2 ,... ,a n > — 1 such that a 1 + a 2 -\ -1- a n = 0. Prove that 

(n — 2)(a 2 + Q 2 + • • • + Q 2 ) S u 2 + + - f a 2 . 


(Vasile Cirtoaje, 2005) 
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Solution. Without loss of generality, assume that 

ai > a 2 > ■■■ > a n . 

Write the inequality as 

n 

^a;/(a ; )> 0, 
i=1 

where 

/(x) = (n — 2)x — x 2 . 

Since 

/( a i) —/( a i+t) = (a; - a i+1 )[n - 2 - (a ; + cq +1 )] 

> (a ; - a i+1 )[n - 2 - (aq + a 2 )] = (a ; - a i+1 )(n - 2 + a 3 + • • • + aj] 

= (a* — aj +1 )[(l + a 3 ) 4-F (1 + a„)] > 0, 

we have a 1 > a 2 > ■ ■ ■ > a n and/(a 1 ) > /(a 2 ) > • • • > /(a„). Therefore, by Chebyshev’s 
inequality, we get 

n 

n ^] a if( a i) >(a 1 + a 2 + --- + a n )[/(a 1 ) + /(a 2 ) + • • • + /(aj] = 0. 

;=i 

The equality holds for a 1 = a 2 = ■ ■ ■ = a n = 0, and for aq = n—1 and a 2 = ■■■ = a n = — 1 
(or any cyclic permutation). 

□ 

P 2.107. Let aq, a 2 ,..., a n > — 1 such that a 1 + a 2 -{ -I- a n = 0. Prove that 

(n — 2)(a 2 + a^ T • • • + a 2 ) + (n — l(a 2 + a^ + • • • + a 2 ) > 0. 

(Vasile Cirtoaje, 2005) 

Solution. For the nontrivial case a 2 + a 2 H-1- a 2 7^ 0, write the inequality as 

(n-l)^ + n-2>0, 

where 

S 2 = a 2 + a 2 + • • • + a 2 , S 3 = a 2 + a\ + • • • + a 2 . 

Without loss of generality, assume that 


aq < a 2 < ••• < a n . 
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For any p > 0 such that aq + p > 0, by the Cauchy-Schwarz inequality, we have 

[Si 1 =i( a i + 1 )( a i+P)] 2 


X^; + 1 ) 2 ( a i + P)- 


1=1 

n 


+ ^p+ 2 ) 5] af + np > 


r=i fa+P) 
(Z-=1« 2 + "P) 2 


1=1 


Thus, it suffices to show that 


;=t 

S3 ^ S 2 

— >-p. 

S 2 np 


n{n — 2) , 

S 2 +-— p > np 2 . 

n — 1 


np 


Case 1: S 2 >-. Choosing p = 1, we have aj +p > 0, and 

n — 1 


Sn + 


n(n — 2) 
n — 1 


P~np =S 2 -- >0. 

n — 1 


Case 2: 0 < S 2 <-. We set 

n — 1 


1 n — 1 

P = \ -s 2 . 

' n 


Since 


2 2 

P -a 1 


n — 1 


n 


S 2 -ai = 


n — 1 


(a 2 + --- + a )--a 1 
n z n n 1 


> (a 2 H-f a n ) 2 _ _ q 

n n 


we have a x + p > 0. In addition, 

n(n — 2)_ 2 


Sn + 


n — 1 


p — np =(n — 2)\/S 


- VS 2 > 0. 


The equality holds for a 2 = a 2 = • • • = 
1 /(n — 1) (or any cyclic permutation). 


n — 1 

a n = 0, and for a x = —1 and a 2 


□ 


P 2.108. Let a lt a 2 ,...,a n > n — 1 — Vn 2 — n + 1 be nonzero real numbers such that 
a i + a 2 1-P a„ = n. Prove that 


-5-1— y H-1 — 7 — n - 

a 2 a 2 a 2 


(Vasile Cirtoaje, 2010) 
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Solution. Without loss of generality, assume that a 1 < a 2 < ■ ■ ■ < a n . For aq > 0, by the 
Cauchy-Schwarz inequality, we have 


11 1 W1 

— ~ ~ + • • • 4— — I-1-F • • • H- 

a i a 2 


q2 n\a x a 2 


a 


> 


= n. 


n V aq + a 2 + • • • a n 

Further, consider that aq < 0, when there exists k, 1 < k < n — 1, such that 

aq < • • • < a k < 0 < a fc+1 < ■ ■ ■ < a n . 

ai H- a k a k+i + ■ ■ ■ + n n 

Let us denote x =---and y = ---. We have 

k n — k 

—l<n — l — Vn 2 — n + l<x<0, y > 1, kx + (n — k)y = n. 
From k > 1 and k(y — x) = n(y — 1) > 0, we get y — x < n(y — 1), and hence 


y 


> 


n — x 
n- 1' 


In addition, from n — 1 — V n 2 — n + 1 < x, we get 

n + 2 (n — l)x — x 2 > 0. 
By the Cauchy-Schwarz inequality, we have 


1 11 

o 1-1- T > T 


k V— a 


1 1 
+ •••+ — 


~a k 


1 

> - 


and 


1 11 

TT-1-1-- > 


“fc+r a n ri-kVa k+1 

Then, it suffices to prove that 


+-h 


> 


k V-oq- a k 


(n-fc) 2 


n~k \,a k+1 + --- + a n 


n — k 

y 2 


k n — k 

^-^ n ’ 

x 2 y 2 


which is equivalent to 


Ky ~ x)(y + x) > nx 2 (y - l)(y + 1). 


Since k(y — x) = n(y — 1) > 0, we need to show that y + x > x 2 (y + 1), which is 
equivalent to 


(1 — x)(x + y + xy) > 0. 
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This is true, since 1 — x > 0 and 




(1 + x)(n —x) 
n —1 


n + 2(n — l)x — x 2 
n — 1 


> 0. 


The equality holds when a 1 = a 2 = ■ ■ ■ = a n 
n — 1 — V n 2 — n + 1 and the others are —— 


= 1, as well as when one of a 1; a 2 ,.. 
n 2 — n + 1 
n — 1 ‘ 


a n is 


□ 


P 2.109. Let a 1; a 2 ,...,a n < - be real numbers such that 

n — 2 

a i + a 2 3-1 -a n = n. 


If k is a positive integer, k> 2, then 

a i + a 2 + "• + a n - n - 


(Vasile Cirtoaje, 2012) 


Solution. First we show that at most one of a,- is negative. Assume, for the sake of 
contradiction, that a n _ 1 < 0 and a n < 0. Then, 

a n _r + a n = n-(a 1 + --- + a n _ 2 ) >n-(n- 2) • —— = 0, 

n — 2 

which is a contradiction. There are two cases to consider. 

Case 1: a 1 ,a 2 ,...,a n > 0. The desired inequality is just Jensen’s inequality applied to 
the convex function /(x) = x k . 

Case 2: a 1 , a 2 , ■ ■ ■ , a n _i > 0 and a n < 0. Let us denote 


x = 


Qt + a 2 H-1- a n _ a 


n 


I 


y = -a. 


where 


(n — l)x— y = n, x>y> 0. 


The condition x > y follows from 


x — y = n — (n — 2)x > 0. 


By Jensen’s inequality, we have 

a^ + a^ + --- + a^_ 1 >(n-l)x fc . 
In addition, a k > —y k . Thus, it suffices to show that 


{n-l)x k -y k > n. 
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We will use the inequality 
which is equivalent to 


x k - y k > {.x- y f, 

~c:m: 


Indeed, 


\x J V x J \xJ V x J 


Therefore, it suffices to show that 

(n — 2)x k + (x — y ) k > n. 
By Jensen’s inequality, we have 


(n — 2)x k + (x — y ) k > [(n — 2) + 1] 


(n-2)x + (x-y) 


-\k 


(n — 2) + 1 

This completes the proof. The equality holds for aq = a 2 = • • • a n = 1. 




> n. 


□ 


P 2.110. If a 1 , a 2 ,...,a n (n> 3) are real numbers such that 


^ —(3n — 2) 

a l, a 2> ■ ■ ■ > a n ^ ^ 

n — 2 


a 1 + a 2 + --- + a n = n, 


then 


1 —ai 1 — a? 1 — a„ 

-1— -- 1 - U— > o. 

(1 + ai) 2 (1 + a 2 ) 2 (1 + a n) 2 ~ 


(Vasile Cirtoaje, 2014) 


Solution. Since the inequality holds for n = 3 (see P 2.25), consider further that n > 4. 
Assume that a 1 < a 2 < ■ ■ ■ < a n and consider two cases: aq > 0 and aq < 0. 

Case 1: aq > 0. For any x > 0, we have 


1 —x x —1 (x — 1 ) 2 (x + 3) 
(1 + x) 2 + 4 4(1 + x) 2 

Therefore, it suffices to show that 


1-Qi 

4 


+ 


1 -a-2 

4 


+ ••• + 


1 — a„ 


> 0 , 


which is an identity. 
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Case 2: —(3 n — 2)/(n — 2) < aq <0. We can check that the equality holds for 


-(3n —2) 


1 n — 2 
Based on this, define the function 


a 2 — a 3 — ■ ■ ■ — a n 


n + 2 
n — 2 


,, , 1 — x , , —(3n — 2) 

/(*) = — - --V) +k 1 x + k 2 , x> 


such that 


We get 


(1 + x) 2 
n + 2 


n — 2 


f 


n — 2 


= f 


,fn + 2 


= 0 . 


7 (n —4)(n —2) 2 , 

k i = --, k 2 


n — 2. 

(n — 2)(—n 2 + 6n + 8) 


/(x) = 


4n 3 ’ z 4n 3 

[(n — 2)x — n — 2] 2 [(n — 4)x + 3n — 4] 


4n 3 (l + x) 2 

Since /(x) > 0 for n > 4 and x > —(3n — 2)/(n — 2), we have 

1 —x 


(1 + x) 2 


> —k 1 x — k 2 . 


Thus, it suffices to show that 
1— gi 
(1 + a i) 2 

which is equivalent to 

1-Ui 


fci(a 2 + a 3 + • • • + a„) - (n - l)fc 2 > 0, 


- fciCn — a x ) —-(ra — l)fc 2 > 0, 


(l + aO 2 

[(n — 2)aq + 3n — 2][(n —4)(n —2)a 2 — 2(n 2 + 4n — 8)aq + n 2 — 2n + 8] > 0. 

Clearly, the last inequality is true for n > 4 and —(3n — 2)/(n — 2) < a! < 0. This 
completes the proof. The equality holds for aq = a 2 = ■ ■ ■ a n = 1, and also for x 1 = 
-(3/1-2) 


n — 2 


and x 2 


n + 2 
n — 2 


(or any cyclic permutation). 


□ 


P 2.111. Let aq, a 2 , ..., a n be real numbers. Prove that 

(a 1 + a 2 + --- + a n ) 2 < (n-l) n ~\ 
( a i + l)( a 2 + !)••• (<3 2 + !) _ nn ~ 2 

a 1 + a 2 + --- + a n < (2n-l) n ~s 

U " ( a 2 + l )( a 2 + !)••• ( a 2 + 1 ) — 2"//"- 1 


(Vasile Cirtoaje, 1994) 
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Solution. Let m be a positive integer (m > n), and let a ; = 1 for all i. Assume 

Vm — 1 

that 

x? < • • • < < 1 < xl ,, < • • • < x 2 , 

1 — k k+\ n’ 

where 0 < k < n. By Bernoulli’s inequality and the Cauchy-Schwarz inequality, we have 


m-lY 




m-lVAt *? 


n u^r 


XT — 1 


=n»v=n»vn> 


x?-l 


XT — 1 


^ xf-1 

1+ EAt- 1+ E 


= + • • • + xl + (m - n) + (n *- k)][k + (m-n) + x£ +1 + • • • + x„] 

> — (Xi + --- + x k + m-n + x k+1 + • • • + x n y 


—(m-n + x 1 + x 2 + --- + x n ) 2 


Therefore, 


m-lY 


i n 1 

H( a f + !)> — (m-n + i 1 + i 2 + --- + i„) 2 , 


and hence 


i>?+« 


m n 2 f m — n 


-(^Tj^l7^i + ai + a2 + "' + an J ‘ 


The equality occurs in this inequality for 


a l ~ a 2 ~ ~ a n ~ 


'm- 1 


(a) Choosing m = n, we get the desired inequality. The equality holds for 


a l — a 2 — • • • — a n — 


a l — a 2 — ■ ■ ■ — CL ; 
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(b) Since 


m-n Y 4(m —n) 

^ i + Qi + a 2 4- 1 -a n J >—^=^(a 1 + a 2 H-la„), 


we get 


pi, 2 4m n 2 {m — n ) 

I (a, + 1) >-—(ar + a 2 4-b a n )- 

i=i (m — l) n_ 2 


Choosing m = 2n, we get the desired inequality. The equality holds for 


a i — a 2 


'2n — 1 
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Chapter 3 

Symmetric Polynomial Inequalities 
in Nonnegative Variables 

3.1 Applications 

3.1. If a, b, c are positive real numbers, then 

a 2 + b 2 + c 2 + 2abc + 1 > 2(ab + be + ca). 

3.2. Let a, b, c be nonnegative real numbers. If 0 < k < V2, then 

cl 2 + b 2 + c 2 + kabc + 2k + 3 > (k + 2)(q + b + c). 

3.3. If a, b, c are positive real numbers, then 

abc(a + b + c) + 2(a 2 + b 2 + c 2 ) + 3 > 4 (ai> + be + ca). 

3.4. If a, b, c are positive real numbers, then 

a(b 2 + c 2 ) + b(c 2 + a 2 ) + c(a 2 + b 2 ) + 3 > 3(ab + be + ca). 

3.5. If a, b, c are positive real numbers, then 

| V + b 2 +C 2 j 3 ^ ^^2 + ^_ b)2(b _ c)2(c _ q)2 _ 


149 
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3.6. If a, b, c are positive real numbers, then 

(a + b + c — 3)(ab + be + ca — 3) > 3(abe — l)(a + b + c — ab — be — ca). 

3.7. If a, b, c are positive real numbers, then 

(a) a 3 + b 3 + c 3 + ab + be + ca + 9 > 5(a + b + c); 

(b) a 3 + b 3 + c 3 + 4(ab + be + ca) + 18 > ll(a + b + c). 

3.8. If a, b, c are positive real numbers, then 

(a) a 3 + b 3 + c 3 + abc + 8 > 4(a + b + c); 

(b) 4(a 3 + b 3 + c 3 ) + 15abc + 54 > 27(a + b + c). 

3.9. Let a, b, c be nonnegative real numbers such that 

a + b + c = a 2 + b 2 + c 2 . 

Prove that 

ab + be + ca> a 2 b 2 + b 2 c 2 + c 2 a 2 . 

3.10. If a, b, c are nonnegative real numbers, then 

(a 2 + 2bc)(b 2 + 2ca)(c 2 + 2ab) > (ab + be + ca) 3 . 

3.11. If a, b, c are nonnegative real numbers, then 

(2a 2 + bc)(2b 2 + ca)(2c 2 + ab) > (ab + be + ca) 3 . 

3.12. Let a, b, c be nonnegative real numbers such that a + b + c = 2. Prove that 
(a) 


(b) 


( a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) < (a + b)(b + c)(c + a); 
(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) < 2. 
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3.13. Let a, b, c be nonnegative real numbers such that a + b + c = 2. Prove that 

(a 3 + b 3 )(b 3 + c 3 )(c 3 + a 3 ) < 2. 

3.14. Let a, b, c be nonnegative real numbers such that a 2 + b 2 + c 2 = 2. Prove that 

(a 3 + b 3 )(b 3 + c 3 )(c 3 + a 3 ) < 2. 

3.15. If a, b, c are nonnegative real numbers such that a + b + c = 2, then 

(3a 2 — 2 ab + 3b 2 )(3b 2 — 2 be + 3c 2 )(3c 2 — 2ca + 3a 2 ) < 36. 


3.16. Let a, b, c be nonnegative real numbers such that a + b + c = 3. Prove that 
(a 2 — 4ab + b 2 )(b 2 — 4bc + c 2 )(c 2 — 4ca + a 2 ) < 3. 


3.17. If a, b, c are positive real numbers such that a + b + c = 3, then 


abc + 


12 


ab + be + ca 


> 5. 


3.18. If a, b, c are positive real numbers such that a 2 + b 2 + c 2 = 3, then 


5(a + b + c) H-> 18. 

abc 


3.19. If a, b, c are positive real numbers such that a 2 + b 2 + c 2 = 3, then 

12 + 9 abc > 7(ab + be + ca). 


3.20. If a, b, c are positive real numbers such that a 2 + b 2 + c 2 = 3, then 


21 + 18abc > 13(ab + bc + ca). 



152 


Vasile Cirtoaje 


3.21. If a, b, c are positive real numbers such that a 2 + b 2 + c 2 = 3, then 

(2 — ab)(2 — bc)(2 — ca) > 1. 

3.22. Let a, b, c be positive real numbers such that abc = 1. Prove that 

fa + b + c\ 3 a 2 + b 2 +c 2 

C— 3— J 

3.23. If a, b, c are positive real numbers such that abc = 1, then 

a 3 + b 3 + c 3 + a~ 3 + b~ 3 + c -3 + 21 > 3(a + b + c)(a _1 + b _1 + c _1 ). 

3.24. If a, b, c are positive real numbers such that abc = 1, then 

a 2 + b 2 + c 2 — ab — be — ca > -(a + b + c — 3). 

4 

3.25. If a, b, c are positive real numbers such that abc = 1, then 

a 2 + b 2 + c 2 + a + b + c> 2 (ab + be + ca). 

3.26. If a, b, c are positive real numbers such that abc = 1, then 

a 2 + b 2 + c 2 + 15(ab + be + ca) > 16(a + b + c). 

3.27. If a, b, c are positive real numbers such that abc = 1, then 

2 1 3 

-b — ^ -. 

a + b + c 3 ab + be + ca 

3.28. If a, b, c are positive real numbers such that abc = 1, then 

6 

- 7 -^ 5 - 

a + b + c 


ab + be + ca + 
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3.29. If a, b, c are positive real numbers such that abc = 1, then 

•^(1 + u)(l + b)(l + c) ^ \J 4(1 + cl + b + c). 

3.30. If a, b, c are positive real numbers, then 

a 6 + b 6 + c 6 — 3 a 2 b 2 c 2 > 18(a 2 — bc)(b 2 — ca)(c 2 — ab ). 


3.31. If a, b, c are positive real numbers such that a + b + c = 3, then 

\+± + \>a* + b> + c\ 
a z b z c z 


3.32. If a, b, c are positive real numbers such that ab + be + ca = 3, then 

a 3 + b 3 + c 3 + 7abc > 10. 


3.33. If a, b, c are nonnegative real numbers such that a 3 + b 3 + c 3 = 3, then 

a 4 b 4 + b 4 c 4 + c 4 a 4 < 3. 


3.34. If a, b, c are nonnegative real numbers, then 

(a + l) 2 (b + l) 2 (c + l) 2 > 4(a + b + c)(ab + bc + ca) + 28 abc. 

3.35. If a, b, c are positive real numbers such that a + b + c = 3, then 

1 + 8 abc > 9min{a, b,c}. 

3.36. If a, b, c are positive real numbers such that a 2 + b 2 + c 2 = 3, then 


1 + 4abc > 5 min{a, b, c}. 
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3.37. If a, b, c are positive real numbers such that a + b + c = abc, then 

(1 — a)(l — b)(l — c) + (a/ 3 — l) 3 > 0. 

3.38. If a, b, c are nonnegative real numbers such that a + b + c = 2, then 

(a 2 + bc)(b 2 + ca)(c 2 + ab ) < 1. 

3.39. If a, b, c are nonnegative real numbers, then 

(8a 2 + bc)(8b 2 + ca)(8c 2 + ab) <(a + b + c) 6 . 

3.40. If a, b, c are positive real numbers such that a 2 b 2 + b 2 c 2 + c 2 a 2 = 3, then 

a + b + c> abc + 2. 

3.41. Let a, b, c be nonnegative real numbers such that a + b + c = 5. Prove that 

(a 2 + 3)(b 2 + 3)(c 2 + 3) > 192. 

3.42. If a, b, c are nonnegative real numbers, then 

a 2 + b 2 + c 2 + abc + 2 > a + b + c + ab + be + ca. 

3.43. If a, b, c are nonnegative real numbers, then 

a 3 (b + c)(a — b)(a — c) > 3(a — b) 2 (b — c) 2 (c — a) 2 . 

3.44. Find the greatest real number k such that 

a + b + c + 4 abc > k(ab + be + ca) 


for all a, b, c € [0,1]. 
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3.45. If a, b, c > — such that a + b + c = 3, then 


a 2 b 2 + b 2 c 2 + c 2 a 2 > ab + be + ca. 


3.46. If a, b, c are positive real numbers such that a < 1 < b < c and 

a + b + c = 3, 

then 

a b c 


- + l + ->a 2 + b 2 + c 2 . 


3.47. If a, b, c are positive real numbers such that a < 1 < b < c and 

, 1 1 1 
a + b + c — —t- -—I—, 
a b c 


then 


a 2 + l . 2 + c 2 <J_+ 1 4 

a z b z c z 


3.48. If a, b, c are positive real numbers such that 

, 1 1 1 

a + b + c — —I-1—, 

a b c 


then 


(1 — abc) I a n + b n + c n ----- - |>0 
' a n b n c n 


for any integer n>2. 


3.49. Let a, b, c be positive real numbers, and let 

E(a, b, c) = a(a — b)(a — c) + b(b — c)(b — a) + c(c — a)(c — b). 

Prove that 

(a) (a + b + c)E(a, b, c) > ab(a — b) 2 + bc{b — c) 2 + ca(c — a) 2 ; 

(b) 2 f - + ^ E(a, b, c) > (a — b) 2 + (b — c) 2 + (c — a) 2 . 

\a b c J 
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3.50. Let a > b > c be nonnegative real numbers. Schur’s inequalities of third and 
fourth degree state that 

(a) a(a — b)(a — c) + b(b — c)(b — a) + c(c — a)(c — b) > 0; 

(b) a 2 (a — b)(a — c) + b 2 (b — c)(b — a) + c 2 (c — a)(c — b) > 0. 

Prove that (a) is sharper than (b) if 

\fb + Vc < -/a, 

and (b) is sharper than (a) if 

\fb + \/c > \fa. 

3.51. If a, b, c are nonnegative real numbers such that 

(a + b)(b + c)(c + a) = 8, 

then _ 

•v/a + Vb + Vc > ab + be + ca. 

3.52. If a, b,ce[l, 4 + 3\/2], then 

9(ab + be + ca)(a 2 + b 2 + c 2 ) > (a + b + c) 4 . 

3.53. If a, b, c are nonnegative real numbers such that a + b + c + abc = 4, then 

(a) a 2 + b 2 + c 2 + 12 > 5(ab + be + ca); 

(b) 3(a 2 + b 2 + c 2 ) + 13(ab + be + ca) > 48. 

3.54. Let a, b, c be the lengths of the sides of a triangle. If a 2 + b 2 + c 2 = 3, then 

ab + be + ca> 1 + 2 abc. 

3.55. Let a, b, c be the lengths of the sides of a triangle. If a 2 + b 2 + c 2 = 3, then 

a 2 b 2 + b 2 c 2 + c 2 a 2 > ab + be + ca. 
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3.56. Let a, b, c be the lengths of the sides of a triangle. If a + b + c = 3, then 

1 1 1 41 2 ,2 2-v 

—h -—I-b — > 3(a 2 + b 2 + c 2 ). 

a b c 6 


3.57. Let a < b < c such that a + b + c = p and ab + be + ca = q, where p and q are 
fixed real numbers satisfying p 2 > 3 q. 

(a) If a, b, c are nonnegative real numbers, then the product r = abc is maximal when 
a = b, and is minimal when b = c or a = 0; 

(b) If a, b, c are the lengths of the sides of a triangle (non-degenerate or degenerate), 

c 

then the product r = abc is maximal when a = b > — or a + b = c, and is minimal 
when b = c > a. 


3.58. If a, b, c are positive real numbers such that a + b + c = 3, then 

9 75 

——H 16 > —— -. 

abc ab + bc + ca 


3.59. If a, b, c are positive real numbers such that a + b + c = 3, then 

8 f- + ^ + + 9 > 10(a 2 + b 2 + c 2 ). 

la b c J 


3.60. If a, b, c are positive real numbers such that a + b + c = 3, then 
7(a 2 + b 2 + c 2 ) + 8(a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 4a 2 b 2 c 2 > 49. 


3.61. If a, b, c are nonnegative real numbers, then 

(a 3 + b 3 + c 3 + abc) 2 > 2 (a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ). 


3.62. If a, b, c are nonnegative real numbers, then 

[ab(a + b) + bc(b + c) + ca(c + a)] 2 > 4(ab + bc + ca)(a 2 b 2 + b 2 c 2 -I- c 2 a 2 ). 
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3.63. Let a, b, c be nonnegative real numbers such that ab + be + ca = 3. Prove that 

4(a 3 + b 3 + c 3 ) + 7abc + 125 > 48(a + b + c). 

3.64. If a, b, c e [0,1 ], then 

ayfa + b\f~b + cji + 4abc > 2 (ab + bc + ca). 

3.65. If a, b, c e [0,1], then 

a-v/a + bV~b + c-/c > -(ab + be + ca — abc). 

3.66. If a, b, c e [0,1 ], then 

3(a-/a + b\fb + c-/c) H- abc > 5(ab + bc + ca). 

81 

3.67. Let a, b, c be the lengths of the sides of a triangle. If a 2 + b 2 + c 2 = 3, then 

a + b + c>2 + abc. 


3.68. Let f n (a, b, c) be a symmetric homogeneous polynomial of degree n < 5. Prove 
that 

(a) the inequality f n (a, b,c)> 0 holds for all nonnegative real numbers a, b, c if and 
only if f n (a, 1,1) > 0 and /„(0, b, c) > 0 for all nonnegative real numbers a, b, c ; 

(b) the inequality f n (a, b,c) > 0 holds for all the lengths a, b, c of the sides of a non¬ 
degenerate or degenerate triangle if and only if f n (x, 1,1) > 0 for 0 < x < 2, and 
f n (y +z,y,z)> 0 for all y, z > 0. 


3.69. If a, b, c are nonnegative real numbers such that a + b + c = 3, then 


4(a 4 + b 4 + c 4 ) + 45 > 19(a 2 + b 2 + c 2 ). 
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3.70. Let a, b, c be nonnegative real numbers. If k < 2, then 

^ a(a — b)(a — c)(a — fcb)(a — kc ) > 0. 

3.71. Let a, b, c be nonnegative real numbers. If k e R, then 

^~](b + c)(a — b)(a — c)(a — kb)(a — kc) > 0. 

3.72. If a, b, c are nonnegative real numbers, then 

^ a(a — 2b)(a — 2c)(a — 5 b)(a — 5c) > 0. 

3.73. If a, b, c are the lengths of the sides of a triangle, then 

a 4 + b 4 + c 4 + 9abc(a + b + c) < 10(a 2 b 2 + b 2 c 2 + c 2 a 2 ). 

3.74. If a, b, c are the lengths of the sides of a triangle, then 

3(a 4 + b 4 + c 4 ) + 7abc(a + b + c) < 5^ ab(a 2 + b 2 ). 

3.75. If a, b, c are the lengths of the sides of a triangle, then 

b 2 + c 2 — 6bc c 2 + a 2 — 6ca a 2 + b 2 — 6ab 

-+---+-h 4(a + b + c) < 0. 

a b c 

3.76. Let fe,(a, b,c) be a sixth degree symmetric homogeneous polynomial written in 
the form 

f 6 (a,b,c)=Ar 2 + B(p,q)r + C(p,q), A < 0, 

where 

p = a + b + c, q = ab + bc + ca, r = abc. 

Prove that 

(a) the inequality b, c) > 0 holds for all nonnegative real numbers a, b, c if and 
only if 1,1) > 0 and / 6 (0, b, c) > 0 for all nonnegative real numbers a, b, c ; 

(b) the inequality b,c) > 0 holds for all lengths a, b,c of the sides of a non¬ 
degenerate or degenerate triangle if and only if / 6 (x, 1,1) > 0 for 0 < x < 2, and 
/eCy + z, y, z) > 0 for all y, z > 0. 
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3.77. If a, b, c are nonnegative real numbers, then 


J y^' i a(b + c)(a — b)(a — c)(a — 2b)(a — 2c) > (a — b) 2 (b — c) 2 (c — a) 2 . 


3.78. Let a, b, c be nonnegative real numbers. 


(a) If 2 < k < 6, then 


^ a(a — b)(a — c)(a — kb)(a — kc) + 


4 (fc — 2)(a — b) 2 (b — c) 2 (c — a) 2 
a + b + c 


(b) If k > 6, then 


^ a(a — b)(a — c)(a — kb)(a — kc) + 


(fc + 2) 2 (a — b) 2 (b — c) 2 (c — a) 2 


4 (a + b + c) 


3.79. If a, b, c are nonnegative real numbers, then 


(3a 2 + 2ab + 3b 2 )(3b 2 + 2be + 3c 2 )(3c 2 + 2ca + 3a 2 ) > 8(a 2 + 3 bc)(b 2 + 3ca)(c 2 + 3 ab). 


3.80. Let a, b, c be nonnegative real numbers such that a + b + c = 2. If 

-2 , 11 

— <k<—, 

3 8 


(a 2 + kab + b 2 )(b 2 + kbc + c 2 )(c 2 + kca + a 2 ) <k + 2. 


3.81. Let a, b, c be nonnegative real numbers such that a + b + c = 2. Prove that 

(2a 2 + bc)(2b 2 + ca)(2c 2 + ab) < 4. 


3.82. Let a, b, c be nonnegative real numbers, no two of which are zero. Then, 


^~](q — b)(a — c)(a — 2 b)(a — 2c) 


5(a — b) 2 (b — c) 2 (c — a) 
ab + be + ca 
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3.83. Let a < b < c be positive real numbers such that 

a + b + c = p, abc = r, 

where p and r are fixed positive numbers satisfying p 3 >27r. Prove that 

q = ab + be + ca 

is maximal when b = c, and is minimal when a = b. 


3.84. If a, b, c are positive real numbers, then 


, , '1 1 1 A 1 

(a + b + c — 3)1 —L -—I-3 I + abc H—-— > 2. 

abc J abc 


3.85. If a, b, c are positive real numbers such that abc = 1, then 
(a) ^ab + bc + ca—0> ^(a + b + c)- 1; 

46, 


(b) ab + bc + ca — 3>— (Va + b + c — 2 — 1). 

27 


3.86. If a, b, c are positive real numbers such that abc = 1, then 

50 


ab + be + ca + 


37 

- > —. 
a+b+c+5 4 


3.87. Let a, b, c be positive real numbers. 

(a) If abc = 2, then 

(a + b + c — 3) 2 + 1 > 


a 2 + b 2 + c 2 


(b) If abc = then 
2 


a 2 + b 2 + c 2 + 3(3 — a — b — c) 2 > 3. 
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3.88. If a, b, c are positive real numbers such that a + b + c = 3, then 


.be ca ab . „ , 

4(-1-1-| + 9abc > 21. 

a b c 


3.89. If a, b, c are nonnegative real numbers such that 

ab + be + ca = abc + 2, 


then 


a 2 + b 2 + c 2 + abc > 4. 


3.90. If a, b, c are positive real numbers, then 

3.91. If a, b, c are positive real numbers, then 

2(a 3 + b 3 + c 3 ) + 9(ab + be + cu) + 39 ^ 24(u + b + c). 

3.92. If a, b, c are positive real numbers such that a 2 + b 2 + c 2 = 3, then 

a 3 + b 3 + c 3 - 3 > |(a — b)(b - c)(c - a)|. 


3.93. If a, b, c are nonnegative real numbers, then 

a 4 + b 4 + c 4 - a 2 b 2 - b 2 c 2 - c 2 a 2 > 2\a 3 b + b 3 c + c 3 a - ab 3 - be 3 - ca 3 

3.94. If a, b, c are nonnegative real numbers, then 

a 4 + b 4 + c 4 — abc(a + b + c) > 2^2 \a 3 b + b 3 c + c 3 a — ab 3 — be 3 — ca 3 | 


3.95. If a,b,c> —5 such that a + b + c = 3, then 

1 — a 1 — b 1 — c 

1 + a + a 2 1 + b + b 2 1 + c + c 2 


>0. 
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3.96. Let a, b, c / - be nonnegative real numbers such that a + b + c = 3. If fc > 

k 

then 

1 — a 1 — b 1 — c ^ 

(1 — ka) 2 + (l-fcb) 2 + (1-kc) 2 ~ °' 

3.97. Let a, b, c, d be nonnegative real numbers such that 

a 2 + b 2 + c 2 + d 2 = 1. 

Prove that 

(1 — a)(l — b)( 1 — c)(l — d) > abed. 


3.98. Let a, b, c, d and x be positive real numbers such that 

1 1 1 1 _ 4 

^2 + b2 + ^ + d2~^2‘ 

If x > 2, then 

(a - l)(b - 1)( c - 1)( d -1) > (x - !) 4 . 


3.99. If a, b, c, d are positive real numbers, then 

(1 + a 3 )(l + b 3 )(l + c 3 )(l + d 3 ) ^ 1 + abed 

(l + a2)(l + b2)(i + c 2)(i + d2) - 2 


3.100. Let a, b, c, d be positive real numbers such that a + b + c + d=4. Prove that 



3.101. If a, b,c,d are nonnegative real numbers, then 

4(a 3 + b 3 + c 3 + d 3 ) + 15(abc + bed + eda + dab) > (a + b + c 4- d) 3 . 

3.102. Let a, b, c, d be positive real numbers such that 

a + b + c + d=4. 


Prove that 


1 + 2(abc + bed + eda + dab) > 9min{a, b, c, d}. 


"Sf I CO 
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3.103. Let a, b, c, d be nonnegative real numbers such that 

a + b + c + d = 4. 

Prove that 

5(a 2 + b 2 + c 2 + d 2 ) > a 3 + b 3 + c 3 + d 3 + 16. 

3.104. Let a, b, c, d be nonnegative real numbers such that 

a + b + c + d = 4. 

Prove that 

3(a 2 + b 2 + c 2 + d 2 ) + 4 abed > 16. 

3.105. Let a, b, c, d be nonnegative real numbers such that 

a + b + c + d = 4. 

Prove that 

27(abc + cd + eda + dab ) < 44 abed + 64. 


3.106. Let a, b, c, d be positive real numbers such that 

, ,1111 

a + b + c + d = - + - + - + ~. 

abed 


Prove that 


(l-abcd)(^a 2 + b 2 + c 2 + d 2 -^-p-^-^ ]>0. 


3.107. Let a, b, c, d be positive real numbers such that 

a + b + c + d = l. 

Prove that 

( 1 _ a)( 1 _ b)( 1 _ c)( 1 _ d) ri + i + i + i > )>^i. 

la o c d J 16 



Symmetric Polynomial Inequalities in Nonnegative Variables 


165 


3.108. Let a, b, c, d be nonnegative real numbers such that 

u + b + c + d = a 2 + b 2 + c 2 + d 2 — 2. 

Prove that 

a 2 + b 2 + c 2 + d 2 > -. 

4 


3.109. Let a, b,c,d e (0,4] such that abed = 1. Prove that 

(1 + 2a)(l + 2b)(l + 2c)(l + 2d) > (5 - 2a)(5 - 2b)(5 - 2c)(5 - 2d). 


3.110. Let a, b, c, d and k be positive real numbers such that 

(a + b + c + d) f - + \ \ ) = k. 

\a b c d J 

If 16 < k < (1 4- -v/lO) 2 , then any three of a,b,c,d are the lengths of the sides of a 
triangle (non-degenerate or degenerate). 


3.111. Let a, b, c, d and k be positive real numbers such that 


{a + b + c + d) 



= k. 


If 16 < k < 


119 

6 ’ 


then there exist three numbers of a, b, c, d which are the lengths of 


the sides of a triangle (non-degenerate or degenerate). 


3.112. Let a, b, c, d and k be positive real numbers such that 

(a + b + c + d) 2 = fc(a 2 + b 2 + c 2 + d 2 ). 

If ^ < k < 4, then any three of a, b,c,d are the lengths of the sides of a triangle 
(non-degenerate or degenerate). 


3.113. Let a, b, c, d and k be positive real numbers such that 

(a + b + c 4- d) 2 = k(a 2 + b 2 + c 2 + d 2 ). 

49 

If — < k < 4, then there exist three numbers of a, b, c, d which are the lengths of the 
sides of a triangle (non-degenerate or degenerate). 
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3.114. Let a, b, c, d, e be nonnegative real numbers. 

(a) If a + b + c = 3(d + e), then 

4(a 4 + b 4 + c 4 + d 4 + e 4 ) > (a 2 + b 2 + c 2 + d 2 + e 2 ) 2 ; 


(b) If a + b + c = d + e, then 

12(a 4 + b 4 + c 4 + d 4 + e 4 ) < 7(a 2 + b 2 + c 2 + d 2 + e 2 ) 2 . 


3.115. Let a, b, c, d, e be nonnegative real numbers such that 

a + b + c + d + e = 5. 


Prove that 


a 4 + b 4 + c 4 + d 4 + e 4 + 150 < 31(a 2 + b 2 + c 2 + d 2 + e 2 ). 


3.116. Let a, b, c, d, e be positive real numbers such that 

a 2 + b 2 + c 2 + d 2 + e 2 = 5. 

Prove that 

abcde(a 4 + b 4 + c 4 + d 4 + e 4 ) < 5. 


3.117. Let a, b, c, d, e be positive real numbers such that 

a + b + c + d + e = 5. 

Prove that 

11111 20 

a b c d e a 2 + b 2 + c 2 + d 2 + e 2 


>9. 


3.118. If a, b, c,d,e> 1, then 





+ 68 > 


, , , 71 1 1 1 1 

>4(a + b + c + d + e) - + - + - + - + - 
\a b c d e 
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3.119. Let a, b, c and x, y, z be positive real numbers such that 

(a + b + c)(x + y + z) = (a 2 + b 2 + c 2 )(x 2 + y 2 + z 2 ) = 4. 


Prove that 


abcxyz < —. 
J 36 


3.120. Let aq, a 2 , ••• , a n (n > 3) be positive real numbers such that 
aq + aq H-1- a n = a 2 + a 2 H-1- a 2 = n — 1. 

Prove that 

11 1 n 2 {2n — 3) 

-h — + • • • + - ^ -. 

Ui a 2 a n 2(n — l)(n — 2) 


3.121. Let aq, a 2 , ■ ■■, a n be positive real numbers such that a 1 + a 2 -{ -ba n = n. Prove 

that 

n 2 ( — + — -1—-— nl > 4 (n — l)(a 2 + a? H-1 -a 2 — n). 

Ui a 2 a n J 


3.122. Let a 1; a 2 , ■■■, a n be nonnegative real numbers such that aq + a 2 H-1 -a n = n. 

Prove that 


(n + l)(a 2 + a 2 + • • • + a 2 ) > n 2 + a 2 + 1" ■ ■ • + a 2 . 


3.123. Let aq, a 2 , ■ ■■ , a n be nonnegative real numbers such that a 1 + a 2 -\ -1 - a n = n. 

Prove that 


(n — l)(a 2 + H- 1 - a 2 ) + n 2 > (2 n — l)(a 2 + a 2 -\ - 1 - a 2 ). 


3.124. Let a 1 , a 2 , ..., a n (n > 3) be positive real numbers such that 

a i + a 2 1-f a„ = 1. 



Prove that 
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3 . 125 . Let a 1 , a 2 , , a n (n > 3) be positive real numbers such that 


a i + a 2 1-1 -a n = ri. 


Prove that 

a i + a 2 + " ' + a l ~ R ~ ~~ a l a 2 ■ ■ ■ a n)- 

n — 1 


3 . 126 . Let a 1 , a 2 , ..., a n (n > 3) be positive real numbers such that 

ai <a 2 < ••• < a n, 

1 A 

k. 


, 1 1 1 

(ai + a 2 H-1- a n )-1-1-1- 


-2^7,^ „2 . i(n-0 


(a) If n z < k < n z + 


a i a 2 

, i e {2,3, • • • , n — 1}, then a;_ 1; and a !+1 are the 


lengths of the sides of a non-degenerate or degenerate triangle; 


9 9rr 

(b) If n < k < a n , where a n = -for even n, and a n 


9n 2 — 1 


for odd n, then 


8 8 
there exist three numbers a,- which are the lengths of the sides of a non-degenerate or 

degenerate triangle. 


3 . 127 . Let a 1; a 2 , ..., a n (n > 3) be positive real numbers such that 

Ql <a 2 < ••• <a n , 

(ai + a 2 H-1- a n ) 2 = H-1- a 2 ). 

(a) If ^- < k < n, i e {2,3, • • • , n — 1}, then a i _ 1 , a, and a ;+1 are the lengths 

of the sides of a non-degenerate or degenerate triangle; 

(b) If + - <k<n, then there exist three numbers a t which are the lengths of the 
sides of a non-degenerate or degenerate triangle. 



Symmetric Polynomial Inequalities in Nonnegative Variables 


169 


3.2 Solutions 


P 3.1. If a, b,c are positive real numbers, then 

a 2 + b 2 + c 2 + 2abc + 1 > 2(ab + be + ca). 


(Darij Grinberg, 2004) 

First Solution. Setting a = x 3 , b = y 3 and c = z 3 , where x,y,z > 0, we need to prove 
that 

x 6 + y 6 + z 6 + 2x 3 y 3 z 3 + 1 > 2(x 3 y 3 + y 3 z 3 + z 3 x 3 ). 

Using Schur’s inequality and the AM-GM inequality, we have 

x 6 + y 6 + z 6 + 3 x 2 y 2 z 2 > ^x 2 y 2 (x 2 + y 2 ) > 2 ^~]x 3 y 3 . 

Thus, it suffices to show that 

2x 3 y 3 z 3 - 3 x 2 y 2 z 2 + 1 > 0, 


which is equivalent to 

(xyz — l) 2 (2xyz + 1) > 0. 

The equality holds for a = b = c = 1. 

Second Solution. Among the numbers 1 — a, 1 — b and 1 — c there are always two with 
the same sign; let us say (1 — b)(l — c) > 0. Then, we have 

a 2 + b 2 + c 2 + 2 abc + 1 — 2{ab + be + ca) = 

= (a — l) 2 + (b — c) 2 + 2a + 2 abc — 2 a(b + c) 

= (a — l) 2 + (b — c) 2 + 2a(l — b)(l — c) > 0. 

Remark. The following generalization holds: 

• Let a, b, c be positive real numbers. If0<k<l, then 

a 2 + b 2 + c 2 + 2 kabc + k> (k + l)(ab + be + ca). 

Since the both sides of the inequality are linear of k, it suffices to prove it for only k = 0 
and k = 1. For k = 0, the inequality reduces to the the known a 2 + b 2 +c 2 > ab + bc+ca. 

□ 


P 3.2. Let a, b, c be nonnegative real numbers. If0<k< V2, then 

a 2 + b 2 + c 2 + kabc + 2k + 3 > (fc + 2)(u + b + c). 
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Solution. Since the both sides of the inequality are linear of k, it suffices to prove the 
inequality for k = 0 and k = V2. For k = 0, the inequality reduces to 

(a — l) 2 + (b — l) 2 + (c — l) 2 > 0. 

Further, we consider that k = V2. 

First Solution. Write the inequality as 

(a — l) 2 + (b — l) 2 + (c — l) 2 > V2 (a + b + c — 2 — abc). 


Using the substitutions x = a — 1, y = b — 1 and z = c — 1, we need to show that 
x 2 + y 2 + z 2 + V2 (xyz + xy + yz + zx) > 0 


for x,y,z > — 1. Among the numbers x, y and z there are always two of them with the 
same sign; let us say yz > 0. Since 

y 2 + z 2 > ^(y+z) 2 


and 


xyz + xy + yz + zx = (x + l)yz + x(y + z) > x(y + z), 


it suffices to prove that 


x 2 + i(y + z) 2 + V2 x(y + z) > 0, 

which is equivalent to 

[x + -Uy + z)] 2 >0. 
a/2 

Thus, the proof is completed. The equality holds for a = b = c = 1. In addition, if 
k = V2, then the equality holds also for a = 0 and b = c = l + l/ V2 (or any cyclic 
permutation). 

Second Solution. Let a + b + c = p. For the nontrivial case p > 0, we write the original 
inequality in the homogeneous form 

(u + b + c)(a 2 + b 2 + c 2 ) (2 k + 3)(a + b + c) 2 (fc + 2)(a + b + c) 2 

-+ kabc +--->-^-, 

p p A p z 

or 


[p 2 — (fc + 2)p + 2k + 3](a + b + c) 3 + kp 3 abc — 2p 2 (a + b + c)(ab + be + ca) > 0. 
Since p 2 — (fc + 2)p + 2k + 3 > 0 for k = V2, using Schur’s inequality 
(a + b + c) 3 > —9 abc + 4(a + b + c)(ab + be + ca), 
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it suffices to show that 

2[p 2 — 2{k + 2)p + 2(2fc I - 3)](a + b -i- c)[ab ■+■ be + ca)-!- 
+[kp 3 - 9p 2 + 9(fc + 2)p - 9(2fc + 3)]abc > 0. 


Since 

and 


p 2 - 2 (fc + 2)p + 2(2fc + 3) = (p - k - 2) 2 > 0 
(a + b + c)(ab + be + ca) > 9abc, 


it is enough to prove that 

18[p 2 - 2(fc + 2)p + 2(2/c + 3)] + fcp 3 - 9p 2 + 9(fc + 2)p - 9(2fc + 3) > 0; 

that is, 

kp 3 + 9p 2 - 27{k + 2)p + 27{2k + 3) > 0, 

(fcp + 6 k + 9 )(p — 3) 2 > 0. 


□ 


P 3.3. If a, b, c are positive real numbers, then 

abc(a + b + c) + 2(a 2 + b 2 + c 2 ) + 3 > 4(ab + be + ca). 


First Solution. Applying the AM-GM inequality two times, we get 
abc(a + b + c) + 3 > 2-y/3abc(a~+~b-rc) > 


a + b + c 


Therefore, it suffices to prove that 

a 2 + b z + c 2 H-> 2(ab + be + ca), 

a + b + c 

which is just Schur’s inequality of third degree. The equality holds for a = b = c = 1. 
Second Solution. Applying the AM-GM, we get 


abc(a -I- b + c) + 3 = (a 2 be + 1) + (ab 2 c + 1) + (a be 2 + 1) > 2a\fb~c + 2b-/ca + 2 c\Tab. 


Thus, it suffices to prove that 


a 2 + b 2 + c 2 + asfbe + b-/ca + cV~ab > 2(ab + be + ca). 
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Substituting x = ■Ja, y = Vb, z = ■Jc, where x,y,z> 0, we need to show that 
x 4 + y 4 + z 4 + xyz(x + y + z)> 2(x 2 y 2 + y 2 z 2 + z 2 x 2 ). 

This inequality can be obtained by summing Schur’s inequality of degree four 

x 4 + y 4 + z 4 + xyz(x + y + z) > xy(x 2 + y 2 ) + yz(y 2 + z 2 ) + zx{z 2 + x 2 ) 
to 

xy(x 2 + y 2 ) + yz(y 2 + z 2 ) + zx{z 2 + x 2 ) > 2(x 2 y 2 + y 2 z 2 + z 2 x 2 ), 
which is equivalent to 

xy(x — y) 2 + yz(y — z) 2 + zx(z — x) 2 > 0. 


□ 


P 3.4. If a,b,c are positive real numbers, then 

a(b 2 + c 2 ) + b(c 2 + a 2 ) + c(a 2 + b 2 ) + 3 > 3 [ab + be + ca ). 

Solution. Write the inequality as follows 

(a + b + c)(ab + bc + ca) + 3 > 3(abc + ab + be + ca). 

(a + b + c — 3)(ab + be + ca) + 3 > 3 abc. 

Using the known inequality 

(a + b + c)(ab + be + ca) > 9abc, 

it suffices to show that 

3(a + b + c — 3)(ab + be + ca) + 9 > (a + b + c)(ab + be + ca), 
which is equivalent to 

[2(a + b + c) — 9 ](ab + be + ca) + 9 > 0. 

For the nontrivial case 2(a + b + c) — 9 < 0, using the known inequality 

(a + b + c) 2 > 3(ab + be + ca), 

it is enough to show that 

[2(a + b + c) — 9](a + b + c) 2 + 27^ 0. 

This inequality is equivalent to the obvious inequality 

(a + b + c — 3) 2 [2(a + b + c) + 3] > 0. 


The equality holds for a = b = c = 1. 


□ 
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P 3.5. If a, b, c are positive real numbers, then 

fl 2 + b 3 2 + c2 J > a 2 b 2 c 2 + (a - b) 2 (b - c) 2 (c - a) 2 . 

(Vasile Cirtoaje, 2011) 

Solution (by Vo Quoc Ba Can). Assume that a = min{a, b, c}. By virtue of the AM-GM 
inequality, we have 


fa 2 + b 2 + c 2 V 

(a 2 + b 2 + c 2 — 2 be) + be + be 

l 3 J 

3 


> (a 2 + b 2 + c 2 — 2bc)b z c 


2/2 


= a 2 b 2 c 2 + (b — c) z b z c z . 


2l2„2 


Thus, it suffices to prove that 

(b - c) 2 b 2 c 2 > (b - c) 2 (b - a) 2 (c - a) 2 . 

This is obvious, because b 2 > (b — a) 2 and c 2 > (c — a) 2 . The equality occurs for 
a = b = c. 

□ 


P 3.6. If a,b,c are nonnegative real numbers, then 

[ab(a + b) + bc(b + c) + ca(c + a)] 2 > 4(ab + be + ca)(a 2 b 2 + b 2 c 2 + c 2 a 2 ). 


(Vasile Cirtoaje and Vo Quoc Ba Can, 2011) 

First Solution. Assume that a > b > c. For the nontrivial case b > 0, by the AM-GM 
inequality, we have 


4(ab + be + ca)(a 2 b 2 + b z c 2 + c 2 a 2 ) < 


b(ab + bc + ca) + 


a 2 b 2 + b 2 c 2 + c 2 a 2 


l2 


Thus, it suffices to prove that 

a 2 b 2 + b 2 c 2 + c 2 a 2 

ab(a + b) + bc(b + c) + ca(c + a) > b(ab + be + ca) -\ -. 

b 

This inequality reduces to the obvious form 

ac(a — b)(b — c) > 0. 

The equality holds for a = b = c, for b = c = 0 (or any cyclic permutation), and for 
a = 0 and b = c (or any cyclic permutation). 
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Second Solution. We well prove the stronger inequality 

[ab(a + b) + bc(b + c) + ca(c + a)] 2 > 4(ab + bc + ca)(a 2 b 2 + b 2 c 2 + c 2 a 2 )+A, 
where 

A = (a — b) 2 (b — c) 2 (c — a) 2 . 

Let p = a + b + c,q = ab + bc + ca, r = abc. Since 

(a - b) 2 (b - c) 2 (c - a) 2 = -27r 2 + 2(9 pq - 2p 3 )r + p 2 q 2 - 4q 3 , 
we can write this inequality as 

(pq — 3r) 2 > 4q(q 2 — 2pr) — 27r 2 + 2(9pq — 2p 3 )r + p 2 q 2 — 4q 3 , 


which reduces to 


r(p 3 + 9r-4pq)>0. 


This is true since p 3 + 9r — 4pq > 0 (by the third degree Schur’s inequality). 


P 3.7. If a, b, c are positive real numbers, then 

(a) a 3 + b 3 + c 3 + ab + be + ca + 9 > 5(a + b + c); 

Cb) a 3 + b 3 + c 3 + 4(ab + be + ca) + 18 > ll(a + b + c). 

(Vasile Cirtoaje, 2010) 

Solution. Let p = a + b + c and q = ab + be + ca. From 

a(a — l) 2 + b(b — l) 2 + c(c — l) 2 > 0, 

we get 

a 3 + b 3 + c 3 > 2(a 2 + b 2 + c 2 ) — a —b — c = 2p 2 — p — 4q. 

(a) Using the result above and the known inequality p 2 > 3q, we have 

a 3 + b 3 + c 3 + ab + be + ca + 9 — 5(a + b + c)> 

> (2p 2 — p — 4q) + q + 9 — 5p = 2p 2 — 6p + 9 — 3q 

> 2p 2 - 6p + 9 -p 2 = (p - 3) 2 > 0. 

The equality holds for a = b = c = 1. 
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(b) Using the result above, we have 

a 3 + b 3 + c 3 + 4 (ab + be + ca ) + 18 — ll(a + b + 2 > 

> (2 p 2 -p-4q) + 4q + 18- lip = 2p 2 - 12p + 18 
= 2(p — 3) 3 > 0. 

The equality holds for a = b = c = 1. 


□ 


P 3.8. If a, b, c are positive real numbers, then 

(a) a 3 + b 3 +c 3 + abc + 8 > 4(a + b + c); 

(b) 4(a 3 + b 3 + c 3 ) + 15abc + 54 > 27(a + b + c). 


Solution. Let p = a + b + c and q = ab + bc + ca. By Schur’s inequality of third degree, 
we have 

p 3 + 9 abc > 4 pq, 


a) We have 


a 3 + b 3 + c 3 + abc = 4abc + p(p 2 - 3q) 
4p(4q — p 2 ) 


> 


+ P(P - 3q) 


p(5p 2 -llq) 


Then, it suffices to prove that 


p(5p 2 -llq) 


+ 8 > 4p, 


which is equivalent to 


Since p 2 > 3q, we have 


5p — 36p + 72 > llpq. 


3(5p 3 - 36p + 72 - llpq) > 3(5p 3 - 36p + 72) - lip 2 
= 4(p 3 - 27p + 54) = 4(p - 3) 2 (p + 6) > 0. 
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The equality holds for a = b = c = 1. 


(b) We have 

4(a 3 + b 3 + c 3 ) + 15abc = 2 7abc + 4p(p 2 — 3q) 

>3p(4q-p 2 ) + 4p(p 2 -3q)=p 3 . 

Then, it suffices to prove that 

p 3 + 54 > 27p, 

which is equivalent to the obvious inequality 

(p-3) 2 (p + 6)>0. 

The equality holds for a = b = c = 1, and also for a = 0 and b = c = 3/2 (or any cyclic 
permutation). 

Remark. Similarly, we can prove the following generalization ( Vasile Cirtoaje, 2010): 

• Let a, b, c be nonnegative real numbers. If0<k< 27/4, then 

a 3 + b 3 + c 3 + (fc — 3 jabc + 2k> kja + b + c). 


□ 


P 3.9. Let a, b, c be nonnegative real numbers such that 

a + b + c = a 2 + b 2 + c 2 . 


Prove that 

ab + be + ca> a 2 b 2 + b 2 c 2 + c 2 a 2 . 

(Vasile Cirtoaje, 2006) 

Solution (by Michael Rozenberg). From the hypothesis condition, by squaring, we get 

a 4 + b 4 + c 4 — a 2 — b 2 — c 2 = 2 (ab + be + ca — a 2 b 2 — b 2 c 2 — c 2 a 2 ). 

Therefore, we can write the required inequality as 

a 4 + b 4 + c 4 > a 2 + b 2 + c 2 . 

This inequality has the homogeneous form 

(a + b + c) 2 (a 4 + b 4 + c 4 ) > (a 2 + b 2 + c 2 f, 

which follows immediately from Holder’s inequality. The equality holds for a = b = 
c = 1, for a = b = c = 0, for (a, b, c) = (0,1,1) (or any cyclic permutation), and for 
(a, b, c) = (1,0,0) (or any cyclic permutation). 

□ 
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P 3.10. If a, b, c are nonnegative real numbers, then 

(a 2 + 2bc)(b 2 + 2ca)(c 2 + 2ab) > ( ab + bc + ca) 3 . 

(Vasile Cirtoaje, 2006) 

Solution. We have 

(a 2 + 2 bc)(b 2 + 2 ca)(c 2 + 2 ab) = 9 a 2 b 2 c 2 + 2 ^ a 3 b 3 + 4abc a 3 

and 

(ab + be + ca) 3 = 6a 2 b 2 c 2 + ^ a 3 b 3 + 3 abc ^ ab(a + b). 

So, we can rewrite the inequality as 

3 a 2 b 2 c 2 + ^a 3 b 3 + 4abc^a 3 > 3abc^^ab(a + b). 

Since J)a 3 b 3 > 3a 2 b 2 c 2 (by the AM-GM inequality), it suffices to prove that 

6 abc + 4 2> 3; = 3 Z ab(a + b). 

We can get this inequality by summing the inequalities 

- a 3 > abc 

3 1 

and _ _ 

3 abc + S a 3 > E ab(a + b). 

The first inequality follows from the AM-GM inequality, while the second is just the third 
degree Schur’s inequality. The equality holds when a = b = c, and also when two of 
a, b, c are zero. 

Remark. Similarly, we can also prove the following inequality 

(2a 2 + 7bc)(2b 2 + 7ca)(2c 2 + 7ab) > 27(ab + be + ca) 3 . 

□ 


P 3.11. If a, b,c are nonnegative real numbers, then 

(2a 2 + bc)(2b 2 + ca)(2c 2 + ab) > (ab + be + ca) 3 . 


(Vasile Cirtoaje, 2006) 
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First Solution. Since 

(2a 2 + bc)(2b 2 + ca)(2c 2 + ab) = 9 a 2 b 2 c 2 + 4^ a 3 b 3 + 2 abc ^ a 3 

and 

(ab + be + ca) 3 = 6a 2 b 2 c 2 + ^ a 3 b 3 + 3 abc ^ ab(a + b), 
the inequality is equivalent to 

3 a 2 b 2 c 2 + 3^ a 3 b 3 + 2abc^^a 3 > 3abc^^ab(a + b). 

We can get this inequality by summing 

-abc^ a 3 > 2 a 2 b 2 c 2 

and 

a 3 b 3 + 3 a 2 b 2 c 2 > abc ^ ab(a + b). 

The first inequality follows from the AM-GM inequality, while the second is just the 
third degree Schur’s inequality applied to the numbers ab, be and ca. The equality 
holds when a = b = c, and also when two of a, b, c are zero. 


Second Solution. By Holder’s inequality, we have 

(a 2 + be + a 2 )(b 2 + b 2 + ca)(ab + c 2 + c 2 ) > (ab + be + ca) 3 , 
from which the desired inequality follows. 

Remark. Using the first method, we can also prove the following inequality 
(5a 2 + bc)(5b 2 + ca)(5c 2 + ab) > 8(ab + be + ca) 3 . 


□ 


P 3.12. Let a, b, c be nonnegative real numbers such that a + b + c = 2. Prove that 
(a) (a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) < (a + b)(b + c)(c + a); 


(b) 


(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) < 2. 
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Solution. Assume that a = min{a, b,c}. It is easy to check that the equality holds in 
both of the inequalities for a = 0 and b = c = 1. 


(a) Since 


a 2 + b 2 <b(a + b) 


and 

c 2 + a 2 < c(c + a), 


it suffices to show that 

bc(b 2 + c 2 ) < b + c. 

By virtue of the AM-GM inequality and the hypothesis b + c <2, we have 

(b + c) 4 


2bc(b 2 + c 2 ) < 


2 be + (b 2 + c 2 ) 


< 2(b + c). 


The equality holds for a = 0 and b = c = 1 (or any cyclic permutation). 

(b) First Solution. Since 

a 2 + b 2 < b(a + b) 

and 

c 2 + a 2 < c(a + c), 

it suffices to show that 

bc(a + b)(a + c)(b 2 + c 2 ) < 2. 

By the AM-GM inequality, we have 


4bc(a + b)(a + c)(b 2 + c 2 ) < 


2b(a + c) + 2c(a + b) + (b 2 + c 2 ) 
3 


Therefore, we need to show that 

b 2 + c 2 + 4bc -I- 2ab + 2ac < 6. 


This is true since 

12 — 2(b 2 -I- c 2 + 4bc + 2 ab + 2ac) = 3(a + b + c) 2 — 2(b 2 + c 2 + 4bc + 2ab + 2ac) 

= 2a 2 + b 2 + c 2 — 2bc + 2ab + 2ac = 2a(a + b + c) + (b — c) 2 > 0. 

The equality holds for a = 0 and b = c = 1 (or any cyclic permutation). 

Second Solution. Let us denote 


F(a, b, c) = (a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ). 
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We will show that 

F(a, b, c) < F(0, b + a/2, c + a/2) < 2. 

The left inequality, 

(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) < (6 + a/2) 2 [(b + a/2) 2 + (c + a/2) 2 ](c + a/2) 2 , 


is true since 

a 2 + b 2 <(b + a/2) 2 , 
b 2 + c 2 < (b + a/2) 2 + (c + a/2) 2 , 
c 2 + a 2 < (c + a/2) 2 . 

The right inequality holds if the original inequality holds for a = 0; that is, 

b 2 c 2 (b 2 + c 2 )< 2 

for b + c = 2. Indeed, by virtue of the AM-GM inequality, we have 



2b 2 c 2 (b 2 + c 2 ) < 2bc{b 2 + c 2 ) < 
(b + c) 4 


2 be + (b 2 + c 2 ) 


= 4. 


□ 


P 3.13. Let a, b, c be nonnegative real numbers such that a + b + c = 2. Prove that 

(a 3 + b 3 )(b 3 + c 3 )(c 3 + a 3 ) < 2. 

Solution. Due to symmetry, we may assume that a = min{a, b, c}. It is easy to check 
that the equality holds for a = 0 and b = c = 1. Write the inequality as 

[]> + £>)] []> 2 ~ ab + k 2 )] ^ 2 - 

Since 

+ b) < (a + b + c)(ab + be + ca) = 2(ab + be + ca), 
it suffices to show that 


(ab + bc + ca)] - |(a 2 — ab + b 2 )<l. 
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Since 

a 2 — ab + b 2 < b 2 

and 

c + ca + a < c , 

it suffices to show that 


b 2 c 2 (ab + be + ca)(b 2 — be + c 2 ) < 1. 
In virtue of the AM-GM inequality, we have 


b 2 c 2 (ab + be + ca)(b z — bc + c z ) < 


bc + be + (ab + bc + ca ) + (b 2 — be + c 2 ) 


Therefore, it remains to show that 

b 2 + c 2 + 2be + ab + ca < 4. 


This is true since 

4 — (b 2 + c 2 + 2 be + ab + ca) = (a + b + c) 2 — (b 2 + c 2 + 2bc + ab + ca) 

= a(a + b + c) > 0. 

The equality holds for a = 0 and b = c = 1 (or any cyclic permutation). 


□ 


P 3.14. Let a, b, c be nonnegative real numbers such that a 2 + b 2 + c 2 = 2. Prove that 

(a 3 + b 3 )(b 3 + c 3 )(c 3 + a 3 ) < 2. 

(Vasile Cirtoaje, 2011) 

Solution. Let x = a 2 , y = b 2 , z = c 2 , where x + y + z = 2. Since 

(a 3 + b 3 ) 2 < (a 2 + b 2 )(a 4 + b 4 ) = (x + y)(x 2 + y 2 ), 
it suffices to prove that 

(x + T)(y + z)(z + x)(x 2 + y 2 )(y 2 + z 2 ){z 2 + x 2 ) < 4. 

Due to symmetry, we may assume that x = min{x,y,z}. It is easy to check that the 
equality holds for x = 0 and y = z = 1. Since 


(x + y)(y + z)(z + x) < (x + y + z)(xy + yz + zx) = 2 (xy + yz + zx) 
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and 

x 2 + y 2 <y(x + y), z 2 + x 2 < z(x + z), 

it suffices to show that 

yz(xy + yz + zx)(x + y)(x + z)(y 2 + z 2 ) < 2. 

Write this inequality as 

[2yz][2(xy + yz + zx)][2(x + y)(x + z)](y 2 + z 2 ) < 16. 
By the AM-GM inequality, it suffices to show that 


2yz + 2(xy + yz + zx ) + 2(x + y)(x + z) + (y 2 + z 2 ) " |4 


< 16. 


This inequality is equivalent to 

2x 2 + y 2 + z 2 + 6 yz + 4xy + 4 zx < 8, 

2x 2 + y 2 + z 2 + 6yz + 4xy + 4zx < 2(x + y + z) 2 , 

= (y-z) 2 > o. 

The equality holds for a = 0 and b = c = 1 (or any cyclic permutation). 


□ 


P 3.15. If a, b, c are nonnegative real numbers such that a + b + c = 2, then 
(3a 2 — 2 ab + 3b 2 )(3b 2 — 2 be + 3c 2 )(3c 2 — 2ca + 3a 2 ) < 36. 

(Vasile Cirtoaje, 2011) 

Solution. Due to symmetry, assume that a = min{a, b,c}. Under this assumption, we 
can check that the equality holds for (a, b, c) = (0,1,1). Since 

0 < 3a 2 — 2ab + 3b 2 < b(a + 3b) 

and 

0 < 3c 2 — 2ca + 3a 2 < c(a + 3c), 

it suffices to show that 

bc(a + 3b)(a + 3c)(3b 2 — 2 be + 3c 2 ) < 36. 

Write this inequality as 

[4b(a + 3c)][4c(a + 3b)][3(3b 2 — 2 bc + 3c 2 )] < 12 3 . 
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By virtue of the AM-GM inequality, it suffices to show that 


4 b(a + 3c) + 4c(a + 3b) + 3(3 b 2 — 2 be + 3c 2 ) 


l3 


< 12 J 


This is equivalent to 
We have 


9(b + c) 2 + 4a(b + c) < 36. 


36 — 9 (b + c) 2 — 4a(b + c) = 9(a + b + c) 2 — 9(b + c) 2 — 4a(b + c) 

= a(9a + 14b + 14c) > 0. 

The equality holds for a = 0 and b = c = 1 (or any cyclic permutation). 

Remark. Similarly, we can prove the following more general statement. 

2 

• Let a, b, c be nonnegative real numbers. If —<k< 2, then 

(a 2 — kab + b 2 )(b 2 — kbc + c 2 )(c 2 — kca + a 2 ) < — —- (a + b + c) 6 , 

2/(2 T k ) 

be 3k 

with equality for a = 0 and —I— = H-(or any cyclic permutation). 

c b 2 

2 

Actually, this inequality holds for - < k < 5. 


□ 


P 3.16. Let a, b, c be nonnegative real numbers such that a + b + c = 3. Prove that 
(a 2 — 4ab + b 2 )(b 2 — 4bc + c 2 )(c 2 — 4ca + a 2 ) < 3. 

(Vasile Cirtoaje, 2011) 

Solution. Assume that a < b < c. It is easy to show that the equality holds for a = 0 
and b 2 + c 2 = 7bc. If c 2 — 4ca + a 2 < 0, then a 2 — 4ab + b 2 < 0 and b 2 — 4bc + c 2 < 0, 
since b < c < (2+ V3)a and c < (2+ V3)a < (2+ \/3)b. Therefore, there two non-trivial 
cases when the left hand side of the inequality is nonnegative: when all three factors 
are nonnegative and when a 2 — 4ab + b 2 < 0, b 2 — 4bc + c 2 < 0, c 2 — 4ca + a 2 > 0. 

Case 1: a 2 —4ab + b 2 > 0, b 2 —4bc + c 2 > 0, c 2 —4ca + a 2 > 0. Since a 2 —4ab + b 2 < b 2 
and c 2 — 4ca + a 2 < c 2 , it suffices to prove that 

b 2 c 2 (b 2 — 4bc + c 2 ) < 3. 

In virtue of the AM-GM inequality, we have 

b 2 c 2 (b 2 — 4bc + c 2 ) = -(3bc)(3bc)(b 2 — 4bc + c 2 ) 
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__ 1 f 3bc + 3bc + (b 2 — 4bc + c 2 ) 
“ 9 i 3 




Case 2: a z — 4ab + b 2 < 0, b 2 — Abe + c 2 < 0, c z — 4ca + a z > 0. We have 


2 ^ r\ „2 


a>(2-V3)b. 


(4 ab — a z — b 2 )(4bc — b 2 — c 2 )(c 2 — 4ca + a 2 ) < 


(4ab — a z — b z ) + (4bc — b 2 — c 2 ) + (c 2 — 4ca + a 2 ) 


= —(2 ab + 2 be — 2 ca — b 2 ) 3 , 


it suffices to prove that 


81 1 

(2ab + 2 be — 2ca — b 2 ) 3 < — = —(a + b + c) 6 , 

8 72 


which is equivalent to 


2\/~9(2ab + 2be — 2ca — b 2 ) < (a + b + c) 2 . 


3 /— ^ 

Since 2v9 < —, it suffices to show that 


21(2ab + 2 be — 2ca — b 2 ) < 5(a + b + c) 2 


Write this inequality as / (a) > 0, where 


/(a) = 5a 2 + 4(13c — 8 b)a + 26b 2 + 5c 2 — 32bc. 


From a > (2 — V3)b, we get 4a > b, 5a 2 > —, and hence 


/(a) >-1- (13c — 8b)b + 26b 2 + 5c 2 — 32bc = —(19b — 10c) 2 > 0. 

20 20 


b c 

This completes the proof. The equality holds for a = 0 and —I— = 7 (or any cyclic 

c b 

permutation). 
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P 3.17. If a, b, c are positive real numbers such that a + b + c = 3, then 

12 


abc + 


ab + bc + ca 


> 5. 


Solution. By the third degree Schur’s inequality 

(a + b + c) 3 + 9 abc > 4(a + b + c)(ab + be + ca), 
we get 3 abc > 4(ab + bc + ca) — 9. Thus, it suffices to prove that 

3 6 

4(ab + be + ca) —9 H— --->15. 

ab + be + ca 

This inequality is equivalent to 

(ab + be + ca — 3) 2 > 0. 

The equality holds for a = b = c = 1. 


□ 


P 3.18. If a, b, c are positive real numbers such that a 2 + b 2 + c 2 = 3, then 

3 

5(a + b + c) H—— > 18. 
abc 


Solution. Let x = (a + b + c)/3. From 

2(ab + be + ca) = (a + b + c) 2 — (a 2 + b 2 + c 2 ) = 3(3x 2 — 1) > 0, 
we get x > 1 / V3. By the known inequality 

(ab + be + ca) 2 > 3abc(a + b + c), 


we get 


Then, it suffices to prove that 


1 4x 

abc ~ (3x 2 — l) 2 


5x + 


4x 

(3x 2 -l) 2 


> 6 , 


15x 5 - 18x 4 - 10x 3 + 12x 2 + 3x - 2 > 0, 


which is equivalent to 
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(x - 1) 2 (15 x 3 + 12x 2 - x - 2) > 0. 

We still have to show that 15x 3 + 12x 2 — x — 2 > 0. Since x > 1/ \/3, we get 

1 2 

15x 3 + 12x 2 — x — 2 > x 2 (12- -)>x 2 (12-'/3-6)>0. 

x x 2 


The equality holds for a = b = c = 1. 


□ 


P 3.19. If a, b, c are positive real numbers such that a 2 + b 2 + c 2 = 3, then 

12 + 9 abc > 7(ab + be + ca). 


(Vasile Cirtoaje, 2005) 


Solution. Let x = (a + b + c)/3. Since 

2(ab + be + ca) = (a + b + c) 2 — (a 2 + b 2 + c 2 ) = 3(3x 2 — 1), 
we can write the inequality as 

5 + 2 abc > 7x 2 . 

By Schur’s inequality of degree three 

(a + b + c) 3 + 9 abc > 4(a + b + c)(ab + bc + ca), 


we get 

3x 3 + abc > 2x(3x 2 — 1), 
abc > 3x 3 — 2x. 

Then, 

5 + 2 abc - 7x 2 > 5 + 2(3x 3 - 2x) - 7x 2 = (x - l) 2 (6x + 5) > 0. 

The equality holds for a = b = c = 1. 

□ 


P 3.20. If a, b, c are positive real numbers such that a 2 + b 2 + c 2 = 3, then 

21 + 18abc > 13(ab + be + ca). 


(Vasile Cirtoaje, 2005) 
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Solution. Let p = a + b + c and q = ab + be + ca. From 

2q = (a + b + c) 2 — (a 2 + b 2 + c 2 ) = p 2 — 3 > 0, 
we get p > V3. In addition, from Schur’s inequality of degree four, written in the form 

(p 2 -q)(4q-p 2 ) 


we get 


abc > 


abc > 


6 P 

(p 2 + 3)(p 2 — 6) 


Therefore, 

21 + 18abc — 13(ab + be + ca) > 21 + 


12p 

3(p 2 + 3)(p 2 -6) 13(p 2 — 3) 


2 P 


(p-3) 2 (3p 2 + 5p —6) 
2 P 


> 0. 


The equality holds for a = b = c = 1. 


□ 


P 3.21. If a, b, c are positive real numbers such that a 2 + b 2 + c 2 = 3, then 

(2 — ab)(2 — bc)(2 — ca) > 1. 

(Vasile Cirtoaje, 2005) 

First Solution. Let p = a + b + c. From 3(a 2 + b 2 + c 2 ) > (a + b + c) 2 , we get p < 3. 
Since 


(2 — ab)[2 — bc)(2 — ca) = 8 — 4(ab + be + ca) + 2 abc(a + b + c) — a 2 b 2 c 2 

= 8 — 2(p 2 — 3) + 2 abep — a 2 b 2 c 2 
= 14-p 2 -(p-abc) 2 , 

we can write the inequality as 

13 - p 2 -(ip-abc) 2 >0. 


Clearly, 

3(p — abc) = (a 2 + b 2 + c 2 )(a + b + c) — 3 abc > 0. 
By Schur’s inequality 

(a + b + c) 3 + 9 abc > 4(a + b + c)(ab + bc + ca), 



188 


Vasile Cirtoaje 


we get 


p 3 + 9 abc > 2 pip 2 — 3), 


Since 


0 < p — abc < p ■ 


pip 2 ~ 6) p(15-p 2 ) 


it suffices to prove that 


2 p 2 (15-p 2 ) 2 

13 — p 2 ——- ^-> 0. 

81 


Setting p = 3 -Jx, 0 < x < 1, this inequality becomes 


13 — 34x + 30x 2 — 9x 3 > 0. 


It is true because 

13 - 34x + 30x 2 - 9x 3 = (1 - x)(13 - 21x + 9x 2 ) 

= (1 — x)[l + 3(1 — x)(4 — 3x)] > 0. 


The equality holds for a = b = c = 1. 


Second Solution. We use the mixing variable method. Assume that a < 1 and show 
that 


(2 — ab)(2 — bc)(2 — ca) > (2 — x 2 )(2 — ax) 2 > 1, 

where x = 

similarly, 2 — ca > 0, 2 — ab > 0, we can prove the left inequality by multiplying the 
inequalities 

2 — be > 2 — x 2 


b 2 + c 2 


\ 


3 —a 


. Since 2 — be > 2 - (b 2 + c 2 ) >2->0 and, 

2 2 2 


and 

(2 — ca)(2 — ab) > (2 — ax) 2 . 
The last inequality is true because 


(2 — ca)(2 — ab) — (2 — ax) 2 = 2a(2x — b — c) — a 2 (x 2 — be) 

2 a(b —c) 2 a 2 (b —c) 2 

2x + b + c 2 

a(b — c) 2 [4 — a(2x + b + c)] 


2(2x + b + c) 
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and 

4 — a(2x + b + c) > 4(1 — ax) = 2(2 — a V 6 — 2a 2 ) 
_ 4(1 — a 2 )(2 — a 2 ) > n 
2 + aV6 — 2a 2 

The right inequality (2 — x 2 )(2 — ax) 2 > 1 is equivalent to 

(1 + a 2 )(2 — ax) 2 > 2. 

Since 2(1 + a 2 ) > (1 + a) 2 , it suffices to show that 

(1 + a)(2 — ax) > 2. 


Indeed, 


(1 + a)(2 — ax) — 2 = a(2 — x — ax) = 


a(a 4 + 2a 3 — 2a 2 — 6a + 5) 


a(a ■ 


2(2 + x + ax) 
l) 2 (a 2 + 4a + 5) 


2(2 + x + ax) 


> 0. 


□ 


P 3.22. Let a, b, c be positive real numbers such that abc = 1. Prove that 


a + b + cA 5 a 2 + b 2 + c 2 


> 


First Solution. Write the inequality in the homogeneous form 

(a + b + c) 5 > 81abc(a 2 + b 2 + c 2 ). 

Using to the known inequality 

(ab + bc + ca) 2 > 3 abc{a + b + c), 

it suffices to show that 

(a + b + c) 6 > 27(ab + be + ca) 2 (a 2 + b 2 + c 2 ). 


Setting p = a + b + c and q = ab + be + ca, we have 

(a + b + c) 6 — 2 7(ab + be + ca) 2 (a 2 + b 2 + c 2 ) = p 6 — 2 7q 2 (p 2 — 2q) 

= (p 2 -3q) 2 (p 2 + 6q)>0. 
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The equality occurs for a = b = c = 1. 

Second Solution. Use the mixing variable method. We show that 

, , . , b + c b + 

E(a, b, c) > E(a, ——, ——) > 0, 

where 

E(a, b, c) = (a + b + c) 5 — 81abc(a 2 + b 2 + c 2 ). 

Indeed, we have 


and 


1 rr ., , ^ b + c b + c.. 

-[E(a,b,c)-E(a, = 

ol Z Z 


= a 3 [(^) 2 - be] + a[ 2{ h -ZZf - bc{b 2 + c 2 )] 


= -a 3 (b — c) 2 + -a(b — c) 4 > 0 
4 8 


£(a, 


b + c 


b + c 
2 


) = 


= (a + b + c) 5 - a(b + c) 2 [2a 2 + (b + c) 2 ] 

8 

= -(2a — b — c) 2 [2a 3 + 12a 2 (b + c) — 9a(b + c) 2 + 8(b + c) 3 ] > 0, 
8 


since 


2a 3 + 12a 2 (b + c) — 9a(b + c) 2 + 8(b + c) 3 ] > 

> 6a 2 (b + c) — 12a(b + c) 2 + 6(b + c) 3 
= 6(b + c)(a — b — c) 2 > 0. 


□ 


P 3.23. If a, b, c are positive real numbers such that abc = 1 , then 

a 3 + b 3 + c 3 + a -3 + b -3 + c -3 + 21 > 3(a + b + c)(a -1 + b _1 + c _1 ). 

Solution. Since 



a 3 + b 3 + c 3 + a 3 + b 3 + c 3 + 3 = 
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and 

(a + b + c)(a -1 + b -1 + c -1 ) 
we can write the desired inequality in the homogeneous form 


f a 

b c' 

fb 

c a\ 

— + 

- + - 

+ 

1 

+ 

T + “ 

yb 

c a. 

\CL 

b c J 


\fb c a\ n n fa b cT n fb c a 
)(- + - + -+9>3- + - + -+3- + - + - 


a b c 

b c a J Va b c 


or 


a b c \ f b c a 

- + - + --3 — + — H- 3|>0. 

b c a J \a b c 


This is true since, by the AM-GM inequality, 


a b c b c a 

- + - + -> 3, - + - + -> 3. 

b c a a b c 


The equality holds for a = b = c = 1. 


□ 


P 3.24. If a, b, c are positive real numbers such that abc = 1, then 


a z + b 2 + c 2 — ab — be — ca > -(a + b + c — 3). 


Solution. Write the inequality in the form 

3(4v 2 — 3x + 3) > 4 (ab + bc + ca), 

where x = (a + b + c)/3. By the AM-GM inequality, we have x > v' abc = 1. The third 
degree Schur’s inequality states that 

(a + b -I- c) 3 + 9 abc > 4(a + b + c)(ab + bc + ca), 

which is equivalent to 


4(ab + be + ca) < 


3(3x 3 + 1) 


Therefore, it suffices to show that 


x 


3(4x 2 — 3x + 3) > 


3(3x 3 + 1) 


x 

This inequality reduces to (x — l) 3 > 0, which is obviously true for x > 1. The equality 
holds for a = b = c = 1. 


□ 
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P 3.25. If a, b, c are positive real numbers such that abc = 1, then 
a 2 + b 2 + c 2 + a + b + c> 2{ab + be + ca). 


Solution. Let p = a + b + c and q = ab + be + ca. By virtue of the AM-GM inequality, 
we have p > 3^ abc = 3, and by Schur’s inequality 

p 3 + 9abc > 4 pq, 


we get 


Therefore, 


4q < 


p 3 + 9 
P 


a 2 + b 2 + c 2 + a + b + c — 2 (ab + bc + ca) = p 2 + p — 4q> p 2 + p — 


p 3 + 9 


(P ~ 3 Xp + 3) 


>0. 


The equality holds for a = b = c = 1. 


□ 


P 3.26. If a, b, c are positive real numbers such that abc = 1, then 

a 2 + b 2 + c 2 + 15(ab + bc + ca) > 16(a + b + c). 

Solution. Write the inequality as F(a, b, c) > 0, where 

F(a, b, c) = a 2 + b 2 + c 2 + 15 ( —T -—I—] — 16(a + b + c). 

\a b c J 

Assume that a> b > c, and denote 

t = V~bc, 0 < t < 1 , at 2 = 1 . 

We will show that 

F(a,b,c)>F(a,t,t)> 0. 

Since 

F(a, b, c) — F(a, t, t) = b 2 + c 2 — 2t 2 + 15 \ —I-) — 16(b + c — 2t) 

Vb c tj 
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= (b — c) 2 + 15 — -J= j — 16(\/b —\/c) 2 


(\/b — -v/c) 2 I (\/b + \/c) 2 + 7^ — 16 > (V~b — \fc) 2 ( 4 \fbc. + — 16 ) , 


f. n~ 15 


be 


V 


be 


it suffices to show that 


15 


4t + — -16> 0. 

t 2 


Indeed, 


15 15 (1 —1)(15 — t) 

4t + — - 16 > t +-16 = ----- > 0. 

t 2 t t 


The inequality F(a, t,t)> 0 is equivalent to 

(t - l) 2 (17t 4 + 21 3 - 13t 2 + 2t + 1) > 0. 


We have 

17t 4 + 21 3 - 13t 2 + 2t + 1 = (2t - l) 4 + t(t 3 + 34t 2 - 37t + 10) 
= (2t - l) 4 + ^[t(2t - l) 2 + 140t 2 - 149t + 40] > 0 
since D = 149 2 — 4 • 140 • 40 = —199. The equality holds for a = b = c = 1. 


□ 


P 3.27. If a, b, c are positive real numbers such that abc = 1, then 

2 1 3 

-1— s -. 

a + b + c 3 ab + be + ca 


Solution. Let x = (ab + be + ca)/ 3. By virtue of the AM-GM inequality, we have 

v > \Jab ■ be ■ ca = 1. 

The third degree Schur’s inequality applied to ab, be, ca, states that 

(ab + bc + ca) 3 + 9 a 2 b 2 c 2 > 4 abc(a + b + c)(ab + be + ca), 
which is equivalent to 


3 4x 


Therefore, 


, 2 1 

31 -t-+ -- 


a + b + c 3x 3 + 1 

3 A 8x 


3 

, >-hi- 

a + b + c 3 ab + bc + caj 3x 3 +1 x 
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3x 4 — 9x 3 + 8x 2 + x — 3 (x — l)(3x 3 — 6x 2 + 2x + 3) 
x(3x 3 + l) x(3x 3 + l) 

Since x > 1, we need to show that 3x 3 — 6x 2 + 2x + 3 > 0. For x > 2, we have 
3x 3 — 6x 2 + 2x + 3 > 3x 3 — 6x 2 = 3x 2 (x — 2) > 0, 
and for 1 < x < 2, we have 

3x 3 — 6x 2 + 2x + 3 = 3x(x — l) 2 + 3 — x > 0. 


The equality holds for a = b = c = 1. 


□ 


P 3.28. If a, b, c are positive real numbers such that abc = 1, then 

6 


ab + be + ca + 


> 5. 


a + b + c 

(Vasile Cirtoaje, 2005) 

First Solution. Denoting x = (ab + be + ca)/3, the inequality can be written as 

(a + b + c)(3x — 5) + 6 > 0. 


In virtue of the AM-GM inequality, we get x > 1. Since the inequality holds for x > 5/3, 
consider next that 1 < x < 5/3. Applying the third degree Schur’s inequality to the 
numbers ab, be and ca, we have 

(ab + be + ca) 3 + 9a 2 b 2 c 2 > 4abc(a + b + c)(ab + be + ca), 


which is equivalent to 


a + b + c < 


3(3x 3 + 1) 
4x 


Having in view that 3x — 5 < 0, it suffices to prove that 


3(3x 3 + l)(3x — 5) „ 

—---- + 6 > 0 

4x 

This inequality is equivalent to 

9x 4 — 15x 3 + llx — 5 > 0, 


(x — l)(9x 3 — 6x 2 — 6x + 5) > 0. 
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Since 


9x 3 — 6x 2 — 6x + 5 > 9x 3 — 6x 2 — 6x + 3 = 3(x — l)(3x 2 + x — 1) > 0, 


the conclusion follows. The equality holds for a = b = c = 1. 

Second Solution (by Vo Quoc Ba Can). Among a — 1, b — 1, c — 1 there are two with 
the same sign. Due to symmetry, assume that (b — l)(c — 1) > 0; that is, b + c < 1 + be. 
Then, 

6 6 6 a 

- > - = -. 

a + b + c a + 1 + be a 2 + a + l 

On the other hand, using the AM-GM inequality yields 

ab + be + ca = a(b + c) + be > 2a\fbe + be = 2 Va -\—. 

a 

Therefore, it suffices to prove that 

1 6 a 

2-\[a-\ -1— -— > 5. 

a a z + a + 1 


Setting *Ja = x, this inequality becomes as follows 


2x + — + 


6x 2 


X 4 + X 2 + 1 


> 5, 


2xH—- — 3>2 — 


6x 2 


x 4 + x 2 + 1 ’ 


(x — 1) 2 (2 x + 1) 2(x 2 — l) 2 


X 4 + X 2 + 1 
,3 2 


(x — 1) 2 (2x 5 — x 4 — 2x^ — x z + 2x + 1) > 0, 
(x — l) 2 [x(x — 1) 2 (2x 2 + 3x + 2) + 1] > 0. 


□ 


P 3.29. If a, b, c are positive real numbers such that abc = 1, then 
•^(1 + a)(l + b)( 1 + c) > y 4(1 + a + b + c). 


(Pham Huu Due, 2008) 
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Solution. Since 


(1 + a)(l + b)(l + c) = (1 + a + b + c) + (1 + ab + be + ca) 

^ 2-^(1 + o. + b + c)(l + oh + be + ca), 

it suffices to prove that 

(1 + ab + be + ca) 2 > 4(1 + a + b + c), 


which is equivalent to 

(l+q) 2 >4(l+p), 

where p = a + b + c, q = ab + be + ca. Setting x = be, y = ca, z = ab in Schur’s 
inequality 

(x + y + z) 3 + 9xyz > 4(x + y + z)(xy + yz + zx), 

we get 

q 3 + 9 > 4pq. 

Since 

(l + q) 2 -4(l+p)>(l+q) 2 -4-^-^ 

<? 

(q-3)(2q + 3) 

9 


it suffices to show that q > 3. Indeed, by the AM-GM inequality, we have 

q = ab + be + ca > 3\/ a 2 b 2 c 2 = 3. 

The equality holds for a = b = c = 1 


□ 


P 3.30. If a, b, c are positive real numbers, then 

a 6 + b 6 + c 6 — 3 a 2 b 2 c 2 > 18(a 2 — bc)(b 2 — ca)(c 2 — ab). 

(Vasile Cirtoaje, 2007) 

Solution. Due to homogeneity, we may assume that abc = 1, when the inequality can 
be written as 


a 6 + b 6 + c 6 -3 > 18(a 3 + b 3 + c 3 -a 3 b 3 - b 3 c 3 -c 3 a 3 ). 
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Substituting a 3 , b 3 , c 3 by a, b, c, respectively, we need to show that abc = 1 implies 
F(a, b, c) > 0, where 

F(a, b,c) = a 2 + b 2 + c 2 — 3 — 18(a + b + c — ab — be — ca). 

To do this, we use the mixing variable method. Without loss of generality, assume that 
a > 1. We claim that 

F(a, b, c) > F(a, \[bc, \fbc ) > 0. 

We have 

F(a, b, c) — F(a, \/bc, yfbc) = (b — c) 2 — 18(^1? — -/c) 2 + lSaCV^b — -/c) 2 

= (b — c) 2 + 18(a — l)(\/b — \/c) 2 > 0. 


Also, putting V~bc = t, we have 


F(a, t/bc, \/bc) = F(-^, t, t) = + 20t 2 — 3 — ^ — 36t + — 

t z t 4 t z t 


(t-l) 2 (2t-l) 2 (t + l)(5t + l) 

t 4 


>0. 


The equality holds for a = b = c, and for a/2 = b = c (or any cyclic permutation). 


□ 


P 3.31. If a, b, c are positive real numbers such that a + b + c = 3, then 

111 

a 2 b 2 c 2 


1 +i + 4r>a 2 + b 2 + c 2 . 


First Solution. Since 


it suffices to prove that 


which is equivalent to 


111111 

a 2 b 2 c 2 ~ ab be ca’ 


— + - + ->a 2 + b 2 + c 2 , 
ab be ca 


abc(a 2 + b 2 + c 2 ) < 3. 
Let x = (ab + be + ca)/3. From the known inequality 


(Vasile Cirtoaje, 2006) 


(ab + bc + ca) 2 > 3abc(a + b + c), 
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we get abc < x 2 . On the other hand, we have 

a 2 + b 2 + c 2 = (a + b + c) 2 — 2 (ab + be + ca ) = 9 — 6x. 

Then, 

abc(a 2 + b 2 + c 2 ) — 3 < x 2 (9 — 6x) — 3 = —3(* — l) 2 (2v + 1) < 0. 
The equality holds for a = b = c = 1. 



Thus, the conclusion follows. 

Case 2: a > 1 + V2. Since b + c = 3 — a < 2 — s[2 < -, we have 

3 

1 0 1 
be < —(b + c) 2 < -, 

4 9 

and hence 

111112 ^,^9,99 
+ — + — + — > — 18 > (a + b + c) 2 > a 2 + b 2 + c 2 . 

a z b z c z b z c z be 

□ 


P 3.32. If a, b, c are positive real numbers such that ab + be + ca = 3, then 

a 3 + b 3 + c 3 + 7abc > 10. 


(Vasile Cirtoaje, 2005) 
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Solution. Let x — (a + b + c)/ 3. By the well-known inequality 


(a + b + c) 2 > 3(ab + be + ca), 


we get x > 1. Since 


a 3 + b 3 + c 3 = 3 abc + (a + b + c) 3 — 3(a + b + c)(ab + bc + ca) 
= 3 abc + 27x 3 — 27x, 


we can write the inequality as 


lOabc + 27x 3 - 21 x -10 > 0. 


For x > -, this inequality is true, since 


27x 3 - 2 lx - 10 = 27x(x 2 - 1) - 10 > 36(-1) - 10 = 18. 


For 1 < x < -, we use Schur’s inequality 

(a + b + c) 3 + 9 abc > 4(a + b + c){ab + bc + ca), 


which is equivalent to 


Therefore, 


abc + 3x 3 — 4x > 0. 


lOabc + 2 lx 3 - 2lx - 10 > 10(-3x 3 + 4x) + 27x 3 - 2 lx - 10 

= (x - 1)[4 —3x + 3(2 -x 2 )] > 0. 

The equality holds for a = b = c = 1. 


P 3.33. If a, b, c are nonnegative real numbers such that a 3 + b 3 + c 3 = 3, then 


a 4 b 4 + b 4 c 4 -I- c 4 a 4 < 3. 


(Vasile Cirtoaje, 2003) 


Solution. By virtue of the AM-GM inequality, we have 

b 3 + c 3 + 1 4 —a 3 


3 
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Then, we have 


Similarly, 


b 4 c 4 < 


4 b 3 c 3 — a 3 b 3 c 3 


c 4 a 4 < 


4 c 3 a 3 — a 3 b 3 c 3 


a 4 b 4 < 


4 a 3 b 3 — a 3 b 3 c 3 


Summing these inequalities, we obtain 
a 4 b 4 + b 4 c 4 + c 4 a 4 < 


4 (a 3 b 3 + b 3 c 3 + c 3 a 3 ) 


-a 3 b 3 c 3 . 


Thus, using the substitutions x = a 3 , y = b 3 , z = c 3 , it suffices to prove that 

4(xy + yz + zx ) < 3 xyz + 9, 

where x,y,z are nonnegative real numbers satisfying x + y +z = 3. This follows imme¬ 
diately from Schur’s inequality 

4(x + y + z)(xy + yz + zx) < 9xyz + (x + y + z) 3 . 

The equality holds for a = b = c = 1. 

Remark 1. Using the contradiction method, it is easy to prove the reverse statement. 

• If a, b, c are nonnegative real numbers such that a 4 b 4 + b 4 c 4 + c 4 a 4 = 3, then 

a 3 + b 3 + c 3 > 3. 


Remark 2. The inequality in P 3.33 is a particular case of the following more general 
statement (Vasile Cirtoaje, 2003). 

• Let a, b, c be nonnegative real numbers such that a + b + c = 3. IfO<k<k 0 , where 


In 3 


In 9 — In 4 


1.355, 


then 

a k b k + b k c k + c k a k < 3. 


□ 


P 3.34. If a, b, c are nonnegative real numbers, then 

(a + l) 2 (b + l) 2 (c + l) 2 > 4(a + b + c)(ab + bc + ca) -I- 28 abc. 


(Vasile Cirtoaje, 2011) 
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Solution. By the AM-GM inequality, we have 


(a + l)(b + l)(c + 1) = (abc + 1) + (a + b + c) + (ab + bc + ca ) 

> 2\Jabc + 2 

Thus, it suffices to prove that 

[Vabc + y^(a^i- _ b^i-^Xab^i- _ bc^rca)] 2 > (a + b + c)(ab + be + ca) + 7abc, 
which can be written as 

y^bcfcT+b^l-^Xcrb^l-Tc^l-Ta) > 3 abc. 


This is true since 

(a + b + c)(ab + be + ca) — 9abc = a(b — c) 2 + b(c — a) 2 + c(a — b) 2 > 0. 
The equality holds for a = b = c = 1. 


□ 


P 3.35. If a, b, c are positive real numbers such that a + b + c = 3, then 

1 + 8 abc > 9min{a, b, c}. 


(Vasile Cirtoaje, 2007) 

Solution. Without loss of generality, assume that a = min{a, b, c), a < 1. The inequality 
becomes 

1 + 8 abc > 9a. 

From (a — b)(a — c) > 0, we get 

be > a(b + c) — a 2 = a(3 — a) — a 2 = a(3 — 2a 2 ). 


Therefore, 


1 + 8abc - 9a > 1 + 8a 2 (3 - 2a 2 ) - 9a = (1 - a)(l - 4a) 2 > 0. 

115 ' 


The equality holds for a = b = c = 1, and also for (a, b,c) = 
permutation. 


4’ 4’ 2 


or any cyclic 


□ 
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P 3.36. If a, b, c are positive real numbers such that a 2 + b 2 + c 2 = 3, then 

1 + 4 abc > 5 min{a, b, c}. 

(Vasile Cirtoaje, 2007) 

Solution. Without loss of generality, assume that a = min{a, b, c}, a < 1. The inequality 
can be written as 

1 + 4abc > 5a. 

From (a 2 — b 2 )(a 2 — c 2 ) > 0, we get 

be > a Vb 2 + c 2 — a 2 = a V 3 — 2a 2 . 

Therefore, it suffices to prove that 

4aV3-2a 2 > 5a-l. 

We consider two cases. 

Case 1: 0 < a < 1/2. Since V3-2a 2 > yfsjl > 25/16, it is enough to show that 

25 9 

— a 2 > 5a — 1. 

4 

This inequality is equivalent to (5a — 2) 2 > 0. 

Case 2: 1/2 < a < 1. By squaring, the inequality can be restated as 

32a 6 - 48a 4 + 25a 2 - 10a + 1 < 0, 


or 

(1 - a)(32a 5 + 32a 4 - 16a 3 - 16a 2 + 9a - 1) > 0. 

It is true, since 

32a 5 + 32a 4 - 16a 3 - 16a 2 + 9a - 1 = 

= (2a - l)(16a 4 + 24a 3 + 4a 2 - 6a + 1) + a 
> (2a - l)(8a 3 + 4a 2 - 6a + 1) = (2a - l) 2 (4a 2 + 4a - 1) > 0. 
The equality holds for a = b = c = 1. 


□ 


P 3.37. If a, b, c are positive real numbers such that a + b + c = abc, then 

(1 — a)(l — b)(l — c) + (V3 — l) 3 > 0. 
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Solution. Without loss of generality, assume that a > b > c. If the product (1 — a)(l — 
b)( 1 — c) is nonnegative, the inequality is trivial. Otherwise, this product is positive for 
either a>l>b>cora>b>c>l. Since a > 1 > b > c involves 

0 = a + b + c — abc > a(l — be) > 0, 

which is a contradiction, it suffices to consider only the case a > b > c > 1. Setting 
x = a — 1, y = b — 1, z — c — 1, we need to show that 

xyz < (a/3-1) 3 , 


where x,y,z are positive real numbers satisfying xy+yz+zx+xyz = 2. Let t = $xyz , 
t > 0. By the AM-GM inequality, we have 

2 = xy + yz + zx + xyz > 3-y/ x 2 y 2 z 2 + xyz = 3 1 2 + t 3 , 


and hence 

t 3 + 3t 2 — 2 < 0, 

(t + l)(t 2 + 2t —2)<0, 
t 2 + 2t-2 < 0, 
t < a/3 — 1, 
xyz < (a/3-1) 3 . 

The equality holds for a = b = c = V2. 


□ 


P 3.38. If a, b, c are nonnegative real numbers such that a + b + c = 2, then 

(a 2 + bc)(b 2 + ca)(c 2 + ab) < 1. 

(Vasile Cirtoaje, 2005) 

Solution. Without loss of generality, assume that a> b > c. Since 

a 2 + be < (a H—) 2 
2 

and 

(b 2 + ca)(c 2 + ab) < ~(b 2 + ca + c 2 + ab) 2 , 
it suffices to show that 

(2a + c)(b 2 + c 2 + ab + ac) < 4. 
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Let 

We will show that 


E(a, b, c) = (2a + c)(b 2 + c 2 + ab + ac). 


Indeed, 

and 


£(a, b, c) < E(a, b + c, 0) < 4. 

E(a, b, c) — E(a, b + c, 0) = c(b 2 + c 2 + ac — 3ab) < 0 


£(a, b + c,0) — 4 = 2a(a + b + c)(b + c) — 4 

= 4a(2 — a) — 4 = —4(a — l) 2 < 0. 


The equality occurs for (a, b, c) = (1,1,0) or any cyclic permutation. 


□ 


P 3.39. If a, b, c are nonnegative real numbers, then 

(8a 2 + bc)(8b 2 + ca)(8c 2 + ab) < (a + b + c) 6 . 

Solution. We use the mixing variable method. Without loss of generality, assume that 
a <b < c. Let x = (b + c)/2, x > a, and 

E(a, b, c) = (8a 2 + bc)(8b 2 + ca)(8c 2 + ab) — (a + b + c) 6 . 

We will prove that 

E(a, b, c) < E(a, x,x) < 0. 

The left inequality is equivalent to 

(8a 2 + x 2 )(8x 2 + ax) 2 > (8a 2 + bc)(8b 2 + ca)(8c 2 + ab), 
which follows by multiplying the obvious inequality 

8a 2 + x 2 > 8a 2 + be 

and 

(8x 2 + ax) 2 > (8b 2 + ca)(8c 2 + ab). 

Write the last inequality as 


64(x 4 - b 2 c 2 ) + a 2 (x 2 - be) - 8a(b 3 + c 3 - 2x 3 ) > 0. 
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Since 

b 3 + c 3 — 2x 3 
we need to show that 


3 (b + c)(b — c) 2 
4 


= 6x(x 2 — be) > 0, 


64(x 2 + be) + a 2 — 48ax > 0. 


This is true, since 

64(x 2 + be) + a 2 — 48 ax > 64x 2 — 48ax > 48x(x — a) > 0. 
The right inequality E(a, x, x) < 0 is equivalent to 

(8a 2 + x 2 )(8x 2 + ax) 2 — (a + 2x) 6 < 0, 


176x 5 - 273ax 4 + 32a 2 x 3 + 52a 3 x 2 + 12a 4 x + a 5 > 0, 

(x — a) 2 (176x 3 + 79ax 2 + 14a 2 x + a 3 ) > 0, 

the last being clearly true. The equality holds for a = b = c, and for a = 0 and b = c 
(or any cyclic permutation). 

□ 


P 3.40. If a, b, c are positive real numbers such that a 2 b 2 + b 2 c 2 + c 2 a 2 = 3, then 

a + b + c> abc + 2. 

(Vasile Cirtoaje, 2006) 

Solution. Without loss of generality, assume that a > b>c. From a 2 b 2 + b 2 c 2 + c 2 a 2 = 
3, it follows that 1 < ab < V3 and 


3 — a 2 b 2 , 3 — a 2 b 2 


c = 


\ U - U. U \ 

' a 2 + b 2 ~ ' 


2 ab 


We have 


a + b + c — abc — 2 = a + b — 2 — (ab — l)c 


> 2\F~ab — 2 — (ab — 1)\ 


3 — a 2 b 2 
2 ab 


(Vab — 1) 


2 — (\/ab + 1)\ 


3 — a 2 b 2 
2 ab 


So, we need to prove that 


2 > 


(\/ab + 1)^ 


3 — a 2 b 2 


2 ab 
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This inequality is true, since 


, r—r , A 3 — a 2 b 2 /— A 3 — a 2 b 2 

(vab + l)\ -2 < (V ab + V ab)\ - 2 

' 2 ab \ 


2 ab 


= V6 — 2a 2 b 2 — 2 
2(1-a 2 b 2 ) 
V6 — 2a 2 b 2 + 2 


< 0. 


The equality holds for a = b = c = 1 . 


□ 


P 3.41. Let a, b, c be nonnegative real numbers such that a + b + c = 5. Prove that 

(a 2 + 3)(b 2 + 3)(c 2 + 3) > 192. 


First Solution. Without loss of generality, assume that a = min{a,b,c}, a < By 
virtue of the Cauchy-Schwarz inequality, we have 

(b 2 + 3)(c 2 + 3) = (b 2 + 3)(3 + c 2 ) > 3(b + cf = 3(5 - a) 2 . 


Therefore, it suffices to sow that 


(a 2 + 3)(5 — a) 2 > 64 


for 0 < a < -. Indeed, 
3 


(a 2 + 3)(5 - a) z - 64 = (a - l) 2 (a 2 - 8a + 11) > 0, 


since 


a z — 8a + 11 




jy 3 


+ - > 0 . 

9 


The equality holds for a = 3 and b = c = 1 (or any cyclic permutation). 

Second Solution. Without loss of generality, assume that a = max{a, b,c}. First, we 
show that 

(b 2 + 3)(c 2 + 3) > (x 2 + 3) 2 , 

■ b + c 5 . . . . 

where x = ———, 0 < x < -. This inequality is equivalent to 


(b — c) 2 (6 — be — v 2 ) > 0, 
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which is true because 

6 — be — x 2 > 2(3 — x 2 ) > 0. 

Thus, it suffices to prove that 

(a 2 + 3)(x 2 + 3) 2 > 192, 

which is equivalent to 

[(5 - 2x) 2 + 3](x 2 + 3) 2 > 192, 

(x 2 — 5x + 7)(x 2 + 3) 2 > 48, 

(x — l) 2 (x 4 — 3x 3 + 6x 2 — 15x + 15) > 0. 

This inequality is true since 

x 4 - 3x 3 + 6x 2 - 15x + 15 = x 2 ^x - | j + 15 - 1 j 2 > 0. 


□ 


P 3.42. If a, b, c are nonnegative real numbers, then 

a 2 + b 2 + c 2 + abc + 2 > a + b + c + ab + be + ca. 

(Michael Rozenberg, 2012) 

Solution. Among the numbers 1—a, 1 — b and 1—c there are always two with the same 
sign; let us say (1 — b)( 1 — c) > 0. Thus, it suffices to show that 

a 2 + b 2 + c 2 + a(b + c — l) + 2> a + b + c + ab + be + ca, 

which is equivalent to 

a 2 — 2a + b 2 + c 2 — be — (b + c) + 2 > 0. 


Since 

b 2 + c 2 — be > -(b + c) 2 , 

4 

it suffices to show that 

a 2 — 2 a + —(b + c) 2 — (b + c) + 22t 0, 
which can be written in the obvious form 


(a-l) 2 + 



> 0. 


The equality holds for a = b = c = 1. 


□ 
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P 3.43. If a, b, c are nonnegative real numbers, then 

'y~' i a 3 (b + c)(a — b)(a — c) > 3 (a — b) 2 (b — c) 2 (c — a) 2 . 

Solution. Without loss of generality, assume that a = min{a, b, c }. Since 

a 3 (b + c)(a — b)(a — c) > 0 

and 

b 3 (c + a)(b — c)(b — a) + c 3 (a + b)(c — a)(c — b) = 

(b - c)[bc(b 3 - c 3 ) + (6 - c)(b 3 + c 3 )a - (b 3 - c 3 )a 2 ] 

= (b — c) 2 [(b 2 + be + c 2 )(bc — a 2 ) + (b 3 + c 3 )a] 

> (b — c) 2 (b 2 + be + c 2 )(bc — a 2 ), 

it suffices to show that 

(b 2 + be + c 2 )(bc — a 2 ) > 3(a — b) 2 (c — a) 2 . 

Since 

be — a 2 = (a — b)(a — c) + a(b + c — 2a) > (a — b)(a — c), 
it suffices to show that 

b 2 + be + c 2 > 3(a — b)(a — c), 
which is equivalent to the obvious inequality 

(b — c) 2 + 3a(b + c — a) > 0. 

The equality holds for a = b = c, for a = 0 and b = c (or any cyclic permutation), and 
for b = c = 0 (or any cyclic permutation). 

□ 


P 3.44. Find the greatest real number k such that 

a + b + c + 4 abc > k(ab + be + ca ) 


for all a,b,c e [0,1], 
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Solution. Setting a = b = c = 1, we get k <7/3, but setting a = 0 and b = c = 1, we 
get k <2. So, we claim that k = 2 is the greatest real number k. To prove this, we only 
need to show that 

a + b + c + 4abc > 2{ab + be + ca ) 
for all a,b,c e [0,1]. Write the inequality as 

a(l + 4 be — 2b — 2c) + b + c — 2bc > 0. 

Since b + c — 2be = b( 1 — c) + c(l — b)> 0, the inequality is clearly true for 1 + 4 be — 
2b — 2c > 0. Consider further that 1 + 4 be — 2b — 2c < 0. It suffices to show that 

(1 + 4bc — 2b — 2c) + b + c — 2be > 0, 

which is equivalent to the obvious inequality 

be + (1 — b)(l — c) > 0. 

Thus, the proof is completed. For k = 2, the equality holds when a = b = c = 0, and 
when one of a, b, c is zero and the others are 1. 

Remark. From the proof above it follows that the following stronger inequality holds 
for all a, b, c e [0,1]: 


a + b + c + 3 abc > 2(ab + bc + ca), 

with equality when a = b = c = 0, when a = b = c = 1, and when one of a, b, c is zero 
and the others are 1. 

□ 


P 3.45. If a,b,c > — such that a + b + c = 3, 


a 2 b 2 + b 2 c 2 + c 2 a 2 


then 

> ab + be + ca. 


Solution. We use the mixing variable method. Assume that a = max{a, b, c} and denote 
x = (b + c)/2. From a,b,c > 2/3 and a + b + c = 3, it follows that 2/3 < x < 1. We 
will show that 

E(a, b, c) > E(a, x,x) > 0, 

where 

E(a, b, c) = a 2 b 2 + b 2 c 2 + c 2 a 2 — ab — be — ca. 
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We have 


F(a, b, c) — F(a, x, x) = a 2 (b 2 + c 2 — 2x 2 ) — (x 4 — b 2 c 2 ) + (x 2 — be) 
= (x 2 — bc)(2a 2 — x 2 — be + 1) 

= i(b — c) 2 [a 2 + (a 2 — be) + (1 —x 2 )] > 0 


and 


F(a,x,x) = 2 a 2 x 2 + x 4 —2 ax — x 2 . 


Since a + 2x = 3, we get 

9 F(a, x, x) = 18a 2 x 2 + 9x 4 — (2ax + x 2 )(a + 2x) 2 

= x(5x 3 — 12ax 2 + 9 a 2 x — 2a 3 ) = x(x — a) 2 (5x — 2a) 

= 3x(x — a) 2 (3x — 2) > 0. 

The equality holds for a = b = c = 1, and also for a = 5/3, b = 2/3, c = 2/3 (or any 
cyclic permutation). 

□ 


P 3.46. If a, b, c are positive real numbers such that a < 1 < b < c and 

a + b + c = 3, 

then 

- + y + ->a 2 + b 2 + e 2 . 
a b c 


Solution. Let 


We will show that 


F(a,b,c) = - + y + - — a 2 — b 2 — c 2 . 
a b c 


F(a, b, c) > F(a, 1, b + c — 1) > 0. 
The left inequality is true, since 


F(a, b, c) — F(a, 1 , b + c — 1) = 
fl 1 1 

V.b c b + c — 1 J 


+ l + (b + c —l) 2 —b 2 —c 2 


= (b + c) 




V be b + c — 1 


+ 2(b — l)(c — 1) 


(b-iXc-D 


2 - 


b + c 


bc(b + c — 1) 
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and 


2 bc(b + c — 1) — b — c = (2 be — 1 )(b + c) — 2bc 
> 2(2 be — l)\/bc — 2bc 
= 2\fbc(\fbc — 1)(2 \fbc + 1) > 0. 


The right inequality F(a, 1, b + c — 1) > 0 is equivalent to F(a, 1, x) > 0, where x > 0 
and x + a = 2. We have 


F(a, l,x) = - + 
a 



(x + a) 4 
8 ax 


2 2 

— a —x 


(x — a) 4 
8 ax 


>0. 


The equality holds for a = b = c = 1. 


□ 


P 3.47. If a, b, c are positive real numbers such that a < 1 < b < c and 

, 1 1 1 

a + b + c — —P -—I—, 
a b c 


then 


a 2 + 6 2 + c 2 < T + T + i. 

b z 


Solution. Write the inequality as 


(Vasile Cirtoaje, 2008) 


b 2 --<^ + c^ 


2 r 2 


a A c 


, 111 

From a + b + c = -H-1—, we have 

a b c 


b — — = (a + c)(-1 >0. 


ac 


Thus, the desired inequality holds if 


(a + c)(b+i)<(a 2 + c 2 )(- + 1). 
b ac 


On the other hand, from (b — c)(l-) < 0, one gets 

be 


, 1 1 
b + — > c + -. 
b c 
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Then, it suffices to prove that 


which is equivalent to 


(a + c)(c+-)<(a 2 + c 2 )(- + l), 
c ac 


c(l — a 2 )(a — c) < 0. 


Since this is obvious, the proof is completed. The equality holds for b = 1 and ac = 1. 

□ 


P 3.48. If a, b, c are positive real numbers such that 


then 


, 1 1 1 

u + h + c — —I-1—, 

a b c 


(1 - abc ) (a n + b n + c n - — - — 
V a n b n 


for any integer n> 2. 



> 0 


(Vasile Cirtoaje, 2007) 

Solution. Since the statement remains unchanged by substituting a, b, c with 1/a, 1/b, 
1/c, respectively, it suffices to prove that 


a n + b n + c n ------ <0 

a n b n c n 

for abc > 1 and a + b + c = 1/a + 1/b + 1/c. It is easy to check that a + b + c = 
1/a + l/ b + l/cis equivalent to 

(ab — 1 )(bc — l)(ca — 1) = a 2 b 2 c 2 — 1, 

and the desired inequality is equivalent to 

0 a n b n - 1 )(b n c n -1 )(c n a n - 1) > a 2n b 2n c 2n - 1. 

Setting x = be, y = ca, z = ab, we need to show that 

O -1)(y -1)(z -1) = -1 > o 


involves 

(x n - l)(y n - 1 )(z n - 1) > x n y n z n - 1. 

This inequality holds if 

(x n_1 + x n_2 + • • • + l)(y n_1 + y n ~ 2 + • • • + l)O n_1 + z n ~ 2 + • • • + 1) > 

> x n ~ 1 y n ~ 1 z n ~ 1 + x n ~ 2 y n ~ 2 z n ~ 2 + • • • + 1. 

Since the last inequality is clearly true, the proof is completed. The equality occurs for 
a = be = 1, or b = ca = 1, or c = ab = 1. 

□ 
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P 3.49. Let a, b, c be positive real numbers, and let 

E(a, b, c) = a(a — b)(a — c) + b(b — c)(b — a) + c(c — a)(c — b). 

Prove that 

(a) (a + b + c)E(a, b, c) > ab(a — b ) 2 + bc(b — c) 2 + ca(c — a) 2 ; 

(b) 2 (— + — + E(a, b, c) > (a — b) 2 + (b — c) 2 + (c — a) 2 . 

Va b c; 

Solution, (a) Using Schur’s inequality of degree four 

^a 2 (a-b)(a-c)> 0, 

we have 

(a + b + c)E(a, b, c) = ^ a 2 (a — b)(a — c) + ^ a(b + c)(a — b)(a — c) 

> ^ a(b + c)(a — b)(a — c) 

= ^ ab(a — b)(a — c) + ^ ac(a — b)(a — c) 

= ^ ab(a — b)(a — c) + ^ ba(b — c)(b — a) 

= ^ ab(a — b) 2 > 0. 

The equality holds for a = b = c. If a,b,c are nonnegative real numbers, then the 
equality also holds for a = 0 and b = c (or any cyclic permutation). 

(b) Since 

( ab + be + ca)E(a, b, c) = 

= abc ^~](q — b)(a — c) + ^(a 2 b + a 2 c)(a — b)(a — c) 

= -abc ^(a — b) 2 + ^[a 2 b(a — b)(a — c) + b 2 a(b — c)(b — a)] 

= ~ a bc ^~](a — b) 2 + ^ ab(a — b) 2 (a + b — c), 
the required inequality is equivalent to 

^ ab(a — b) 2 (a + b — c) > 0. 

Without loss of generality, assume that a> b > c. Then, 

^ ab(a — b) 2 (a + b — c) > bc(b — c) 2 (b + c — a) + ac(a — c) 2 (a + c — b) 

> bc(b — c) 2 (b + c — a) + ac(b — c) 2 (a + c — b) 

= c(b — c) 2 [(a — b) 2 + c(a + b)] > 0. 
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The equality holds for a = b = c. 


□ 


P 3.50. Let a > b > c be nonnegative real numbers. Schur’s inequalities of third and 
fourth degree state that 

(a) a(a — b)(a — c) + b(b — c)(b — a) + c(c — a)(c — b) > 0; 

(b) a 2 (a — b)(a — c) + b 2 (b — c)(b — a) + c 2 (c — a)(c — b)> 0. 

Prove that (a) is sharper than (b) if 


\fb + yfc < yfa, 

and (b) is sharper than (a) if 

V~b + yfc > yfa. 


(Vasile Cirtoaje, 2005) 

Solution. Let p = a + b + c and q = ab + be + ca. If we rewrite Schur’s inequalities 
above as 

abc>f(p,q ) 

and 

abc > g(p,q ), 

respectively, then (a) is sharper than (b) if/(p,q) > g(p,q), while (b) is sharper than 
(a) if g(p,q ) > f(p,q). Therefore, we need to show that 

(V~b + yfc — y/a)[g(p,q) — f (p,q)] > 0. 


From the known relation 

4q — p 2 = (yfa + \[b + y/c)(V~b + y/c— yfa)(yfc + yfa — \fb)(yfa + \[b — yfc), 

it follows that 4q — p 2 and yfb + yfc — yfa has the same sign. Therefore, it suffices to 
prove that 

(4 q-p 2 )[g(p,q)~f(p,q)] > 0. 

In order to find f(p,q), write the inequality in (a) as follows 

a 3 + b 3 + c 3 + 3 abc > ab(a + b) + bc(b + c) + ca(c + a) 

(a + b + c) 3 + 9 abc > 4(a + b + c)(ab + be + ca), 
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from which 




P(4q— p 2 ) 
9 


Analogously, write the inequality in (b) as 


a 4 + b 4 + c 4 + abc(a + b + c) > ab(a 2 + b 2 ) + bc(b 2 + c 2 ) + ca(c 2 + a 2 ), 
a 4 + b 4 + c 4 + 2abc(a + b + c) > (ab + be + ca)(a 2 + b 2 + c 2 ). 


Since 


and 


a 2 + b 2 + c 2 = p 2 — 2q 

a 4 + b 4 + c 4 = (a 2 + b 2 + c 2 ) 2 — 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) 
= (p 2 — 2q) 2 — 2q 2 + 4 abep, 


we get 


Therefore, we have 


g(p>q) = 


(p 2 -q)(4q— p 2 ) 


g(p>q)-/(p>q) = 


6p 

(p 2 ~ 3q)(4q —p 2 ) 

18p 


and hence 


2"\2 


(4q-p 2 )[g(p,q)-/(p,q)] 


(p 2 -3q)(4q -p 2 ) 

18p 


> 0. 


Remark. If a, b,c are the lengths of the sides of a triangle, then Schur’s inequality of 
degree four is stronger than Schur’s inequality of degree three. 


□ 


P 3.51. If a, b, c are nonnegative real numbers such that 

(a + b)(b + c)(c + a) = 8, 


then 


yfa + Vb + V~c > ab + be + 


ca. 


(Vasile Cirtoaje, 2010) 
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First Solution. Assume that a > b > c, and write the inequality in the equivalent ho¬ 
mogeneous forms 

(Va + \Tb + -v/c)\/(a + b)(b + c)(c + a) > 2\/2(ab + be + ca ), 

^ Va(b + c )[\/(a + b)(a + c) — yj 2a(b + c)] > 0, 

yi (a-b)(a-c)y/a(b + c) > 

\/((i + b)(& + c) + y/2a{b + c) 

Since (c — a)(c — b) > 0, it suffices to prove that 

(a — b)(a — c)\Ja(b + c) + (b — c)(b — a)y/ b(c + a) > ^ 

\/(a + b)(a + c) + \/ 2a(b + c) \/(^ + c )(^ + a) + \/2b(c + a) 


which is true if 


[a — e)\j a[b + c) 


(b — c)\/b(c + a) 


/(a + b)(a + c) + \/2a(b + c) \/(b + c)(b + a) + \/2b(c + a) 


Since ./a > -/b, 


'(a -I- b)(a + c) > v 2a(b + c) 


'(b + c)(b + a) < y 2b(a + c), 


it suffices to show that 


(a — c)Vb + c (b — c)Vc + a 

y/{a + b)(a -I- c) y/{b + c)(b -I- a) 

This is equivalent to the obvious inequality c(a — b) > 0. The equality holds for a = b = 
c = 1, and for a = 0 and b = c = v^4 (or any cyclic permutation). 

Second Solution. Let p = a + b + c and q = ab + be + ca. By squaring, the inequality 
becomes 

p + 2(\/ab + V~bc + \/ca) > q 2 . 


2 ab ab{b + c)(c + a) ab(q+c 2 ) 


we have 


2 2 
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Using this result, it suffices to prove that 

q 2 + abcp 
P+ -n- 


> I 


or 


p(2 + abc ) > q 2 . 


According to the hypothesis pq — abc = 8, we can write this inequality in the homoge¬ 
neous forms 


+ abc > q 2 , 


pq — abc 
4 

p 2 q + 3abcp > 4q 2 . 

Since p 2 > 3q and p 3 + 9 abc > 4 pq (Schur’s inequality), we have 

p(p 2 q + 3 abcp — 4q 2 ) > q(p 3 + 9 abc — 4pq) > 0. 


□ 


P 3.52. Ifa,b,ce [1, 4 + 3-/2J, then 

9(ab + be + ca)(a 2 + b 2 + c 2 ) > (a + b + c) 4 . 

(Vasile Cirtoaje, 2005) 

Solution. Let A= a 2 + b 2 + c 2 and B = ab + be + ca. Since 

9(ab + be + ca)(a 2 + b 2 -I- c 2 ) — (a + b + c) 4 = 9AB — (A + 2B) 2 
= (A-B)(4B-A) 

and 

2 (A — B) = (a — b) 2 + (b — c) 2 + (c — a) 2 > 0, 
we need to show that 4B — A > 0; that is, to show that E(a, b, c) < 0, where 

E(a, b,c) = a 2 + b 2 + c 2 — 4(ab + be + ca). 

We claim that E(a, b, c) is maximal for a, b, c € {1, w}, where w = 4+3\/2. For the sake 
of contradiction, assume that there exists a triple (a, b, c) with a s (1, w) such that 

E(a, b, c) > max{E(l, b, c), £(w, b, c)}. 

From 

£(a, b,c) — £(1, b,c) = (a — l)(a + 1 — 4b — 4c) > 0, 
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we get 

and from 


4(b + c) — a < 1, 

E(a, b, c) — E(w, b, c) = (a — w)(a + w — 4b — 4c) > 0, 


we get 


4(b + c) — a > w. 

These results involve w < 1, which is false. Therefore, since E(a, b, c) is symmetric, we 
have 


E(a, b, c) < max{E(l, 1,1), E(l, 1, w), £(1, w, w), E(w, w, w)} 

= max{—9, w 2 — 8w — 2,1 — 2w 2 — 8w, —9w 2 } = w 2 — 8w — 2 = 0. 


This completes the proof. The equality holds for a = b = c, and also for a = b = 1 and 
c = 4 + 3 V2 (or any cyclic permutation). 

□ 


P 3.53. If a, b, c are nonnegative real numbers such that a + b + c + abc = 4, then 

(a) a 2 + b 2 + c 2 + 12 > 5(ab + be + ca); 

(b) 3(a 2 + b 2 + c 2 ) + 13(ab + be + ca) > 48. 

Solution. Let p = a + b + c, q = ab + be + ca, r = abc. 

(a) We need to show that p 2 + 12 > 7q for p + r = 4. By Schur’s inequality of degree 
three, we have p 3 + 9r > 4pc/. Therefore, we get 

4p(p 2 + 12 - 7q) > 4 p 3 + 48 p - 7(p 3 + 9r) = -3(p 3 - 37p + 84) 

= 3(p-3)(4 —p)(7 + p). 

Since 4 — p = r > 0, to complete the proof, we need to show that p > 3. By virtue of 
the AM-GM inequality, we get 

p 3 > 27r, 
p 3 > 27(4 —p), 

(p — 3)(p 2 + 3p + 36) > 0, 
p > 3. 

The equality holds for a = b = c = 1, and for a = 0 and b = c = 2 (or any cyclic 
permutation). 
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(b) We need to show that 3p 2 + 7q > 48 for p + r = 4. Using the known inequality 
pq > 9r, we get 

p(3p 2 + 7q- 48) > 3(p 3 + 21 r - 16p) = 3(p 3 - 37p + 84) 

= 3(p-3)(4-p)(7 + p)>0. 

The equality holds for a = b = c = 1. 

□ 


P 3.54. Let a,b,c be the lengths of the sides of a triangle. If a 2 + b 2 + c 2 = 3, then 

ab + be + ca> 1 + 2 abc. 


(Vasile Cirtoaje, 2005) 

Solution. Write the inequality such that the left-hand side and right-hand side are ho¬ 
mogeneous expressions 

3 (ab + be + ca) — a 2 — b 2 — c 2 > 6 abc. 


From 

3(a 2 + b 2 + c 2 )> (a +b + c) 2 , 

we get a + b + c < 3. Therefore, it suffices to prove the homogeneous inequality 
(a + b + c)[3(ab + be + ca) — a 2 — b 2 — c 2 ]> 18 abc. 

This is equivalent to 

2 ab(a + b) + 2bc{b + c) + 2ca(c + a) > a 3 + b 3 + c 3 + 9 abc. 

Using the known substitutions a = y+z, b = z+x, c = x+y (x,y,z > 0), the inequality 
can be written as 

x 3 + y 3 + z 3 + 3xyz > xy(x + y) + yz(y + z) + zx(z + x), 

which is just the third degree Schur’s inequality. The equality holds for an equilateral 
triangle. 

□ 


P 3.55. Let a,b,c be the lengths of the sides of a triangle. If a 2 + b 2 + c 2 = 3, then 


a 2 b 2 + b 2 c 2 + c 2 a 2 > ab + be + ca. 
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Solution. Write the inequality as follows: 


where 


9(a 2 b 2 + b 2 c 2 + c 2 a 2 ) > ( ab + bc + ca)(a + b + c) 2 ; 

3[3(a 2 b 2 + b 2 c 2 + c 2 a 2 ) — (ab + be + ca) 2 ] > 

> (ab + be + ca)[(a + b + c) 2 — 3(ab + bc + ca)]; 
6[a 2 (b — c) 2 + b 2 (c — a) 2 + c 2 (a — b) 2 ] > 

> (ab + be + ca)[(b — c) 2 + (c — a) 2 + (a — b) 2 ] > 0; 

^S a (b-c) 2 > 0, 

S a = 6 a 2 — ab — be — ca. 


Without loss of generality, assume that a> b> c. It suffices to show that 

S b (a — c) 2 + S c (a — b) 2 > 0. 


Since 

(a-c) 2 > (a-b) 2 , 

= 6b 2 — be — a(b + c) > 6b 2 — be — (b + c) 2 > 0 

and 


S b + S c = 6(b 2 + c 2 ) — 2bc — 2a(b + c) > 6(b 2 + c 2 ) — 2bc — 2(b + c) 2 
= 4(b — c) 2 + 2 be > 0, 


we get 

S b (a - c) 2 + S c (a - b) 2 > (S b + S c )(a - b) 2 > 0. 
The equality holds for an equilateral triangle. 


□ 


P 3.56. Let a,b,c be the lengths of the sides of a triangle. If a + b + c = 3, then 


1 1 1 41 2 l2 2 

—b -—I-h — > 3(a 2 + b 2 + c 2 ). 

a b c 6 


(Vasile Cirtoaje, 2010) 
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Solution (by Vo Quoc Ba Can). Using the substitutions 

y + z z + x x + y 

a = -, b = -, c =-, 

2 2 2 

where x,y,z > 0 such that x + y + z = 3, the inequality becomes as follow 

111 41 3 ,o r \2 r 

+-+-+ —> -[(y + z) 2 + (z + ^) 2 + (x + y) 2 ], 


y + z z + x x + y 12 8 

x + y + z | 41 > 9 

T ~~ 4 
41 . 9 
4 




y + z 
x 


E^ + ^(»-E*4 


E 


9 vn 


'y + z 

Let us denote t = xy + yz + zx. Since 

x(xy + yz + zx) 1 y-i x(xy+ zx) 
7 " 

y + z t 




y + z 
,2_9 2t 


^tE^ 


y + z 


it suffices to show that 


which is equivalent to 


9—2t „ 9 

t “ 4 f ’ 


(t — 2) 2 > 0. 


The equality holds for a degenerate triangle having a = 3/2, b = 1, c = 1/2 (or any 
permutation thereof). 

□ 


P 3.57. Let a < b < c such that a + b + c = p and ab + be + ca = q, where p and q are 
fixed nonnegative numbers satisfying p 2 > 3 q. 

(a) If a,b,c are nonnegative real numbers, then the product r = abc is maximal when 
a = b, and is minimal when b = c or a = 0; 

(b) If a,b,c are the lengths of the sides of a triangle (non-degenerate or degenerate), 

c 

then the product r = abc is maximal when a = b>-ora + b = c, and is minimal when 
b = c> a. 


(Vasile Cirtoaje, 2005) 
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Solution, (a) The proof is similar to the first proof of problem P 2.53. We have here 

‘ p — 2*Jp 2 — 3q 


a i = \ 


0 , 


L , 3 q<p z < 4q 
P 2 > 4q 


Therefore, a attains its minimum value aq when b = c (if p 2 < 4q) or a = 0 (if p 2 > 4q). 
This means that r is minimal when b = c or a = 0. 

(b) Using the known substitutions a = y+z, b = z+x, c = x+y, where x > y > z > 0, 
from 


a + b + c = 2(x + y + z), 
ab + be + ca = (x + y + z) 2 + xy + yz + zx, 


abc = (x + y + z)(xy + yz + zx) — xyz, 


it follows that 


and hence 


p p * 

x + y + z = ~, xy + yz + zx = q-—, 


PI P‘ 

abc = ut )- x y z - 


Therefore, the product abc is maximal when xyz is minimal; that is, according to (a), 
when x = y or z = 0, which is equivalent to a = b > c/2 or a + b = c. Also, the product 
abc is minimal when xyz is maximal; that is, according to (a), when y = z, which is 
equivalent to b = c > a. 


Remark. Using the result in (a), we can prove by the contradiction method (as in 
Remark of P 2.53) the following generalization: 


• Let a 1 ,a 2 , ■ ■ ■ ,a n be nonnegative numbers such that 


a 1 + a 2 + --- + a n =p, a^ + aj +■ ■ ■ + a^ = p lt 
where p and p 1 are fixed real numbers satisfying p 2 < np 1 . Then, the product 


r = a 1 a 2 ---a n 

is maximal when n — 1 numbers of aq, a 2 ,...,a n are equal, and is minimal when one of 
aq,a 2 ,..., a n is zero or n — 1 numbers of aq, a 2 ,...,a n are equal. 

□ 
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P 3.58. If a, b, c are positive real numbers such that a + b + c = 3, then 


9 

-+ 16 > 

abc 


75 

ab + be + ca 


(Vasile Cirtoaje, 2005) 


Solution. Let q = ab + be + ca. For fixed q, the product abc is maximal when two of 
a, b, c are equal - see P 3.57-(a). Therefore, it suffices to prove the inequality for b = a 
and c = 3 — 2a, a < 3/2. We have 


9 75 

——P 16--— - 

abc ab + bc + ca 


— + 16- —-- 

a 2 c a(a + 2c) 

9 ^ 25 

—-7 + 16---— 

a 2 (3 — 2a) a(2 —a) 

2(16a 4 - 56a 3 + 73a 2 - 42a + 9) 

a 2 (3 — 2a)(2 — a) 

2(a-l) 2 (4a-3) 2 > 

a 2 (3 — 2a)(2 — a) _ ’ 


as desired. The equality holds for (a, b, c) = (1,1, 
or any cyclic permutation. 


1), and also for (a, b, c 



□ 


P 3.59. If a, b, c are positive real numbers such that a + b + c = 3, then 

8 f- + ^ + + 9 > 10(a 2 + b 2 + c 2 ). 

\a b c J 

(Vasile Cirtoaje, 2006) 


First Solution. Putting q = ab + be + ca, we can write the inequality as 

8 q 

—p- + 20q > 81. 
abc 

By P 3.57-(a), the product abc is maximal for fixed q when two of a,b,c are equal. 
Therefore, it suffices to prove the inequality for b = a and c = 3 — 2a, a <3/2. We have 


—2- + 20q-81 = 
abc 


24a(2 — a) 
a 2 (3 — 2a) 


+ 60a(2 — a) — 81 


3a(40a 4 - 140a 3 + 174a 2 - 89a + 16) 
a 2 (3 — 2a) 


3a(2a - l) 2 (10a 2 - 25a + 16) 
a 2 (3 — 2a) 
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Since 


10a 2 -25a+ 16 = 10 ( a-- ) + - > 0, 

8 


the proof is completed. The equality holds for (a, b, c) = -, 2J or any cyclic permu¬ 

tation. 

Second Solution (by Vo Quoc Ba Can). It is easy to check that the equality holds when 
two of a, b,c are 1/2. Then, let us define 

8 o 

fix) =-10x 2 — ax — 1 3, 

x 

such that (2x — l) 2 divides /(x). From /(1/2) = 0, we get a + 2/3 = 27. Therefore, 

8 ? (1 —2x)fr(x) 

fix) = - - 10x 2 - (27 - 2/3 )x -15 = -- 

X X 

where fr(x) = 5x 2 — {{5 — 16)x + 8. From h(l/2) = 0, we get /3 =69/2, and hence 


Kj 0 = 


(1 — 2x)(16 — 5x) 


fix) 


(1 — 2x) 2 (16 — 5x) 
2x ‘ 


Thus, we can write the inequality in the form 

fia) + fib)+fic)> 27. 


Assume now that a = max{a, b, c}, a > 1, and rewrite the inequality as 

(1 — 2b) 2 (16 —5b) (1-2c) 2 (16-5c) 4(a - 2) 2 (5a - 1) 

b c ~ a 

Since 16 —5b > 0 and 16 —5c > 0, the Cauchy-Schwarz inequality yields 


(1 — 2b) 2 (16 — 5b) (1 — 2c) 2 (16 — 5c) (l-2b + l-2c) 2 

b c ~ b c 

16 — 5 b 16 —5c 
_ 4(a —2) 2 

b c 

16 —5b 16 —5c 

Therefore, it suffices to prove that 

1 5a-1 

- n -^-> 

b c a 

16 —5b 16 —5c 
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which is equivalent to 

abc 

->- 1 -. 

5a — 1 16 — 5b 16 —5c 

Indeed, 

a b c a b + c 

- > - 

5a — 1 16 — 5b 16 —5c 5a-l 16-5a 


(5a-l)(16-5a) 


Remark. Using the second method, we can prove the following more general inequality. 

• If Xi, x 2 , ■ ■ ■ ,x n are positive real numbers such that 

x 1 + x 2 + --- + x n = n, 

then 

(n + l) 2 ( — H-f — ) > n{n 2 — 3n — 6) + 4(n + 2)(x 2 + x^ H-1- x 2 ), 

v*i x n J 

with equality for Xi = (n 4- 1)/2 and x 2 = • • • = x n = 1/2 (or any cyclic permutation). 

□ 


P 3.60. If a, b, c are positive real numbers such that a + b + c = 3, then 
7(a 2 + b 2 + c 2 ) + 8(a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 4a 2 b 2 c 2 > 49. 

Solution. Let q = ab + be + ca. Since 

a 2 + b 2 + c 2 = 9 — 2q, 

a 2 b 2 + b 2 c 2 + c 2 a 2 = q 2 — 6 abc, 
we can rewrite the inequality as 

2(6 — abc) 2 + 4q 2 — 7q — 65 > 0. 


Since 


a + b + c 


3 
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we have 6 — abc >0. By P 3.57-(a), the product abc is maximal for fixed q when 
two of a, b,c are equal. Therefore, it suffices to prove the inequality for a = b. Since 
q = a 2 + 2 ac = 3a(2 — a) and abc = a 2 (3 — 2a), we have 

2(6 - a be) 2 + 4q 2 -7q- 65 = 8a 6 - 24a 5 + 54a 4 - 96a 3 + 83a 2 - 42a + 7) 

= (a - l) 2 (2a - l) 2 (2a 2 + 7 > 0. 

or any cyclic permu¬ 
tation. 

□ 

P 3.61. If a, b, c are nonnegative real numbers, then 

(a 3 + b 3 + c 3 + abc) 2 > 2(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ). 

(Aleksandar Bulj, 2011) 

First Solution. Let p = a + b+c,q = ab + bc + ca, r = abc. Using the identities 

a 3 + b 3 + c 3 = 3r + p 3 — 3 pq 

and 

(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) = (a 2 + b 2 + c 2 )(a 2 b 2 + b 2 c 2 + c 2 a 2 ) - a 2 b 2 c 2 

= i P 2 ~ 2q)(q 2 — 2pr) — r 2 , 

we can write the required inequality as / 6 (a, b, c) > 0, where 

/ 6 (a, b, c) = 18r 2 + 4p(3p 2 — 8 q)r + p 6 — 6p 4 q + 7p 2 q 2 + 4q 3 . 

Since 

3p 2 — 8q = 3(p 2 — 3q) + q > 0, 

for fixed p and q, / 6 is an increasing function of r. Therefore, it suffices to prove the 
inequality / 6 (a, b, c) > 0 for the case when r is minimal; that is, when a = 0 or b = c 
(see P 3.57). In this cases, the original inequality becomes respectively 

(b - c) 2 (b 4 + 2 b 3 c + b 2 c 2 + 2be 3 + c 4 ) > 0 

and 

a(a — b) 2 (a 3 + 2 a 2 b + ab 2 + 4b 3 ) > 0. 

The equality holds for a = b = c, and for a = 0 and b = c (or any cyclic permutation). 


The equality holds for a = b 


1, and for (a, b, c) 


1 1 
-, -, 2 
2 2 
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Second Solution. Without loss of generality, assume that a = min{a, b, c}. From 

a(a — b)(a — c) > 0, 


we get 

a 3 + abc > a 2 (b + c), 

and hence 

a 3 + b 3 + c 3 + abc > a 2 {b + c) + b 3 + c 3 = (b + c)(a 2 + b 2 + c 2 - be). 

On the other hand, 

2(a 2 + b 2 )(c 2 + a 2 ) < ^(2a 2 + b 2 + c 2 ) 2 . 

Therefore, it suffices to prove that 

2(b + c) 2 (a 2 + b 2 + c 2 - be) 2 > (b 2 + c 2 )(2a 2 + b 2 + c 2 ) 2 . 

We can obtain this inequality by multiplying the obvious inequality 

2(a 2 + b 2 + c 2 — be) > 2a 2 + b 2 + c 2 

and 

(b + c) 2 (a 2 + b 2 + c 2 - be) > (b 2 + c 2 )(2a 2 + b 2 + c 2 ). 

The last inequality is equivalent to 

(b — c) 2 (bc — a 2 ) > 0, 

which is also true. 

Remark. Using the first method, we can prove the following stronger inequality (Vasile 
Cirtoaje, 2011). 

• If a,b,c are nonnegative real numbers then 

(a 3 + b 3 + c 3 + abc) 2 > 2(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) + 7(a - b) 2 (b - c) 2 (c - a) 2 . 
Since 

(a - b) 2 (b - c) 2 (c - a) 2 = -27r 2 + 2(9pq - 2 p 3 )r + p 2 q 2 - 4q 3 , 
we can write this inequality as f^a, b, c) > 0, where 

/ 6 (a, b, c) = 207r 2 + 2(20 p 3 — 79pq)r + p 6 — 6 p 4 q + 32q 3 . 

We will show that for fixed p and q, f 6 is an increasing function of r. From 
/6 = 2 7r 2 + 2 pqr + 20g(r) + p 6 — 6 p 4 q + 32q 3 , 
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where 

g(r) = 9r 2 + 2(p 3 - 4pq)r, 

it suffices to show that g(r) is increasing. Indeed, for r 1 > r 2 > 0, by the third degree 
Schur’s inequality, we have 

g{r i) - g(r 2 ) = (r x - r 2 )[9(r 1 + r 2 ) + 2p 3 - 8pq] 
>2(r 1 -r 2 )(9r 2 +p 3 -4pq)>0. 

Therefore, it suffices to prove the inequality / 6 (a, b, c) > 0 for the case when r is min¬ 
imal; that is, when a = 0 or b = c (see P 3.57). In this cases, the original inequality 
becomes respectively 

(b — c) 4 (b 2 + 4bc + c 2 ) > 0 

and 

a(a — b) 2 (a 3 + 2 a 2 b + ab 2 + 4b 3 ) > 0. 

□ 


P 3.62. If a, b, c are positive real numbers, then 

(a + b + c — 3 )(ab + be + ca — 3) > 3 (a be — l)(a -I -b + c — ab — be — ca). 

(Vasile Cirtoaje, 2011) 

Solution. Setting 

p = a + b+c, q = ab + bc + ca, r = abc, 
the inequality becomes 

(P - 3)(q - 3) > 3(r - 1 )(p - q), 
or 

3r(q — p) + pq — 6q + 9 > 0. 


First Solution. For fixed p and q, the linear function /(r) = 3r(q —p) + pq — 6q + 9 is 
minimal when r is either minimal or maximal. Thus, according to P 3.57-(a), we need 
only to prove that /(r) > 0 for a = 0 and for b = c. 

For a = 0, we need to show that 


(b + c)bc — 6 be + 9 > 0. 
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Indeed, putting x = V~bc, we have 

(b + c)bc — 6 be + 9> 2x 3 — 6x 2 + 9 = 2(x + l)(x — 2) 2 + 1 > 0. 

For b = c, since p = a + 2b, q = 2ab + b 2 and r = ab 2 , we need to show that 
3ab 2 (2ab + b 2 — a — 2b) + (a + 2b — 6)(2 ab + b 2 ) + 9 > 0; 

that is, 

Aa 2 + Ba + C 0, 

where 

A=b(6b 2 -3b + 2), B = b(3b 3 - 6b 2 + 5b - 12), C = 2b 3 -6b 2 + 9. 
Consider two cases. 

Case 1: b > 12/5. Since A > 0, B = 3 b 2 {b — 2) + b(5b — 12) > 0, C > 0, we have 
Aa 2 + Ba + C > 0. 

Case 2: 0 < b < 12/5. Since 

Aa 2 + Ba + C > ( Aa 2 + C) + Ba> a(2^/AC + B), 
we need to show that 4AC > B 2 , which is equivalent to each of the inequalities 
4b(6b 2 -3 b + 2)(2 b 3 - 6 b 2 + 9) > b 2 (3b 3 -6b 2 + 5b- 12) 2 , 
b{b — 1) 4 (8 + 4b — b 3 ) > 0. 

This inequality is true since 

8 + 4b - b 3 = 8 + 4b - 3b 2 + b 2 (3 - b) > 8 + 4b - 3b 2 > 0. 

The equality holds for a = b = c = 1. 

Second Solution. Consider the following two cases. 

Case 1: p > q. We have 

3r(q-p)+pq-6q + 9 = (q- 3 r)(p -q) + (q- 3) 2 > 0, 


since 

q 2 

q — 3r > q ->0. 

P 


Case 2: p < q. For p > 6, we have 


3r(q —p) + pq — 6q + 9 = 3r(q—p) + q(p — 6) + 9 > 0. 
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Consider further that p < 6. From p 2 > 3q > 3 p, we get p > 3, and from Schur’s 
inequality 

p 3 + 9r > 4 pq, 


we get 

p 3 +p 2 r > 4 pq, 
p 2 +pr > 4q. 

Using this result, we have 


P[3r(q-p)+pq-6q + 9)] > 3(4q-p 2 )(q-p) + p(pq ~ 6q + 9) 

= 12q 2 — 2 p(p + 9)q + 3p(p 2 + 3) 

P 2 + 9p V | p(12 —p)(p — 3) 2 

12 J 12 



□ 


P 3.63. Let a, b, c be nonnegative real numbers such that ab + be + ca = 3. Prove that 
4(a 3 + b 3 + c 3 ) + 7abc + 125 > 48(a + b + c). 


Solution. Since 


(Vasile Cirtoaje, 2011) 


a 3 + b 3 + c 3 = 3 abc + (a + b + c) 3 — 9(a + b + c), 


we can write the inequality as 

19abc + 4(a + b + c) 3 — 84(a + b + c) + 125 > 0. 

As it is known, for fixed a + b + c, the product abc is minimal when a = 0 or b = c (see 
P 3.57). Therefore it suffices to consider these cases. 

Case 1: a = 0. We need to show that be = 3 yields 

4(b 3 + c 3 ) + 125 > 48(b + c). 


Since 

b 3 + c 3 = (b + c) 3 — 3 bc(b + c) = (b + c) 3 — 9(b + c) 


and 

b + c> 2\[bc = 2\/3, 
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we have 


4(b 3 + c 3 ) + 125 - 48(b + c) = 4(b + c) 3 - 84(b + c) + 125 > 0. 

Case 2: b = c. We need to show that 2 ab + b 2 = 3 yields 

4(a 3 + 2b 3 ) + lab 2 + 125 > 48(a + 2b). 

This inequality is equivalent to 

8b 6 - 114b 4 + 250b 3 - 171b 2 + 27 > 0, 

(b - l) 2 (2b - 3) 2 (2b 2 + 10b + 3) > 0. 

Since the last inequality is true, the proof is completed. 

The equality holds for a = b = c, and also for a = 1/4 and b = c = 3/2 (or any cyclic 
permutation). 

□ 


P 3.64. If a,b,c G [0,1], then 

a-s/a + bV~b + + 4abc > 2(ab + be + ca). 

(Vasile Cirtoaje, 2012) 


Solution. This inequality is equivalent to 

3, 3, 3,^222^0/- 22, 22, 2 2i 

x + y + z + 4x y z > 2(x y + y z + z x ), 

where x,y,z G [0,1], In addition, using the substitutions p = x + y + z and q = 
xy + yz + zx, we can rewrite this inequality as 

4x 2 y 2 z 2 + (3 + 4p)xyz + p 3 — 3 pq — 2q 2 > 0. 

As it is known, for fixed p and q, the product xyz is minimal when x = 0 or y = z (see 
P 3.57). Therefore it suffices to consider these cases. 

Case 1: x = 0. We need to show that y 3 + z 3 > 2y 2 z 2 . Indeed, we have 
y 3 + z 3 — 2y 2 z 2 > y 4 + z 4 — 2y 2 z 2 = (y 2 — z 2 ) 2 > 0. 

Case 2: y — z. We need to show that /(x) > 0 for x € [0,1], where 


fix) = x 3 -4x 2 y 2 (l -y 2 ) + 2y 3 (l -y), y € [0,1], 
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For y = 0 and y = 1, we have /(x) = x 3 > 0. Consider further that y € (0,1). From 

f'M = x[3x - 8y 2 (l - y 2 )], 

it follows that/(x)is decreasing on [0, Xj] and increasing on [x 1; 1], where 

8y 2 (i-y 2 ) ^f n 2 1 

*■ =—j—. ' • 

Therefore, it remains to show that /(x 1 ) > 0, which is equivalent to 

128y 3 (l — y) 2 (l + y) 3 < 27. 

Since 


y 2 (l-y 2 )<-, 


it suffices to show that 


32y(l — y)(l +y) 2 <27. 
Using the AM-GM inequality, we get 


32y(l — y)(l +y) 2 = 1024 • Ul-y) 


y, 


i + y 


< 1024 


y +il - y)+ 2 .l±y 

2 J 4 


1 4 


81 

= — <27. 
4 


The equality holds for a = 0 and b = c = 1 (or any cyclic permutation), and also for 
a = b = c = 0. 

□ 


P 3.65. If a,b,c € [0,1], then 


a^fa + b\[b + C\/c > -(ab + be + ca — abc ). 


(Vasile Cirtoaje, 2012) 


Solution. This inequality is equivalent to 

r,/- 3 , 3, 3 ^ nr 2 2, 22, 22 2 2 2i 

2(x + y + z > 3 (x y + y z + z x — x y z ), 


where x, y,z e [0,1], In addition, using the substitutions p = x + y + z and q = 
xy + yz + zx, we can rewrite this inequality as 

3 x 2 y 2 z 2 + 3(2 + 3 p)xyz + 2p 3 — 6 pq — 3q 2 > 0. 
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As it is known, for fixed p and q, the product xyz is minimal when x = 0 or y = z (see 
P 3.57). Therefore it suffices to consider these cases. 

Case 1: x = 0. We need to show that 2(y 3 + z 3 ) > 3 y 2 z 2 . Indeed, we have 
2(y 3 + z 3 ) - 3 y 2 z 2 > 2(y 4 + z 4 ) - 4 y 2 z 2 = 2 (y 2 - z 2 ) 2 > 0. 

Case 2: y = z. We need to show that /(x) > 0 for x e [0,1], where 

/(x) = 2x 3 - 3x V(2 -y 2 ) + y 3 (4 - 3y), y e [0,1], 

For y = 0, we have /(x) = x 3 > 0. Consider further that y € (0,1], From 

/'(*) = 6x[x — y 2 (2 — y 2 )], 

it follows that/(x)is decreasing on [(bxj] and increasing on [x 1; 1], where 

*T=y 2 (2-y 2 ), X!€(0,1]. 

Therefore, we only need to show that f(x{) > 0, which is equivalent to 

y 3 (2 — y 2 ) 3 < 4 — 3y. 


Indeed, 

y 3 (2 - y 2 ) 3 - (4 - 3y) < y{2 -y 2 ) 2 - (4 - 3 y) = {y- 1 ) 2 (y 3 + 2y 2 - y - 4) < 0. 


The equality holds for a = b = c = 1, and also for a = b = c = 0. 


□ 


P 3.66. If a,b,c e [0,1], then 


3(a-v/a + b\[b + c-fc) 4- abc > 5(ab + be + ca). 

81 


(Vasile Cirtoaje, 2012) 


Solution. This inequality is equivalent to 

3(x 3 + y 3 + z 3 ) + ^^x 2 y 2 z 2 > 5(x 2 y 2 + y 2 z 2 + z 2 x 2 ), 

81 

where x, y,z e [0,1], In addition, using the substitutions p = x + y + z and q = 
xy + yz + zx, we can rewrite this inequality as 

— x 2 y 2 z 2 + 3(3 + 5 p)xyz + 3p 3 - 9 pq - 5q 2 > 0. 
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As it is known, for fixed p and q, the product xyz is minimal when x = 0 or y = z (see 
P 3.57). Therefore it suffices to consider these cases. 

Case 1: x = 0. We need to show that 3(y 3 + z 3 ) > 5y 2 z 2 . Indeed, we have 
3(y 3 + z 3 ) - 5 y 2 z 2 > 3(y 4 + z 4 ) - 6 y 2 z 2 = 3(y 2 - z 2 ) 2 > 0. 


Case 2: y = z. We need to show that /(x) > 0 for x € [0,1], where 

50 


fix) = 3x 3 - 10x 2 y 2 ^1 - —y 2 J + y 3 (6 - 5y), y € [0,1], 
For y = 0, we have /(x) = 3x 3 > 0. Consider further that y € (0,1]. From 


/ / (x) = x 


,, 50 

9x — 20y ( 1-—y 


it follows that/(x)is decreasing on [0 ,X;l] and increasing on [x 1; 1], where 


20 


50 


*1 = T y l 1 ~8i y )’ Xl€((U) - 

Therefore, it remains to show that /(x x ) > 0, which is equivalent to 

4000 3 f 50 2 T 3 ^ 

-y 3 1-y 2 < 6 —5y. 

243 J V 81 J 


Substituting 

this inequality can be written as 


9t 10 

y = —, 0 < t < —, 

J 10 9 


t 3 (2 — t 2 ) 3 < 4 — 3t, 


Indeed, 

t 3 (2 — t 2 ) 3 — (4 — 3t) < t(2 — t 2 ) 2 — (4 — 3t) = (t — l) 2 (t 3 + 2t 2 — t — 4) < 0. 
The equality holds for a = b = c = 0, and also for a = b = c = 81/100. 


□ 


P 3.67. Let a,b,c be the lengths of the sides of a triangle. If a 2 + b 2 + c 2 = 3, then 

a + b + c> 2 + abc. 


(Vasile Cirtoaje, 2005) 
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First Solution. Letp = a + b+c and q = ab + bc + ca. We need to show that p 2 —2q = 3 
involves p > 2 + abc. According to P 3.57-(b), for fixed p and q, the product abc is 
maximal when c/2 < a = b < c or a + b = c. Therefore, it suffices to consider only 
these two cases. 

Case 1: c/2 < a = b < c. From 

3 = 2 b 2 + c 2 > 3b 2 , 


we get b < 1. In addition, from 

3 = 2 b 2 + c 2 < 2b 2 + 4b 2 = 6b 2 , 

it follows that 2 b 2 > 1. Therefore, we need to prove that 2 b 2 + c 2 = 3, b < 1, 2 b 2 > 1 
involve 2b + c >2 + b 2 c. Since 

2b + c — 2 — b 2 c = (1 — b)(c + be — 2), 


it suffices to show that c(l + b)>2. This is true, since 

c 2 (l + b) 2 - 4 = (3 — 2b 2 )(l + b) 2 -4 


= -1 + 6 b + b 2 - 4b 3 - 2b 4 = (1 - b)(-1 + 5 b + 6 b 2 + 2b 3 ) > 0. 

Case 2: a + b = c. From a 2 + b 2 + c 2 = 3, we get 2 ab = 2c 2 — 3, c 2 > 3/2. In addition, 

from 4 ab < c 2 , we get c 2 < 2, and hence 3/2 < c 2 < 2. Since 

, „ , „ „ . 2 3 —2c 3 + 7c —4 

a + b + c — 2 — abc = 2c — 2 — c(c z -) =-, 

2 2 


we need to show that 

2c 3 —7c+ 4 < 0. 


From 

(c 2 — 2)(2c 2 — 3) < 0, 
we get 2c 4 — 7c 2 < —6. Therefore, 


c(2c 3 — 7c + 4) < —6 + 4c < 0. 


This completes the proof. The equality holds for a = b = c = 1. 
Second Solution. Assume that a> b > c. From 

3 = a 2 + b 2 + c 2 >a 2 + -(b + c) 2 > -a 2 , 

2 2 

it follows that a < •J2. Let 


E(a,b,c) = a + b + c — 2 — abc 
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and 


We will show that 


We have 


t 


\ 


b 2 + < 


t < 1 < a. 


E(a, b, c) > E(a, t, t) > 0. 


E(a, b, c) — E(a, t, t) = a(t 2 — be) — (2t — b — c) = 


a(b — c) 2 
2 


(b-c) 2 
2 £ H- b H- c 


( b-ef f 3a _ 2 A 

2 V.a 2 + 2t 2 2t + b + c) 

(b — c) 2 [2t(3a — 2t) + a(3b + 3c — 2a)] 
2(a 2 + 2t 2 )(2t + b + c) 


because 3a — 2t> 2 (a — t) > 0 and 3(b + c) — 2a > 2(b + c — a) > 0. On the other hand, 
from 

E(a, t, t) = a + 2t — 2 — at 2 = (1 — t)(a + at — 2), 
it follows that E(a, t, t) > 0 if at > 2 — a; that is, 


a 


3 —a 2 
2 


>2-a. 


By squaring, the inequality can be restated as 

(a — 1)(8 — a 2 — a 3 ) > 0. 


This is true, since 1 < a < y/~2 implies a — 1 > 0 and 8 — a 2 — a 3 >8 — 2 — 2\/2 > 0. 

□ 


P 3.68. Let f n {a, b,c) be a symmetric homogeneous polynomial of degree n < 5. Prove 
that 

(a) the inequality f n (a,b,c) > 0 holds for all nonnegative real numbers a,b,c if and 
only if / n (a, 1,1) > 0 and / n (0, b, c) > 0 for all a,b,c> 0; 

(b) the inequality / n (a, b, c) > 0 holds for all lengths a,b,c of the sides of a non¬ 
degenerate or degenerate triangle if and only if f n (x, 1,1) > 0 for 0 < x < 2, and 
fniy + y, z ) ^ 0 f° r y,z>o. 


(Vasile Cirtoaje, 2005) 
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Solution. Let p = a + b + c,q = ab + bc + ca, r = abc. Any symmetric homogeneous 
polynomial / n (a, b, c) of degree n < 5 can be written as 

fn(a,b,c)=A n (p,q)r + B n (p,q ), 

where A n (p,q ) and B n (p,q ) are polynomial functions. For fixed p and q, the linear 
function g n (r) = A n (p, q)r + B n (p,q ) is minimal when r is either minimal or maximal. 

(a) By P 3.57-(a), for fixed p and q, the product r is minimal and maximal when 
two of a, b, c are equal or one of a, b, c is 0. Due to symmetry and homogeneity, the 
conclusion follows. 

(b) By P 3.57-(b), for fixed p and q, the product r is minimal and maximal when 
two of a, b, c are equal or one of a,b,c is the sum of the others. Due to symmetry and 
homogeneity, the conclusion follows. 

Remark. Similarly, we can prove the following statement, which does not involve the 
homogeneity property. 

• Let / n (a, b, c) be a symmetric polynomial function of degree n < 5. The inequality 
f n (a, b,c)> 0 holds for all nonnegative real numbers a, b, c if and only if it holds for a = 0 
and for b = c. 

□ 


P 3.69. If a, b, c are nonnegative real numbers such that a + b + c = 3, then 
4(a 4 + b 4 + c 4 ) + 45 > 19(a 2 + b 2 + c 2 ). 

(Vasile Cirtoaje, 2009) 

First Solution. We use the mixing variable method. Write the inequality as F(a, b, c) > 
0, where 

F(a, b, c) = 4(a 4 + b 4 + c 4 ) + 45 — 19(a 2 + b 2 + c 2 ). 

Due to symmetry, we may assume that a < b < c. Let us denote x = (b + c)/2, 1 < x < 
3/2. We will show that 

F(a, b, c) > F(a,x, x) > 0. 


We have 


F(a, b, c) — F(a, x, x) = 4(b 4 + b 4 — 2x 4 ) — 19(b 2 + c 2 — 2x 2 ) 

= 4[(b 2 + c 2 ) 2 - 4x 4 ] + 8(x 4 - b 2 c 2 ) - 19(b 2 + c 2 - 2x 2 ) 

= (b 2 + c 2 - 2x 2 )[4(b 2 + c 2 + 2x 2 ) - 19] + 8(x 2 - bc)(x 2 + be). 
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Since 

b 2 + c 2 — 2x 2 = 2(x 2 — be) = -(b — c) 2 , 

we get 

F( “’ b ’ ^-n«,x,x)=Y~c)W + c 2 + 2x>)- 19 + 4(^ + M] 

= -(b — c) 2 [4(x 2 — be) + 24x 2 — 19] > 0. 

Also, 

F(a, x, x) = F(3 — 2x, x,x) = 6(x — 1) 2 (3 — 2x)(ll — 6x) > 0. 

This completes the proof. The equality holds for a = b = c = 1, and for a = 0 and 
b = c = 3/2 (or any cyclic permutation). 

Second Solution. Write the inequality in the homogeneous form / 4 (a, b, c) > 0, where 

/ 4 (a, b, c) = 36(a 4 + b 4 + c 4 ) + 5(a + b + c) 4 — 19(a 2 + b 2 + c 2 )(a + b + c) 2 . 

According to P 3.68-(a), it suffices to prove that / 4 (a, 1,1) > 0 and / 4 (0, b, c) > 0 for all 
a, b, c > 0. We have 

/ 4 (a, 1,1) = 2a(lla 3 - 18a 2 + 3a + 4) = 2a(a - l) 2 (lla + 4) > 0, 

/ 4 (0, b, c) = 2(b — c) 2 (llb 2 + 11c 2 + 13bc). 

Remark. Similarly, we can prove the following more general statement ( Vasile Cirtoaje 
and Le Huu Dien Khue, 2008). 

• Let a, fi,Y be real numbers such that 

1 + a + 15 = 2y. 

The inequality 

a 4 + a 

holds for all a,b,c> 0 if and only if 

a > (y — l)max{2, y + 1}. 


JVb 2 + /3abc J]a> r J] ab(a 2 + b 2 ) 


□ 


P 3.70. Let a, b, c be nonnegative real numbers. Ifk< 2, then 

^ a(a — b)(a — c)(a — kb)(a — kc) > 0. 


(Vasile Cirtoaje, 2008) 
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Solution. Let us denote by / 5 (a, b, c) the left hand side. By P 3.68-(a), it suffices to 
show that / 5 (a, 1,1) > 0 and / 5 (0, b, c) > 0 for all a, b, c > 0. Indeed, we have 

/ 5 (a, 1,1) = a(a - l) 2 (a -k) 2 > 0 


and 

/ 5 (0, b, c) = (b + c)(b — c) 2 (b 2 — kbc + c 2 ) > 0. 

The equality holds for a = b = c, for a = 0 and b = c (or any cyclic permutation), and 
for a/k = b = c, k > 0 (or any cyclic permutation). 

□ 


P 3.71. Let a, b, c be nonnegative real numbers. Ifk& R, then 

^~](b + c)(a — b)(a — c)(a — kb)(a — kc ) > 0. 

(Vasile Cirtoaje, 2008) 

Solution. Let us denote by / 5 (a, b, c) the left hand side. By P 3.68-(a), it suffices to 
show that / 5 (a, 1,1) > 0 and / 5 (0, b, c) > 0 for all a, b, c > 0. Indeed, we have 

/ 5 (a, 1,1) = 2(a - l) 2 (a -k) 2 > 0 


and 

/ 5 (0, b, c) = fc 2 (b + c)b 2 c 2 + bc(b + c)(b — c) 2 > 0. 

The equality holds for a = b = c, for b = c = 0 (or any cyclic permutation), and for 
a/k = b = c, k > 0 (or any cyclic permutation). 

Remark. Similarly, we can prove the following generalization: 

• Let a, b, c be nonnegative real numbers. If m> 0 and m{k — 2) < 1, then 

^(ma + b + c)(a — b)(a — c)(a — kb)(a — kc) > 0. 


□ 


P 3.72. If a, b, c are nonnegative real numbers, then 

^ a(a — 2b)(a — 2c)(a — 5b)(a — 5c) > 0. 


(Vasile Cirtoaje, 2008) 
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Solution. Let/ 5 (a, b,c) = ^ a(a—2b)(a—2c)(a—5b)(a—5c). By P 3.68-(a), it suffices 
to show that / 5 (a, 1,1) > 0 and / 5 (0, b, c) > 0 for all a, b,c > 0. Indeed, we have 

fs(a, 1, 1) = a 3 (a - 7) 2 + 20a 3 - 60a 2 + 44a + 8 
> 20a 3 — 60a 2 + 44a + 8, 

since 

20a 3 - 60a 2 + 44a + 8 > 20a 2 (a - 3) > 0 

for a > 3, and 

20a 3 - 60a 2 + 44a + 8 = 5(2a -3) 2 + 8- a>8-a>0 

for a < 8. Also, 

/ 5 (0, b, c) = (b + c)(b 2 — 4bc + c 2 ) 2 > 0. 

The equality holds for a = 0 and b 2 — 4 be + c 2 = 0 (or any cyclic permutation). 

□ 

P 3.73. If a, b, c are the lengths of the side of a triangle, then 

a 4 + b 4 + c 4 + 9abc(a + b + c) < 10(a 2 b 2 + b 2 c 2 + c 2 a 2 ). 

First Solution. Let 

/ 4 (a, b, c) = 10(a 2 b 2 + b 2 c 2 + c 2 a 2 ) — a 4 — b 4 — c 4 — 9abc(a + b + c). 

By P 3.68-(b), it suffices to show that / 4 (x, 1,1) > 0 for 0 < x < 2 and / 4 (y+z, y,z) > 0 
for y,z > 0. Since 

/ 4 (x, 1,1) = 8 — 18x + llx 2 — x 4 = (2 —x)(4 + x)(l — x) 2 > 0 

and 

f 4 (y + z, y, z) = 8(y 2 + z 2 ) 2 - 2yz(y 2 + z 2 ) - 28y 2 z 2 
= 2(y - z) 2 (4y 2 + 4z 2 + 7yz ) > 0, 

the proof is completed. The equality holds for an equilateral triangle and for a degen¬ 
erate triangle with a/2 = b = c (or any cyclic permutation). 

Second Solution. We use the sum-of-squares method (SOS method). Write the inequal¬ 
ity as follows 

9(^ b 2 c 2 - abc ^ a) - (^ a 4 - ^ b 2 c 2 ) > 0, 
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9 JV(b - c) 2 - - c 2 ) 2 > 0, 

^~](b — c) 2 (3a — b — c)(3a + b + c) > 0. 

Without loss of generality, assume that a> b > c. Since 

(b — c) 2 (3a — b — c)(3a + b + c) > 0, 

it suffices to show that 

(c — a) 2 (3b — c — a)(3b + c + a) + (a — b) 2 (3c — a — b)(3c + a + b) > 0. 


Since 


3b — c — a>2b — a>b + c — a>0 
and (c — a) 2 > (a — b) 2 ), it is enough to prove that 

(3 b — c — a)(3b + c + a) + (3c — a — b)(3c + a + b) > 0. 


We have 

(3b + c + a) — (3c + a + b) = 2(b — c) > 0, 

and hence 


(3 b — c — a)(3b + c + a) + (3c — a — b)(3c + a + b) > 

> (3b — c — a)(3c + a + b) + (3c — a — b)(3c + a + b) 
= 2(b + c — a)(3c + a + b) > 0. 


□ 


P 3.74. If a, b, c are the lengths of the sides of a triangle, then 

3(a 4 + b 4 + c 4 ) + 7abc(a + b + c) < 5^ab(a 2 + b 2 ). 


Solution. Let 

/ 4 (a, b, c) = 5^ ab(a 2 + b 2 ) — 3(a 4 + b 4 + c 4 ) — 7abc(a + b + c). 

By P 3.68-(b), it suffices to show that / 4 (x, 1,1) > 0 for 0 < x < 2 and f 4 (y+z,y,z) > 0 
for y,z > 0. Since 

/ 4 (x, 1,1) = 4 - 4x - 7x 2 + 10x 3 - 3x 4 = (2 - x)(2 + 3x)(l - x) 2 > 0 
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and 


/ 4 (y + z, y, z) = 4 (y 2 + z 2 ) 2 + 4yz(y 2 + z 2 ) - 24yV 
= 4(y — z) 2 (y 2 + z 2 + 3yz) > 0, 

the proof is completed. The equality holds for an equilateral triangle and for a degen¬ 
erate triangle with a/2 = b = c (or any cyclic permutation). 

□ 


P 3.75. If a, b, c are the lengths of the sides of a triangle, then 

b 2 + c 2 — 6bc c 2 + a 2 — 6ca a 2 + b 2 — 6ab , , . 

-+-+-1- 4(a + b + c) < 0. 

a b c 


(Vasile Cirtoaje, 2005) 


First Solution. Write the inequality as / 4 (a, b, c) > 0, where 

/ 4 (a, b, c) = ^ bc(6bc — b 2 — c 2 ) — 4abc(a + b + c). 

By P 3.68-(b), it suffices to show that/ 4 (x, 1,1) > 0 for 0 < x < 2 and / 4 (y+z, y,z) > 0 
for y,z > 0. Since 


/ 4 (x, 1,1) = 2(2 - 5x + 4x 2 - x 3 ) = 2(1 - x) 2 (2 - x) > 0 


and 


/ 4 (y + z, y, z) = 4(y 2 + z 2 ) 2 - 2 yz(y 2 + z 2 ) - 12yV 
= 2(y — z) 2 (2y 2 + 3yz + 2z 2 ) > 0, 


the proof is completed. The equality holds for an equilateral triangle and for a degen¬ 
erate triangle with a/2 = b = c (or any cyclic permutation). 

Second Solution. We use the SOS method. Write the inequality as follows: 

^ bc(b 2 + c 2 — 6 be) + 4a be ^ a < 0, 


^ bc(b 2 + c 2 — 2bc) — 4(^~] b 2 c 2 — a be ^ a) < 0, 
y y~' i bc(b — c) 2 — 2^ a 2 (b — c) 2 < 0, 

2> — c) 2 (2a 2 — be) > 0. 
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Without loss of generality, assume that a > b > c. Since (b — c) 2 (2a 2 — be) > 0, it 
suffices to prove that 


(c — a) 2 (2b 2 — ca) + (a — b) 2 (2c 2 — ab) > 0. 


Since 


2 b 2 — ca > 2b 2 — c(b + c) = (b — c)(2b + c) > 0 
and (c — a) 2 > (a — b) 2 , it is enough to show that 

(2b 2 — ca) + (2c 2 — ab) > 0. 


Indeed, 


(2b 2 — ca) + (2c 2 — ab) = (b — c) 2 + (b + c)(b + c — a) > 0. 


□ 


P 3.76. Let / 6 (a, b, c) be a sixth degree symmetric homogeneous polynomial written in the 
form 

f 6 (a,b,c)=Ar 2 + B(p,q)r + C(p,q), A < 0, 

where 

p = a + b + c, q = ab + bc + ca, r = abc. 

Prove that 

(a) the inequality / 6 (a, b,c) > 0 holds for all nonnegative real numbers a, b,c if and 
only if / 6 (a, 1,1) > 0 and / 6 (0, b,c) > 0 for all a,b,c> 0; 

(b) the inequality / 6 (a, b, c) > 0 holds for all for all lengths a,b,c of the sides of a 
non-degenerate or degenerate triangle if and only if/ 6 (x, 1,1) > 0 for 0 < x < 2, and 
/e(y + z » y, z ) ^ 0 f° r y,z>o. 


(Vasile Cirtoaje, 2006) 


Solution. For fixed p and q, the function / defined by 

f(r)=Ar 2 + B(p,q)r + C(p,q) 

is a concave quadratic function of r. Therefore, /(r) is minimal when r is minimal or 
maximal. According to P 3.57, the conclusion follows. As we have shown in the proof 
of P 2.75, A is called the highest coefficient of/ 6 (a, b, c). 

Remark 1. We can extend the part (a) of P 3.76 as follows: 

(al) For A < 0, the inequality f^a, b,c) > 0 holds for all nonnegative real numbers 
a, b, c satisfying p 2 < 4 q if and only iffe(a, 1,1) > 0 for all 0 < a < 4;. 
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(a2) For A < 0, the inequality / 6 (a, b,c)> 0 holds for all nonnegative real numbers 
a, b, c satisfying p 2 > 4 q if and only if fe(a, 1,1) > 0 for all a > 4 and / 6 (0, b, c) > 0 for 
all b, c > 0. 

Notice that the restriction 0 < a < 4 in (al) follows by setting b = c = 1 in p 2 < 4 q. 
In addition, since a = 0 and p 2 < 4q involve b = c, the condition / 6 (0, b, c) > 0 is 
not necessary in (al) because it is equivalent to / 6 (0,1,1) > 0, which follows from 
/ 6 (a, 1,1) > 0 for all 0 < a < 4. Also, the restriction a > 4 in (a2) follows by setting 
b = c = 1 in p 2 > 4q. 

Remark 2. The statement in P 3.76 and its extension in Remark 1 are also valid in the 
more general case when / 6 (a, b, c) is a symmetric homogeneous function of the form 

/ 6 (a, b, c) = Ar 2 + B(p, q)r + C(p, q), 


where B(p,q) and C(p,q) are rational functions. 


□ 


P 3.77. If a, b, c are nonnegative real numbers, then 

'y~' i a(b + c)(a — b)(a — c)(a — 2b)(a — 2c) > (a — b) 2 (b — c) 2 (c — a) 2 . 

(Vasile Cirtoaje, 2008) 


Solution. Let p = a + b + c, q = ab + be + ca, r = abc, and 

/ 6 (a, b, c) = /(a, b, c) - (a - b) 2 (b - c) 2 (c - a) 2 , 

where 

/(a, b, c) = ^ a(b + c)(a — b)(a — c)(a — 2b)(a — 2c). 

Since 

^ a(b + c)(a — b)(a — c)(a — 2 b)(a — 2c) = 

= ^ a(p — a)(a 2 + 2 be — q)(a 2 + 6bc — 2q), 

/(a, b,c) has the same highest coefficient A 0 as 

Pi(a, b, c) = — ^ a 2 (a 2 + 2 bc)(a 2 + 6 be); 

that is, according to Remark 2 from P 2.75, A 0 = P 1 ( 1,1,1) = —3(1 + 2)(1 + 6) = —63. 
Then, f(,(a, b, c) has the highest coefficient 


A = A 0 + 27 = —36. 
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Since A < 0, according to P 3.76-(a), it suffices to prove that / 6 (a, 1,1) > 0 and 
/ 6 (0, b, c) > 0 for all a, b, c >. Indeed, we have 

/ 6 (a,l,l) = 2a(a-l) 2 (a-2) 2 >0 


and 

/ 6 (0, b, c) = bc(b — c) 4 > 0. 

The equality holds for a = b = c, for a = 0 and b = c (or any cyclic permutation), and 
for a/2 = b = c (or any cyclic permutation). 

□ 


P 3.78. Let a, b,c be nonnegative real numbers. 


(a) If 2 < k < 6, then 

^ a(a — b)(a — c)(a — kb)(a — kc ) + 

(b) If k > 6, then 

^ a(a — b)(a — c)(a — fcb)(a — kc) + 


4 (fc — 2)(a — b) 2 (b — c) 2 (c — a) 
a + b + c 


> 0 ; 


(fc + 2) 2 (a — b) 2 (b — c) 2 (c — a) 2 


> 0. 


4(a + b + c) 

(Vasile Cirtoaje, 2009) 

Solution, a) We need to prove that /g(a, b, c) > 0, where 

/ 6 (a, b, c) = (a + b + c)^ a(a — b)(a — c)(a — fcb)(a — /cc) 


+4(fc - 2)(a - b) 2 (b - c) 2 (c - a) 2 . 
Since fe,(a, b, c) has the same highest coefficient as 

4(fc - 2)(a - b) 2 (b - c) 2 (c - a) 2 


and (a — b) 2 (b — c) 2 (c — a) 2 has the highest coefficient —27, it follows that f^a, b, c) 
has the highest coefficient 

A = —108(fc — 2). 

Since A < 0, according to P 3.76-(a), it suffices to prove that / 6 (a, 1,1) > 0 and 
/ 6 (0, b, c) > 0 for all a,b,c > 0. Indeed, we have 


/ 6 (a, 1,1) = a(a + 2)(a - l) 2 (a - fc) 2 > 0 
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and 

/ 6 (0, b, c) = (b — c) 6 + (6 — fc)bc(b — c) 4 > 0. 

The equality holds for a = b = c, for a = 0 and b = c (or any cyclic permutation, and 
for and for a/k = b — c (or any cyclic permutation). 

(b) We need to prove that / 6 (a, b, c) > 0, where 

/ 6 (a, b, c) = 4(a + b + c)^ a(a — b)(a — c)(a — kb)(a — kc) 

+(fc + 2) 2 (a - b) 2 (b - c) 2 (c - a) 2 . 

Since / 6 (a, b,c ) has the same highest coefficient as 

(fc + 2) 2 (a — b) 2 (b — c) 2 (c — a) 2 

and (a — b) 2 (b — c) 2 (c — a) 2 has the highest coefficient —27, it follows that / 6 (a, b, c) 
has the highest coefficient 

A = —27[k + 2) 2 < 0. 

According to P 3.76-(a), it suffices to prove that f^a, 1,1) > 0 and / 6 (0, b,c)> 0 for all 
a,b,c> 0. Indeed, we have 

/ 6 (a, 1,1) = 4a(a + 2)(a — l) 2 (a — k) 2 > 0 

and 

/ 6 (0, b, c) = (b — c) 2 [2(b 2 + c 2 ) — (k — 2)bc] 2 > 0. 

The equality holds for a = b = c, for a = 0 and b = c (or any cyclic permutation, and 

Q _ 2 

for and for a/k = b = c (or any cyclic permutation), and for a = 0 and —I— =- 

c b 2 

or any cyclic permutation. 

□ 

P 3.79. If a, b, c are nonnegative real numbers, then 

(3a 2 + 2ab + 3b 2 )(3b 2 + 2 be + 3c 2 )(3c 2 + 2ca + 3a 2 ) > 8(a 2 + 3bc)(b 2 + 3ca)(c 2 + 3ab). 

Solution. Let p = a + b + c, q = ab + be + ca and 

/(a, b, c) = (3a 2 + 2ab + 3b 2 )(3b 2 + 2 be + 3c 2 )(3c 2 + 2ca + 3a 2 ). 

We need to prove that fe,(a, b, c) > 0, where 

/ 6 (a, b, c) = / (a, b, c) — 8(a 2 + 3bc)(b 2 + 3ca)(c 2 + 3ab). 
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Since 

/(a, b, c) = (3p 2 — 6q + 2 ab — 3c 2 )(3p 2 — 6q + 2be — 3a 2 )(3p 2 — 6q + 2 ca — 3b 2 ), 
fe,(a, b, c) has the same highest coefficient A as P 2 (a, c )> where 

P 2 (a, b, c) = (2 ab — 3c 2 )(2bc — 3a 2 )(2ca — 3b 2 ) — 8(a 2 + 3 bc)(b 2 + 3ca)(c 2 + 3ab); 
that is, according to Remark 2 from P 2.75, 

A = P 2 (l, 1,1) = (2 — 3) 3 — 8(1 + 3) 3 < 0. 

Then, by P 3.76-(a), it suffices to prove that / 6 (a, 1,1) > 0 and / 6 (0, b, c) > 0 for all 
nonnegative real a, b,c. Indeed, 

/ 6 (a, 1,1) = 8(3a 2 + 2a + 3) 2 - 8(a 2 + 3)(3a + l) 2 = 48(a + l)(a - l) 2 > 0, 


/ 6 (0, b, c) = 3b 2 c 2 {9b 2 — 2be + 9c 2 ) > 0. 
The equality holds for a = b = c. 


□ 


P 3.80. Let a, b, c be nonnegative real numbers such that a + b + c = 2. If 

-2 , 11 

— <k<—, 

3 8 

then 

( a 2 + kab + b 2 )(b 2 + kbc + c 2 )(c 2 + kca + a 2 ) <k + 2. 

(Vasile Cirtoaje, 2011) 

Solution. We need to prove that f(,(a, b, c) > 0, where 
/ 6 (a, b, c) = (k + 2)(a + b + c) 6 — 64(a 2 + kab + b 2 )(b 2 + kbc + c 2 )(c 2 + kca + a 2 ). 
Since f^(a, b,c) has the same highest coefficient A as P 2 (a, b, c), where 
P 2 (a, b, c) = —64(kab — c 2 )(kbc — a 2 )(kca — b 2 ), 
according to Remark 2 from P 2.75, we have 

A = P 2 (l,l,l) = 64(l-k) 3 . 

Also, 


/ 6 (a, 1,1) = (k + 2)a[(a - l) 2 + 11 - 8k][a 3 + 14a 2 + (8 k + 12)a + 16] 
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and 


/ 6 (0, b, c) = (k + 2)(b + c) 6 — 64 b 2 c 2 (b 2 + kbc + c 2 ) 

= (6 - c) 2 [(fc + 2)(b 2 + c 2 ) 2 + 8(fc + 2)bc(b 2 + c 2 ) + 4(7fc - 2)£> 2 c 2 ]. 

Case 1: 1 < k < —. Since A < 0, according to P 3.76-(a), it suffices to prove that 
8 

/ 6 (a, 1,1) > 0 and/ 6 (0, b, c) > 0 for alia, b,c > 0. Clearly, these conditions are satisfied. 
The equality holds for a = 0 and b = c = 1 (or any cyclic permutation). If k = 11/8, 
then the equality holds also fora = b = c = 2/3. 

-2 

Case 2: — < k < 1. Since A > 0, we will use the highest coefficient cancellation method. 
We will prove the sharper inequality g 6 (a, b, c) > 0, where 

g 6 (a, b, c) = / 6 (a, b, c) - 64(1 - k) 3 a 2 b 2 c 2 . 


Since g 6 (a, b, c ) has the highest coefficient A 1 = 0, it suffices to show that g 6 (a, 1,1) > 0 
and gg(0, b, c) > 0 for all a, b, c > 0 (see P 3.76). The inequality g^a, 1,1) > 0 is true 
if 

(fc + 2)[(a - l) 2 + 11 - 8fc][a 3 + 14a 2 + (8 k + 12 )a + 16] > 64(1 - k) 3 a. 

It suffices to show that 


( k + 2)(11 - 8fc)(6a 2 + (8k + 12)a + 16] > 64(1 - k) 3 a. 
In addition, since 11 — 8k > 8(1 — k), we only need to show that 
(k + 2)[3a 2 + (4/c + 6)a + 8] > 4(1 — k) 2 a. 


Since 

3a 2 + (4 k + 6)a + 8 > 3(2a — 1) + (4 k + 6)a + 8 = (4 k + 12)a + 5 > 4 (k + 3)a, 
it is enough to show that 


(/c + 2)(/c + 3) > (1 — fc) . 


(fc + 2)(fc + 3) — (1 — fc)^ — 7k + 5 — 7 fc H— H— >0. 


Indeed, 


The inequality gg(0, b, c) > 0 is also true since 

g 6 (0, b, c)>(b — c) 2 [4(fc + 2 )b 2 c 2 + 16 (k + 2)b 2 c 2 + 4(7fc — 2)b 2 c 2 ] 
= 16(3fc + 2)b 2 c 2 > 0. 


Thus, the proof is completed. The equality holds for a = 0 and b = c = 1 (or any cyclic 
permutation). If k = 11/8, then the equality holds also for a = b = c = 2/3. 

□ 
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P 3.81. Let a, b, c be nonnegative real numbers such that a + b + c = 2. Prove that 

(2a 2 + bc)(2b 2 + ca)(2c 2 + ab ) < 4. 

Solution. Write the inequality in the homogeneous form / 6 (a, b, c) > 0, where 
/ 6 (a, b, c) = (a + b + c) 6 — 16(2a 2 + bc)(2b 2 + ca)(2c 2 + ab). 

Since / 6 (a, b,c ) has the same highest coefficient A as P 2 (a, c )> where 

P 2 (a, b, c) = —16(2a 2 + bc)(2b 2 + ca)(2c 2 + ab), 
according to Remark 2 from P 2.75, we have 

A=P 2 (l,l,l) = -432. 

Since A < 0, according to P 3.76-(a), it suffices to prove that / 6 (a, 1,1) > 0 and 
/ 6 (0, b, c) > 0 for all a, b, c > 0. We have 

/ 6 (a, 1,1) = a(a + 2) 2 (a 3 + 8a 2 - 8a + 32) = a(a + 2) 2 [a 3 + 4a 2 + 28 + 4(a - l) 2 ] > 0, 

/ 6 (0, b, c) = (b + c) 6 — 64b 3 c 3 > 0. 

The equality holds for a = 0 and b = c = 1 (or any cyclic permutation). 

□ 


P 3.82. Let a, b,c be nonnegative real numbers, no two of which are zero. Then, 


^~](q — b)(a — c)(a — 2b)(a — 2c) : 


5(a — b) 2 (b — c) 2 (c — a) 2 
ab + be + ca 


(Vasile Cirtoaje, 2010) 


Solution. Denote 

p = a + b+c, q = ab + bc + ca, 
and write the inequality as / 6 (a, b, c) > 0, where 

/ 6 (a, b, c) = q ^(a — b)(a — c)(a — 2b)(a — 2c) — 5(a — b) 2 (b — c) 2 (c — a) 2 . 

Clearly, / 6 (a, b, c) has the highest coefficient 


A = (—5)(—27) = 135. 
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Since A > 0, we will use the highest coefficient cancellation method. We have 

/ 6 (a, 1,1) = (2a + l)(a - l) 2 (a - 2) 2 , / 6 (0, b, c) = bc[(b + c) 2 - 6 be] 2 . 

Consider two cases: p 2 < 4q and p 2 > 4q. 

Case 1: p 2 < 4q. Since 

/ 6 ( 1 , 1 , 1 ) = 0 , / 6 ( 2 , 1 , 1 ) = 0 , 

we define the symmetric homogeneous polynomial of degree three 

P(a, b, c) = abc + B(a + b + c) 3 + C(a + b + c)(ab + bc + ca) 
such that P(l, 1,1) = 0 and P(2,1,1) = 0. We get B = 1/18 and C = —5/18, hence 

1 , 5 

P(a, b,c) = abc H-(a + b + cy -(a + b + c)(ab + be + ca). 

18 18 

Consider now the sharper inequality g 6 (a, b, c) > 0, where 

g 6 (a, b, c) = / 6 (a, b, c) - 135P 2 (a, b, c). 

Clearly, g 6 (a, b, c) has the highest coefficient A = 0. Then, according to Remark 1 from 
the proof of P 3.76, it suffices to prove that g 6 (a, 1,1) > 0 for 0 < a < 4. We have 

P(a,l,l)=-^(a-l) 2 (a-2), 

lo 

hence 

g 6 (a, 1,D = f 6 (a, 1,1)- 135P 2 (a, 1, 1) = -'-(a - 1 ) 2 (a - 2) 2 (7 + 34a - 5a 2 ) > 0. 


Case 2: p 2 > 4q. Define the symmetric homogeneous function 


R(a, b,c) = abc + C(a + b + c)(ab + be + ca) — (9C + 1) 


(ab + be + ca) 2 


3 (a + b + c) 

which satisfies R(l, 1,1) = 0, and consider the sharper inequality gg(a, b, c) > 0, where 

g 6 (a, b, c) = / 6 (a, b, c) - 135R 2 (a, b, c). 


Clearly, gg(a, b, c) has the highest coefficient A = 0. Then, according to Remark 2 from 
the proof of P 3.76, it suffices to prove that gg(a, 1,1) > 0 for a > 4, and gg(0, b, c) > 0 
for all b, c > 0. We have 


R(a,l,l) = 


(a — l) 2 [3C(2a + 1) — 1] 


R(0, b, c) = 


bc[3C(b + c) 2 — (9C + l)bc] 


3(a + 2) 


3(b + c) 
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The inequality g 6 (0, b,c)> 0 holds for all b, c > 0 only if 

9C + 1 


3C 


= 6 ; 


that is, C = 1/9. For this value of C, we have 

i i nrn u ^ bc[(b + c) 2 - 6bc] 

R(q,1,1)= — , R(0, b,c)= - 


9(a + 2) 


9(b + c) 


hence 


where 


and 


g 6 (a, 1,1) = f 6 (a, 1,1)- 135R 2 (a, 1,1) = ^ g(a), 

g(a ) = 3(2a + l)(a 2 - 4) 2 - 20(a - l) 4 , 


g 6 (0, b, c) = / 6 (0, b, c) - 135R 2 (0, b, c) = 


bc{3b 2 + be + 3 c 2 )[(b + c) 2 — 6bc] 2 
3(b + c) 2 


> 0. 


To complete the proof, we need to show that g(a) > 0 for a > 4. This is true since 
a 2 — 4 > (a — l) 2 and 3(2a + 1) > 20. 

The equality holds for a = b = c, for a/2 = b = c (or any cyclic permutation), and 
for a = 0 and b/c + c/b = 4 (or any cyclic permutation). 

□ 


P 3.83. Let a < b < c be positive real numbers such that 

a + b + c = p, abc = r, 

where p and r are fixed positive numbers satisfying p 3 > 2 7r. Prove that 

q = ab + be + ca 

is maximal when b = c, and is minimal when a = b. 


Solution. First, we show that b e [b 1 , b 2 ], where b 1 and b 2 are the positive roots of 
the equation 

2x 3 — px 2 + r = 0. 

Let /(x) = 2x 3 — px 2 + r, x > 0. From /'(x) = 2x(3x — p), it follows that /(x) 
is decreasing for x < p/3 and increasing for x > p/3. Since /(0) > 0, /(p/3) = 



252 


Vasile Cirtoaje 


(27r — p 3 )/27 < 0 and /(p) = p 3 + r > 0, there exists two positive numbers bi < b 2 
such that /(hi) = /(b 2 ) = 0 and /(x) < 0 for x e [b 1; b 2 ]. From 

^ ^ = b 2 — b(p — b)+y = b 2 — b(a + c) + be = (b — a)(b — c) < 0, 
o o 

it follows that b e [b 1; b 2 ], In addition, we have b = b 1 when b = a, and b = b 2 when 
b = c. On the other hand, from 

r 

q = b(a + c) + ac = b(p — b) + —, 

o 


we get 

<?(b) = pb — b 2 + T ~. 

b 


Since 


q / (h)=p-2b-p 


-(b-q)(b-c) 

b 


> 0 , 


q(b) is increasing on [b 1; b 2 ], and hence q(b) is maximal for b = b 2 , when b = c, and 
is minimal for b = b 1 , when b = a. 


Remark 1. Substituting 1/a, 1/b, 1/c for a, b, c, respectively, we get the following 
similar statement. 

• Let a < b < c be positive real numbers such that 


ab + be + ca = q, abc = r, 

where q and r are fixed positive numbers satisfying q 3 > 27r 2 . The sum 


p = a + b + c 

is minimal when b = c, and is maximal when a = b. 

Remark 2. We can prove by the contradiction method (as in Remark of P 2.53) the 
following generalizations: 

• Let a l3 a 2 ,..., a n be positive real numbers such that 


a 1 + a 2 + --- + a n = np, a x a 2 ■ ■ ■ a n = p 1; 

where p and pi are fixed positive numbers satisfying p n > p x . Then, the sum 

11 1 

-h-h-h — 

a l a 2 a n 

is maximal and minimal when n — 1 numbers of a 1; a 2 ,...,a n are equal. 
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• Let a 1 ,a 2 ,... ,a n be positive real numbers such that 


11 In 

- + — + ■■■ + — = -, a 1 a 2 ---a n = p 1 , 
at «2 a n P 


where p and p 1 are fixed positive numbers satisfying p n < p 1 . Then, the sum 


at + a 2 H-1 - a n 


is maximal and minimal when n — 1 numbers of a 1; a 2 , ■ ■ ■, a n are equal. 


□ 


P 3.84. If a, b, c are positive real numbers, then 


(a + b + c— 3)1 —I-1-3 ] + abc H->2. 

a b c J abc 


(Vasile Cirtoaje, 2004) 

Solution. Since the inequality does not exchange by substituting a, b, c with 

abc 

respectively, we may consider only the case abc > 1. Using the notation p = a + b + c 
and r = abc, r > 1, we can write the inequality as 


ip- 3) 


ab + be + ca \ 1 

-3 + r H— >2. 


For fixed p and r, by P 3.83, the expression q = ab + be + ca is minimal when two of 
a, b, c are equal. Since p > 3 fpr > 3 (by the AM-GM inequality), it suffices to prove the 
desired inequality for b = c, when it becomes as follows 


a ( b 2 + — — 3 ) + 
b 

(b-1) 2 


a lb 2 


+ 2b — 3 >6 bi-2 , 


ab -\—-— 2 I + 21 a H-2 

ab 


> 0. 


Since ab H-> 2 and a H— > 2, the conclusion follows. The equality holds for 

ab a 

a = b = 1, or b = c = 1, or c = a = 1. 

□ 
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P 3.85. If a, b, c are positive real numbers such that abc = 1, then 
(a) 


(b) 


ab + be + ca — ^j > y ^(a + b + c) — 1; 


46, 


ab + be + ca — 3 > —(Va + b + c — 2 — 1). 
27 


(Vasile Cirtoaje, 2009) 


Solution. Let us denote p = a + b + c. 
(a) Write the inequality as 


3 f , , 2 A t 2p 

- \ ab + be + ca -> \-1. 

7 V 3J \ 3 

For fixed p, the expression q = ab + be + ca is minimal when two of a, b, c are equal 
(see P 3.83). Thus, it suffices to consider the case a = b, when the inequality becomes 


3a 3 — 2a + 6 > 7 


\ 


4a 3 -3a 2 + 2 


By squaring, we get 


(a - l) 2 (3a - l) 2 (3a 2 + 8a + 10) > 0, 


1 1 


which is true. The equality holds for a = b = c = 1, and also for (a, b, c) = ^-, -, 9 J or 
any cyclic permutation. 

(b) Write the inequality as 

ab + be + ca — 3 > —(y/p — 2— 1). 

2 7 

For fixed p, the expression q = ab + be + ca is minimal when two of a, b,c are equal 
(see P 3.83). Thus, it suffices to consider the case a = b, when the inequality becomes 


27a 3 - 35a + 54 > 46^203-2a 2 + 1. 


By squaring, we get 

(a - l) 2 (9a - 5) 2 (9a 2 + 28a + 32) > 0, 

which is true. The equality holds for a = b = c = 1, and also for (a, b, c) = 
or any cyclic permutation. 

□ 


5 5 81) 
9’9’25 J 



Symmetric Polynomial Inequalities in Nonnegative Variables 


255 


P 3.86. If a, b, c are positive real numbers such that abc = 1, then 


, , 50 37 

ab + be + ca H-> —. 

a+b+c+5 4 


(Michael Rozenberg, 2013) 


Solution. Using the notation p = a + b + c, we can write the inequality as 

, , 50 37 

ab + be + ca -\ -> —. 

p + 5 4 


For fixed p, the expression q = ab + be + ca is minimal when two of a, b, c are equal 
(see P 3.83). Thus,it suffices to prove the desired inequality for a = b; that is, to show 
that a 2 c = 1 involves 


a 2 + 2ac + 


50 

2a + c + 5 


37 
4 ‘ 


This is equivalent to 

, 2 50a 2 37 

a H-1-—---U —, 

a 2a 3 + 5a 2 + l 4 


which can be written in the obvious form 


(a - l) 2 (2a - l) 2 (2a 2 + 11a + 8) > 0. 


The equality holds for a = b = c = 1, and for a = b = 1/2 and c = 4 (or any cyclic 
permutation). 

□ 


P 3.87. Let a, b, c be positive real numbers. 

(a) If abc = 2, then 

(a + b + c — 3) 2 + 1 > 


a 2 + b 2 + c 2 


(b) If abc = then 


a 2 + b 2 + c 2 + 3(3 — a — b — c) z > 3. 


(Vasile Cirtoaje, 2007) 



256 


Vasile Cirtoaje 


Solution. Let us denote p = a + b + c. 

(a) Write the inequality as 

( p- 3 f + 1 >P 2 -^(at + bc + cc) 


For fixed p, the expression q = ab + be + ca is minimal when two of a, b, c are equal 
(see P 3.83). Thus, it suffices to consider the case a = b, when the inequality becomes 
in succession 



2 a 2 4 

T 1 —-I-7> 

3 3 a 4 


5a 6 - 18a 5 + 15a 4 + 12a 3 - 18a 2 + 4 > 0, 


(a - l) 2 (5a 4 - 8a 3 - 6a 2 + 8a + 4) > 0. 


Since 

5a 4 - 8a 3 - 6a 2 + 8a + 4 = 4(a - l) 4 + a(a 3 + 8a 3 - 30a + 24), 
it suffices to prove that a 3 + 8a 3 — 30a + 24 > 0. Indeed, for a > 1, we have 


a 3 + 8a 3 - 30a + 24 = (a - l) 3 + 11a 2 - 33a + 25 

= (a-l) 3 + ll(a-^) 2 +i>0, 

and for a < 1, we have 


a 3 + 8a 3 — 30a + 24 = a(l — a) 2 + 2(2 — a)(6 — 5a) > 0. 


The equality holds for (a, b, c) = (1,1,2) or any cyclic permutation. 

(b) Write the inequality as 

p 2 — 2[ab + bc + ca) + 3(3 — p) 2 > 3. 

For fixed p, the expression q = ab + be + ca is minimal when two of a, b, c are equal 
(see P 3.83). Thus, it suffices to consider the case a = b, when the inequality becomes 
in succession 

2a2 + ^ + 3 ( 3-2a ~^l) - 3 ’ 

14a 6 - 36a 5 + 24a 4 + 6a 3 - 9a 2 + 1 > 0, 

(a - l) 2 (14a 4 - 8a 3 - 6a 2 + 2a + 1) > 0. 

Since 

14a 4 - 8a 3 - 6a 2 + 2a + 1 = (a - l) 4 + a(13a 3 - 4a 2 - 12a + 6), 
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it suffices to prove that 13a 3 — 4a 2 — 12a + 6 > 0. Indeed, 


9(13a 3 -4a 2 - 12a + 6) = 13(a + l)(3a - 2) 2 + 2(a - l) 2 + a 2 > 0. 


The equality holds for (a, b, c 



or any cyclic permutation. 


□ 


P 3.88. If a, b, c are positive real numbers such that a + b + c = 3, then 


4 


be ca ab 

-h — H- 

a b c 


+ 9 abc > 21. 


Solution. Let p = a + b + c, q = ab + bc + ca, r = abc. We write the required inequality 
in the homogeneous form 

4 p 2 q 2 5p 3 

- + 9r > —. 

9r 3 

For fixed p and r, it suffices to prove this inequality for the case when q is minimal; that 
is, when two of a, b,c are equal (see P 3.83). Due to symmetry and homogeneity, we 
can set b = c = 1. Since p = a + 2, q = 2a + 1, r = a, the inequality becomes 

4(a + 2) 2 (2a + l) 2 + 81a 2 > 15(a + 2) 3 , 


which is equivalent to 

(a — l) 2 (a — 4) 2 > 0. 

The equality holds for a = b = c = 1, and for a = 2 and b = c = 1/2 (or any cyclic 
permutation). 

□ 


P 3.89. If a, b, c are nonnegative real numbers such that 

ab + be + ca = abc + 2, 


then 

a 2 + b 2 + c 2 + abc > 4. 


(Vasile Cirtoaje, 2011) 
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First Solution. Among the numbers 1 — a, 1 — b and 1 — c there are always two with 
the same sign; let us say (1 — b)(l — c) > 0. Thus, we have 

a(l — b)(l — c) > 0, 

a + abc > ab + ac, 
a + (ab + be + ca — 2) > ab + ac, 
a + be > 2, 

and hence 


a 2 + b 2 + c 2 + abc — 4 > a 2 + 2bc + abc — 4 

= (a + 2)(a + be — 2) > 0. 

The equality holds for a = b = c = 1, and for a = 0 and b = c = V2 (or any cyclic 
permutation). 

Second Solution For a = 0, we need to show that be = 2 involves b 2 + c 2 > 0. This is 
true since 

b 2 + c 2 > 2be = 4. 

Consider further that a, b, c are positive, and write the required inequality as 
a 2 + b 2 + c 2 + abc > 2(ab + be + ca — abc), 


or 

3 abc > 2(ab + be + ca) — a 2 — b 2 — c 2 . 

Let p = a + b + c,q = ab + bc + ca, r = abc. We need to show that q = r + 2 implies 
3r > 4q — p 2 . For fixed q and r, the sum p = a + b + c is minimal when two of a, b, c 
are equal (see Remark 1 from P 3.83). Thus, it suffices to consider the case b = c, when 
p = a + 2b, q = 2ab + b 2 , r = ab 2 . We need to prove that 

2 ab + b 2 = ab 2 + 2 


implies 


3 ab 2 > 4(2 ab + b 2 ) — (a + 2b) 2 , 


which reduces to 

a(a + 3b 2 — 4b) > 0. 

This is true since, for the nontrivial case b <4/3, we have 


a + 3b 2 — 4b 


2 — b 2 
b(2 — b) 


+ 3b 2 — 4b 


(l-b) 2 (2 + 4b-3b 2 ) 
b(2 — b) 


□ 
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P 3.90. If a, b, c are positive real numbers, then 


b+ ^-2-V2j + {^-2-V2)\(f±I-2-V2j>_6. 

(Vasile Cirtoaje, 2012) 

Solution. Let us denote m = 2 + -/2. Without loss of generality, we can assume that 
a = max{a, b, c}. We will prove first that 




a + b 


m >2 


2 a 
b + c 


■m + 1 


(*) 


According to the identity 2 p 2 + 2q 2 = (p — q) 2 + (p + q) 2 , we have 


„fc + a ~\ 2 
2 (—~ m ) +2 


a + b 


-m = 


c + a a + b 


+ 


c + a a + b 
—— +- 


— 2m 


Thus, we can rewrite the inequality (*) as 


c + a a + b 


b c 

(a + b + c) 2 {b — c) 2 
b 2 c 2 


> 4 


2 a 


-m + 1 - 


+ 


.b + c 
4 a c + a a + b 


c + a a + b 


+ 


— 2m 


b + c 


+ 


+ 


■4m + 2 


{a + b + c)(b — c) 2 
bc{b + c) 


> 0. 


This is true if/(a) > 0, where 


.. . ( a + b + c){b + c ) 4a c + a a + b 

f{a)=- -— -- + ———I---f-4m + 2. 

be b + c b c 


Since /(a) is increasing and a = max{a, b,c}, it suffices to show that / 
Indeed, 


b + c 


> 0. 


/ 


b + c_\ = 3{b c ) 2 + 6 _ 4 v^2 > 6 —4\/2 > 0. 


be 


Using (*), we only need to show that 


b + c 


— m +2 


2 a 
b + c 


— m + 1 >6. 


Setting 


b + c 


t, this inequality becomes 



260 


Vasile Cirtoaje 


(t-2) 2 (t-72) 2 >Q 
t 2 

1he proof is completed. The equality holds for a = b = 
cyclic permutation). 


c, and for —— = b = c (or any 

72 


□ 


P 3.91. If a, b, c are positive real numbers, then 

2 (a 3 + b 3 + c 3 ) + 9(ab + be + ca) + 39 > 24(a + b + c). 

(Vasile Cirtoaje, 2010) 

Solution. Let p = a + b + c and q = ab + be + ca. Since a 3 + b 3 + c 3 = 3abc + p 3 — 3pq, 
we can write the inequality as 

6 abc + 2p 3 + 3(3 — 2 p)q + 39 > 24 p. 

By Schur’s inequality of degree three, we have 

9 abc > 4pq —p 3 . 

Therefore, it suffices to show that 
2 

-(4 pq — p 3 ) + 2p 3 + 3(3 — 2 p)q + 39 > 24p, 
which is equivalent to 

4p 3 + 117> 72p + (10p-27)q. 

Case 1: lOp — 27 > 0. Since 3 q < p 2 , we have 

4p 3 + 117 — 72p - (lOp - 27)q > 4p 3 + 117 - 72p - 

= ~(p — 3) 2 (2p + 39) > 0. 

Case 2: 10p — 27 < 0. From (3p — 8) 2 > 0, we get 

9p 2 - 48p + 64 > 0, 

18q > —9^ a 2 + 48p — 64. 
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Using this inequality and 

2](10a —9) = 10p-27 < 0, 

we get 

2 [ 2 X q3 + 9q + 39 - 24p ] - 4 2 fl3 + (~ 9 2 fl2 + 48p _ 64 ) + 78 “ 48 P 

=S (*- 3 S(^ 3 - + t) + i - » 

The equality holds for a = b = c = 1. 

□ 


P 3.92. If a, b, c are positive real numbers such that a 2 + b 2 + c 2 = 3, then 
a 3 + b 3 + c 3 — 3 > [(a — b)(i> — c)(c — a)\. 


Solution. Assume that a < b < c and write the inequality in the homogeneous form 

a 2 + b 2 + c 2 


a 2 + b 6 + c— 3 


> |(a — b)(b — c)(c — a)|. 


The left hand side is nonnegative because, by the Cauchy-Schwarz inequality, we have 

3(a 3 + b 3 + c 3 ) 2 = (1 + 1 + l)(a 3 + b 3 + c 3 )(a 3 + b 3 + c 3 ) > (a 2 + b 2 + c 2 ) 3 . 

Thus, it suffices to consider that a < b < c. Using the substitution b = a + p and 
c = a + q, where 0 < p < q, we need to show that 


f(a)>pq(q-p), 


where 


From 


/(a) = a 3 + (a + p) 3 + (a + q) 3 - 3 


a 2 + (a + p) 2 + (a + q) 2 


3/2 


f'(a ) = 3(a 2 + b 2 + c 2 ) — 3(a + b + c)\ 


a 2 + b 2 + c 2 


= 9 


\ 


a 2 + b 2 + c 2 


(i 


a 2 + b 2 + c 2 a + b + c 


> 0 , 
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it follows that / is increasing, hence /(a) > /(0). Therefore, it suffices to show that 
/(0) > pq(q-p); that is, 


p 3 + q 3 — 3 


p 2 + q 2 
3 



>pq(q-p). 


Due to homogeneity, we may assume that p = 1 and q > 1, when the inequality becomes 
as follows: 


q 3 — q 2 + q + 1 > 3 




3(q 3 -q 2 + q+l) 2 >(q 2 + l) 3 , 
q 6 - 3q 5 + 3q 4 - 3q 2 + 3q + 1 > 0, 
q 3 (q - l) 3 + q 3 - 3q 2 + 3q + 1 > 0, 
(q 3 + l)(q-l) 3 + 2>0. 


The last inequality is clearly true. The equality holds for a = b = c = 1. 


□ 


P 3.93. If a, b, c are nonnegative real numbers, then 

a 4 + b 4 + c 4 - a 2 b 2 - b 2 c 2 - c 2 a 2 > 2|a 3 b + b 3 c + c 3 a - ab 3 - be 3 - ca 3 | 


Solution. Assume that a < b < c and write the inequality as 

(a 2 — b 2 ) 2 + (b 2 — c 2 ) 2 + (c 2 — a 2 ) 2 > 4(a + b + c)(a — b)(b — c)(c — a). 

Using the substitution b = a+p and c = a + q, where q > p > 0, the inequality can be 
restated as 

4Aa 2 + 4£a + C > 0, 

where 

A = p 2 -pq+q 2 , B =p 3 + q(p-q) 2 , 

C=p 4 + 2p 3 q -p 2 q 2 - 2pq 3 + q 4 = (p 2 + pq - q 2 ) 2 . 

Since A > 0, B > 0 and C > 0, the inequality is obviously true. The equality occurs for 
a = b = c, and also for a = 0 and ^ + (or any cyclic permutation). 

□ 
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P 3.94. If a, b, c are nonnegative real numbers, then 

a 4 + b 4 + c 4 — abc(a + b + c)> 2^^2 \a 3 b + b 3 c + c 3 a — ab 3 — be 3 — ca 3 |. 

(Pham Kim Hung, 2006) 

Solution. Assume that a < b < c and write the inequality as 

a 2 (a 2 — be) + b 2 (b 2 — ca) + c 2 (c 2 — ab) > 2</2(a + b + c)(a — b)(b — c)(c — a). 
Using the substitution b = a+p and c = a + q, where q > p > 0, the inequality becomes 

Aa 2 + Ba + C 0, 


where 


A = 5(p 2 —pq + q 2 ), B = 4 p 3 + (6a/ 2 — l)p 2 q — (6v^2 + l)pq 2 + 4q 3 , 
C = p 4 + q 4 + 2-/2pq(p 2 — q 2 ). 


Since 


A> 0, 


25 


B> —p q-lOpq + 4q =q —-2q >0 


5 P 


and 


C = (p 2 + V2pq — q 2 ) 2 > 0, 
equality occin 
(or any cyclic permutation). 


the conclusion follows. The equality occurs for a = b = c, and also for a = 0 and 
c s[2 + \/6 

b ~ 2 

□ 


P 3.95. If a,b,c> —5 such that a + b + c = 3, then 

1 — a 1 — b 1 — c 

- 1 - 1 -> 0 . 

1 + a + a 2 1 + b + b 2 1 + c + c 2 

(Vasile Cirtoaje, 2014) 


First Solution. Using the substitution 

a = x- 5, b = y — 5, c=z- 5, 
we need to prove that if x, y, z > 0 such that v + y + z = 18, then 

6 —x 6—y 6 — z 

-h---+-> 0. 

x 2 — 9x + 21 y 2 —9y+ 21 z 2 -9z + 21 _ 
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Denoting 


x + y + z 


we can write this inequality as f 5 (x,y,z ) > 0, where 

fs(x, y, z) = 2](6 P - 2 - 9yp + 21 p 2 Xz 2 -9zp + 21p 2 ) 

is a symmetric homogeneous polynomial of degree 5. According to P 3.68, it suffices 
to prove this inequality for y = z and for x = 0. Therefore, we only need to prove the 
original inequality for b = c and for a = — 5. 

3 — a 

Case 1: b = c = -. Since 

2 

1 — b _ 1 — c _ 2(a — 1) 

1 + b + b 2 1 + c + c 2 a 2 —8a + 19’ 


we need to show that 


which is equivalent to 


— + 4( °~ 1] > 0 , 

1 + a + a 2 a 2 — 8a + 19 


(a — l) 2 (a + 5) > 0. 


Case 2: a = —5, b + c = 8. We can write the desired inequality as follows: 


1 1 — b A n 1 — c 

7 + l + b + b 2 J + V7 + l + c + c 2 


(b —4)(b — 2) (c-4)(c-2) > 

1 + b + b 2 1 + c + c 2 — 

b—cf b—2 c—2 A 

2 Vl + b + b 2 l + c + c 2 J — 

(b — c) 2 [3 + 2(b + c) — be] 

2(l + b + b 2 )(l + c + c 2 ) ~°' 
The last inequality is true since 


2(b + c) — be 


The proof is completed. The equality occurs for a = b = c = 1, and also for a = — 5 and 
b = c = 4 (or any cyclic permutation). 

Second Solution. Assume that a < b < c and denote 

b + c T . 1 —a 1 — b 1 — c 

t = —. £ (a ,= r _^ + TTiTI5 + r __ 5 . 
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From 


it follows that 


We will show that 


a + b + c 3 — a 

t > -= 1, t =-< 4, 


t€[l,4]. 


E(a, b, c) > E(a, t, t) > 0. 

Write the left inequality as follows: 

i — b i-t ~\ r 1 —c 1-t 
1 + 


l + b + b 2 1 + t + t 2 J Vl + c + c 2 1 + t + t 2 
(b — l)t — b — 2 (c — l)t — c — 2 


> 0 , 


(b-c) 


> 0 , 


l + b + b 2 1 + c + c 2 

(b — c) 2 [(2 + b + c — bc)t + 1 + 2(b + c) + be] > 0, 
(b — c) 2 [2t 2 + 6t + 1 — bc(t — 1)] > 0. 

The last inequality is true since 

2t 2 + 6t + 1 — bc(t - 1) > 2t 2 + 6t + 1 - t 2 (t - 1) 
= t(4 — t)(l + t) + 2t + 1 > 0. 

Also, we have 


1 ~a , 2(1 - 1 ) 
E(a, t, t) = --^ + 


2(t — 1) + 2(1 — t) 


1 + a + a 2 1 + t + t 2 4t 2 — 14t +13 1 + t + t 2 

6(1 — t) 2 (4 — t) 


(4t 2 -14t + 13)(l + t + t 2 ) 


>0. 


□ 


P 3.96. Let a, b, c / 
then 


- be nonnegative real numbers such that a + b + c = 3. If k> 
k 

1 —a 1 — b 1 — c ^ 

(1 - fca) 2 + (1 - kb) 2 + (1 - kc ) 2 “ ' 


(Vasile Cirtoaje, 2012) 


■+ I CO 
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First Solution. Denoting p = (a + b + c)/3, we may write the inequality as / 5 (x,y,z) > 
0, where 

/ 5 (x, y, z) = - a)(p - kbf(p - kef 

is a symmetric homogeneous polynomial of degree 5. According to P 3.68, it suffices to 
prove this inequality for b = c and for a = 0. 

Case 1: b = c. Since a = 3 — 2b, the original inequality is equivalent to the following 
sequence of inequalities: 

1 — a 2(1 — b) 

-+ —--- > 0 , 

(1 — ka) 2 (1 -kbf~ ’ 

2(b —1) 2(1 — b) > 

(l-3k + 2kb) 2 (l-kbf- ’ 

k(b —l) 2 [k(3 —b) —2] > 0. 

The last inequality holds since 


fc(3-b)-2> |(3-b)-2= 2( - 3 3 2b) = y >0. 


Case 2: a = 0. Since b + c = 3, the original inequality becomes as follows: 


b — 1 c — 1 

“ (1-fcb) 2 + (1 -kc) 2 ’ 

(1 - kbf{ 1 - kef > [b - 1)(1 - kef + (c -1)(1 - kbf, 
( k 2 bc — 3k+ if > 1 + 6 k — 9k 2 + (5k 2 — 4 k)bc, 
k 3 b 2 c 2 + 18k- 12 > (6k 2 + 3k-4)bc. 


Since 

k 3 b 2 c 2 + 18k- 12 > 2 A /k 3 (18k-12) be, 

it suffices to show that 


4k 3 (18k - 12) > (6k 2 + 3k - 4) 2 , 


which is equivalent to 

36k 4 - 84k 3 + 39k 2 + 24k - 16 > 0, 

(3k - 4)(12k 3 - 12k 2 - 3k + 4) > 0. 

The last inequality holds since 

12k 3 - 12k 2 - 3k + 4 > 12k 3 - 12k 2 - 4k + 4 = 4(k - l)(3k 2 - 1) > 0. 

The proof is completed. The equality occurs for a = b = c = 1. If k = 4/3, then the 
equality holds also for a = 0 and b = c = 3/2 (or any cyclic permutation). 

□ 
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P 3.97. Let a, b, c, d be nonnegative real numbers such that 

a 2 + b 2 + c 2 + d 2 = 1. 

Prove that 

(1 — a)(l — b)(l — c)(l — d) > abed. 

(Vasile Cirtoaje, 2001) 

Solution. The desired inequality follows by multiplying the inequalities 

(1 — a)(l — b) > cd, 

(1 — c)(l — d) > ab. 

With regard to the first inequality, we have 

2cd < c 2 + d 2 = 1 — a 2 — b 2 , 

and hence 

2(1 — a)(l — b) — 2 cd > 2(1 — a)(l — b) — 1 + a 2 + b 2 
= (1 — a — b) 2 > 0. 

The second inequality can be proved similarly. The equality holds for a = b = c = d = 
1/2, and also for a, b, c, d) = (1,0,0,0) or any cyclic permutation. 

□ 


P 3.98. Let a, b, c, d and x be positive real numbers such that 

1 1 1 1 _ 4 

a 2 b 2 c 2 d 2 x 2 

If x >2, then 

(a «U)(b - 1)( c $ l)(d» i) > (x - if. 

(Vasile Cirtoaje, 2001) 


Solution. The desired inequality follows by multiplying the inequalities 
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ab 

cd 


-x + x 


~ 2 )( 


cd 


J \ab 


x + x — 2 > 4(x — l) 2 . 


With regard to the first inequality, we write it as 


2 ab — 2(a + b) + x(3 — x) > x(x — 1) —. 

cd 


Since 


2 1 1 _ 4 _ 1 _ 1 

cd ~ c 2 d 2 x 2 a 2 b 2 ’ 


it suffices to show that 


4 11 

4a b — 4(a + b) + 2x(3 — x) > x(x — l)ab I —-- — — 

c 2 a 2 b 2 


This is equivalent to 

4a 2 b 2 — 4ab(a + b)x + 2x 2 (3 — x)ab + x 2 (x — l)(a 2 + b 2 ) > 0, 
which can be written in the obvious form 


[2ab — (a + b)x] 2 + x 2 (x — 2)(a — b) 2 > 0. 

The second inequality can be proved similarly. With regard to the third inequality, we 
have 

{^ x+x ~ 2 ){^ x+x ~ 2 ) = 

= 2x 2 — 4x + 4 + f— + — ^ x(x — 2) 

Vcd abJ 

> 2x 2 — 4x + 4 + 2x(x — 2) = 4(x — l) 2 . 

The equality holds for a = b = c = d=x. 

Remark. Setting x = 2 and substituting a, b, c, d by 1/a, 1/b, 1 jc, 1 jd, respectively, we 
get the inequality from P 3.97. 

□ 


P 3.99. If a, b, c, d are positive real numbers, then 

(1 + a 3 )(l + b 3 )(l + c 3 )(l + d 3 ) ^ 1 + abed 
(1 + a 2 )(l + b 2 )(l + c 2 )(l + d 2 ) “ 2 


(Vasile Cirtoaje, 1992) 



Symmetric Polynomial Inequalities in Nonnegative Variables 


269 


Solution. For a = b = c = d, the inequality can be written as 


1 + cr 
1 + a 2 


> 


1 + a 4 


We will show that 


1 + a 


3\ 4 


> 


1 + a 4 
1 + a 


> 


1 + a 4 


1 + a 2 I 

The left side inequality is equivalent to 

(1 + a 3 )(l + a) > (1 + a 2 ) 2 , 

which reduces to a(l — a) 2 > 0, while the right side inequality is equivalent to 

2(1 — a + a 2 ) 2 > 1 + a 4 , 

which reduces to (1 — a) 4 > 0. Multiplying the inequalities 


1 + a 
1To 2 


3 V 4 


> 


1 + a 4 


1 + b 
1 + b 2 


3 y 4 


> 


1 + b 4 


1 + c 
1 + c 2 


3 y 4 


> 


1 + c 4 


1 + d 
1 + d 2 


3y 4 


> 


1 + d 4 


yields 




Applying the Cauchy-Schwarz inequality produces 

(1 + a 4 )(l + b 4 )(l + c 4 )(l + d 4 ) > (1 + a 2 b 2 ) 2 (l + c 2 d 2 ) 2 > (1 + abed) 4 , 
from which the desired inequality follows. The equality holds fora = b = c = d = l. 


□ 


P 3.100. Let a, b, c, d be positive real numbers such that a + b + c + d= 4. Prove that 



, 1111 
+ --1 | + 3 > - + - + - + -. 

abed 
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Solution. Write the inequality as 


rf 


1 + 1 a -2 

a 


> 


S; 


3. 


Since 


1 , 1 

czH-2 > 0, b + -— 2 > 0, 

a b 

1 , 1 

cH-2 > 0, d H—- — 2 > 0, 

c a 

applying Bernoulli’s inequality, it suffices to show that 

-sK->si-3. 

This is an identity, and then the proof is completed. The equality holds for a = b = c 
d = 1. 


□ 


P 3.101. If a, b, c, d are nonnegative real numbers, then 

4(a 3 + b 3 + c 3 + d 3 ) + 15(abc + bed + eda + dab) > (a + b + c + d) 3 . 

Solution. Let 

E(a, b,c,d) = 4(a 3 + b 3 + c 3 + d 3 ) + 15(abc + bed + eda + dab) — (a + b + c + d) 3 . 
Without loss of generality, assume that a < b < c < d. We will show that 

E(a, b, c, d) > E(0, a + b, c, d) > 0. 

We have 

E(a, b,c,d) — E(0, a + b,c,d) = 4[a 3 + b 3 — (a + b) 3 ] + 15ab(c + d) 

= 3ab[5(c + d) — 4(a + b)] > 0. 

Now, putting x = a + b, we need to show that E( 0, x, c, d) > 0, where 

£(0, x, c, d) = 4(v 3 + c 3 + d 3 ) + 15xcd — (x + c + x) 3 . 

This is equivalent to Schur’s inequality 

x 3 + c 3 + d 3 + 3xcd > xc(x + c) + cd(c + d) + dx(d + x). 

The equality holds for a = 0 and b = c = d (or any cyclic permutation), and also for 
a = b = 0 and c = d (or any permutation thereof). 

□ 
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P 3.102. Let a, b, c, d be positive real numbers such that 

a + b + c + d = 4. 


Prove that 

1 + 2 (abc + bed + eda + dab)> 9min{a, b,c,d}. 

(Vasile Cirtoaje, 2008) 

Solution. Assume that a = min{a, b,c,d} and use the substitutions b = a+x, c = a+y, 
d = a + z and t = x + y + z, where x, y,z,t > 0. First, write the inequality in the 
homogeneous forms 

(a + b + c + d) 3 + 128 bed + 128 a(bc + cd + db ) > 36a(a + b + c + d) 2 , 

(4a + t) 3 + 128 bed + 128 a(bc + cd + db) > 36a(4a + t) 2 . 

Since 

bed = (a + x)(a + y)(a + z)> a 3 + a 2 t 

and 


be + cd + db = (a + x)(a + y) + (a + y)(a + z) + (a + z)(a + x) 

= 3a 2 + 2 at + xy + yz + zx > 3a 2 + 2at, 

it suffices to prove that 

(4a + t) 3 + 128(a 3 + a 2 t) + 128a(3a 2 + 2at) > 36a(4a + t) 2 . 

This inequality is equivalent to 

t(t — 12a) 2 > 0. 

The equality holds for a = b = c = d = 1, and also for (a, b, c, d) = -, —, —or 

any cyclic permutation. 

□ 


P 3.103. Let a, b,c,d be nonnegative real numbers such that 

a + b + c + d = 4. 


Prove that 

5 (a 2 + b 2 +c 2 + d 2 ) > a 3 + b 3 + c 3 + d 3 + 16. 


(Vasile Cirtoaje, 2005) 
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Solution. Assume that a> b > c > d. 

First Solution. We use the mixing variable method. Setting x = (b + c + d)/3, we have 
a + 3x = 4 and x < 1. We will show that 

E(a, b, c, d) > E(a,x, x,x) > 0, 

where 

E(a, b, c, d) = 5(a 2 + b 2 + c 2 + d 2 ) — a 3 — b 3 — c 3 — d 3 — 16. 

The left side inequality is equivalent to 

5(b 2 + c 2 + d 2 - 3x 2 ) - (b 3 + c 3 + d 3 - 3x 3 ) > 0. 

Since b 2 + c 2 + d 2 — 3x 2 > 0 and x < 1, it suffices to prove the homogeneous inequality 
5x(b 2 + c 2 + d 2 — 3x 2 ) — (b 3 + c 3 + d 3 — 3x 3 ) > 0, 
which is equivalent to 

2(b 3 + c 3 + d 3 ) + 3[b(c 2 + d 2 ) + c(d 2 + b 2 ) + d(b 2 + c 2 )] > 24bed. 

This is true, since b 3 + c 3 + d 3 > 3bcd and 

b(c 2 + d 2 ) + c(d 2 + b 2 ) + d(b 2 + c 2 > 2bcd + 2cdb + 2dbc = 6bed. 

The right side inequality is also true, since 

E(a,x,x,x ) = 5(a 2 + 3 x 2 ) —a 3 — 3x 3 — 16 

= 5(4 - 3x) 2 + 15x 2 - (4 - 3x) 3 - 3x 3 - 16 
= 24x(x — l) 2 > 0. 

This completes the proof. The equality holds for a = b = c = d = 1, and also for 
(a, b, c, d) = (0,0,0,4) or any cyclic permutation. 

Second Solution. Write the inequality as 

2](5a 2 -a 3 -7a + 3)>0, 

J](l-a) 2 (3-a)>0. 

For a < 3, the inequality is clearly true. Otherwise, for 3 < a < 4, which involves b < 1, 
c < 1, d < 1, we get the required inequality by summing the inequalities 

5 a 2 > a 3 + 16 


and 


5(b 2 + c 2 + d 2 )> b 3 + c 3 + d 3 . 
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We have 

5a 2 — a 3 — 16 = (4 — a)(a 2 — a — 4) = (4 — a)[a(a — 3) + 2(a — 2)] > 0, 

and 

5(b 2 + c 2 + d 2 ) > b 2 + c 2 + d 2 > b 3 + c 3 + d 3 . 


Third Solution. Write the inequality as 

^(a 3 — 5a 2 + 4a) < 0, 
or _ 

< 0 , 

where 

/(a) = a 2 — 4a. 

Since a + b < 4, we have 

/(a) -/(b) = (a - b)(a + b - 4) < 0, 


and, similarly, 
Since 

and 


/(*>)-/(c) <0, /(c) —/(d) < 0. 
a — l>b — l>c — l>d — 1 


/(a) </(b) </(c) </(d), 
by Chebyshev’s inequality, we get 

4^(a-!)/(a)< [^(a-!)][J]/(a)] = 0 . 


Remark. Similarly, we can prove the following generalization. 
• If a 1 ,a 2 , ■ ■ ■, a n are nonnegative real numbers such that 


a i + a 2 1-— n , 


then 

(n + l)(a 2 + a^ + • • • + a 2 ) > a 3 + a^ + • • • + a 3 + n 2 . 


□ 
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P 3.104. Let a, b,c,d be nonnegative real numbers such that 

a + b + c + d = 4. 


Prove that 

3 (a 2 + b 2 + c 2 + d 2 ) + 4 abed > 16. 

(Vasile Cirtoaje, 2004) 

Solution. We use the mixing variable method. Assume that a = min{a, b,c,d}, a < 1. 
Setting x = (b + c + d)/3, we have a + 3x = 4 and x < 4/3. We will show that 

E(a, b, c, d ) > E(a,x, x,x) > 0, 

where 

E(a, b, c, d) = 3(a 2 + b 2 + c 2 + d 2 ) + 4 abed — 16. 

The left side inequality is equivalent to 

3(3x 2 — be — cd — db) > 2a(x 3 — bed). 

By Schur’s inequality 

(b + c + d) 3 + 9 bed > 4(b + c + d)(bc + cd + db), 


we get 


Ay 

x 3 — bed < —(3 x 2 — be — cd — db). 


8 ax 2 


Therefore, it suffices to prove that 

3(3x 2 — be — cd — db) > (3x 2 — be — cd — db); 

that is, 

(3x 2 — bc — cd — db)(9 — 8ax) > 0. 

This is true, since 

6(3x 2 — be — cd — db) = (b — c) 2 + (c — d) 2 + (d — b) 2 > 0, 


3(9 - 8ax) = 27- 8a(4 - a) = 8(1 - a) 2 + 16(1 - a) + 3 > 0. 
The right side inequality is also true, since 

E(a, x, x, x) = 3a 2 + 9x 2 + 4ax 3 — 16 

= 3(4 - 3x) 2 + 9x 2 + 4(4 - 3x)x 3 - 16 
= 4(8 - 18x + 9x 2 + 4x 3 - 3x 4 ) 

= 4(1 - x) 2 (2 + x)(4 - 3x) > 0. 
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This completes the proof. The equality holds for a = b = c = d = 1, and also for 
f 4 4 44 

(a, b, c, d) = 0, — or any cyclic permutation. 


3 3 3, 

Remark. The following generalization holds (Vasile Cirtoaje, 2005). 
• Let a 1; a 2 ,..., a n (n> 3) be nonnegative real numbers such that 

at + a 2 H-I -a n = n. 

If k is a positive integer satisfying 2 < k < n + 2, and 


, k —1 


1 , 


then 


) 

aj + H-1- a k n — n> nr(l — a 1 a 2 • • • a n ). 


□ 


P 3.105. Let a, b,c,d be nonnegative real numbers such that 

a + b + c + d = 4. 


Prove that 


27{abc + cd + cda + dab ) < 44abcd + 64. 


Solution. Use the mixing variable method. Without loss of generality, assume that a > 
b > c > d. Setting v = (a + b + c)/3, we have 3x + d = 4, d < x < 4/3 and x 3 > abc. 
We will show that 

E(a, b, c, d ) > £(x,x, x, d) > 0. 

The left inequality is equivalent to 

27[(x 3 — abc) + d(3x 2 — ab — be — ca)] > 44d(x 3 — abc). 

By Schur’s inequality 

(a + b + c) 3 + 9 abc > 4(a + b + c)(ab + bc + ca), 


we get 

and hence 


9x 3 + 3 abc > 4 x(ab + be + ca), 


3x 2 — ^ u ^ 


3(x 3 — abc) 
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Therefore, it suffices to prove that 

, 3d, 

27(1 + —)>44d. 
4x 

Write this inequality in the homogeneous form 


27(3x + d)(4x + 3d) > 704xd, 


or, equivalently, 

81(4x 2 + d 2 ) > 353xd. 

This inequality is true, since 

81(4x 2 + d 2 ) — 353xd > 81(4x 2 + d 2 — 5ut) = 81(x — d)(4x — d) > 0. 

The right inequality E(x, x, x, t) > 0 is also true, since 

E(x, x, x, d) = (44x 3 — 81x 2 )d — 27x 3 + 64 
= 4(16 - 81x 2 + 98x 3 - 33x 4 ) 

= 4(1 - x) 2 (16 + 32x - 33x 2 ) 

= 4(1 - x) 2 (4 - 3x)(4 +llx)> 0. 


This completes the proof. 



The equality holds for a = 
or any cyclic permutation. 


b = c = d = 1, and also for 

□ 


P 3.106. Let a, b, c, d be positive real numbers such that 


, ,1111 

a + b + c + d = - + - + - + ~. 

abed 


Prove that 


(1 - abed ) (a z + b z + c z + d z -^---^--^--^- }>0. 


2 i u2 i „2 i j2 


1111 


V 


a 2 b 2 c 2 d 2 


(Vasile Cirtoaje, 2007) 


Solution. From 


1111' 

- + T H -6 ~7 I > 

a b c d 1 


(a + b + c + d) 2 


ab 

sym sym 


we get 
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sym sym 

Thus, the inequality can be restated as 

2(1 — abed) 2 ^ — > 0, 
z — 1 ab 


sym 

which is obviously true. The equality holds for ab = cd = 1, or ac = bd 
ad = be = 1. 

Conjecture. If a, b, c, d are positive real numbers such that 

, , 1111 

a + b + c + d — —I-1-1—, 

abed 


1, or 


then 


(1- abcd)( a n + b n + c n + d n - — - — - — 0 

V a n b n c n d n J 


for any integer n>2. 


□ 


P 3.107. Let a, b, c, d be positive real numbers such that 

a + b + c + d = 1. 

Prove that 

(1 - <0(1 - b)( 1 - c)(l -d)fi + i + - + ^>^. 

\a b c d J 16 


(Keira, 2007) 


Solution. Write the inequality as 

81 

E(a, b, c, d) > 

lo 

where 

E(a, b, c, d) = (1 - a)(l - b)(l - c)(l - d )f- + r + “ + Tl- 

Va o c d J 

Without loss of generality, assume that a < b < c < d. First, we show that for a < b < 
c < d and a + b + c + d = 1, F(a, b, c, d) is minimal when a = c. This is true if 

^ ,a + c , a + c _ 

E(a,b,c,d)> ,b, —,d). 


Since 


(1 — a)(l — c) = 1 — a — c + ac = b + d + ac 
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and 


we have 


(1 — b)( 1 — d) = 1 — b — d + bd = a + c + bd, 


E(a,b,c,d) = (b + d + ac)(a + c + bd) 
and the inequality is equivalent to 
' a + c b + d 


a + c b + d 
ac bd 


(b + d + ac) -1- 


ac 


bd 


> 


b + d + 


(^)l 


4 b + d 
+ 


a + c bd 


or 


(a-c) 2 



> 0. 


Since 

4 bd , , 

-a — c > 4 — a — c = 3 + b + d>0, 

ac 

the last inequality is clearly true. Since E(a, b,c,d) is minimal when a = c, from a < 
b < c < d it follows that E(a, b, c, d) is minimal when a = b = c. Therefore, it suffices 
to prove that 3 a + d = 4 involves 


This is equivalent to 


E(a, a, a, d) > 


81 

16' 


21d 4 + 61d 3 - 5 Id 2 - 153 d + 128 > 0, 

(d - l) 2 (21d 2 + 103d + 128) > 0. 
The equality holds fora = b = c = d = l/4. 


□ 


P 3.108. Let a, b,c,d be nonnegative real numbers such that 

a + b + c + d = a 3 + b 3 + c 3 + d 3 = 2. 

Prove that 

a 2 + b 2 + c 2 + d 2 > -. 

4 

(Vasile Cirtoaje, 2010) 
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Solution. Let us denote x = a 2 + b 2 + c 2 + d 2 . From 

2 = a 3 + b 3 + c 3 + d 3 > a 3 + ^(b + c + df = a 3 + i(2 - a) 3 , 

it follows that (4a — 5)(a + l) 2 < 0, and hence a < Similarly, we have b,c,d < 
On the other hand, 

5x = 5 ^ a 2 = 4^ a 3 + ^(5a 2 — 4a 3 ) = 8 + ^ a 2 (5 — 4a) 

and, by the Cauchy-Schwarz inequality, 

v 2rr A W [S a ( 5_4a )] 2 (5Sa-4Sa 2 ) 2 (5 — 2x) 2 

> a (5 — 4a) > ——— = 

^ 2( 5 -4a) 


Therefore, we have 


5x > 8 + 


20 —4X> 
(5 — 2x) 2 


7 

This is equivalent to (4x — 7)(x — 7) < 0, and involves x > —. The equality holds for 
(a, b, c, d) = (- 1 -, t"-, or any cyclic permutation. 


12 12 12 4 


□ 


P 3.109. Let a, b,c,d e (0,4] such that abed = 1. Prove that 

(1 + 2a)(l + 2b)(l + 2c)(l + 2d) > (5 - 2a)(5 - 2b)(5 - 2c)(5 - 2d). 

(Vasile Cirtoaje, 2011) 

Solution. Assume that a > b > c > d. For the nontrivial case where the right side of 
the inequality is positive, there are two cases to consider. 

Case 1: a < 5/2. In virtue of the AM-GM inequality, we have 

(1 + 2a)(l + 2b)(l + 2c)(l + 2d) > (3 Va?){3 Vb*){3 Vc*){3 Vd*) = 81, 


(5 - 2a)(5 - 2b)(5 - 2c)(5 - 2d) < 

' 10 — (a + b + c + d)" 14 


(5 - 2a) + (5 - 2b) + (5 - 2c) + (5 - 2d) 


-|4 


< 


10 — 4^ abcd\ 

2 J 


= 81, 


from which the conclusion follows. 
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Case 2: a> b > 5/2 > c > d. Write the inequality as 

(1 + 2a)(l + 2b) ^ (5- 2c)(5 - 2d) 

(2a — 5)(2b — 5) - (1 + 2c)(l + 2d)’ 

1 + 4a b + 2(a + b) 25 + 4cd — 10(c + d) 

25 + 4 ab — 10(a + b) 1 + 4cd + 2(c + d) 

According to the AM-GM inequality, it suffices to prove that 

l + 4ab + 4\/ab 25 + 4cd — 20-/cd 

->- . 

25 + 4ab — 20\/ab l + 4cd + 4\/cd 

This is equivalent to 

2\/ab + l 5 — 2 \/cd 
2\/ab — 5 l + 2\/cd 

2\/ab + l Syfab — 2 
2\/ab — 5 V~ab + 2 

(4 \Tab — 1)(4 — Vab) > 0. 

The last inequality is true, since a, b e (0,4] involves 4 — Vab > 0. 

The equality holds for a = b = c = d = 1, and for (a, b, c, d) = (4,4,1/4,1 /4) or any 
permutation thereof. 

□ 


P 3.110. Let a, b, c, d and k be positive real numbers such that 

(a + b + c + d)f- + - + - +-] = k. 

\a b c d J 

If 16 < k < (1 + -v/TO) 2 , then any three of a, b, c, d are the lengths of the sides of a triangle 
(non-degenerate or degenerate). 


Solution. The condition k > 16 follows from the known inequality 

, , lii^,. 

(a + b + c + d) —4-1-1— > 16. 

Va b c d J 

Without loss of generality, assume that a > b > c > d. Clearly, any three of a, b, c, d 
are the lengths of the sides of a triangle if and only if a < c + d. By virtue of the 
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Cauchy-Schwarz inequality, we have 


(1 + a/10) 2 >(b + a + c + d)f- + - + - + - 

\b a c a 


> 


> 


1 + ^ (a + c + d)Q + ^ + i 
1 + J (a+c+d) ('l + _i_ 


~l 2 


-\2 


and hence 


(a + c + d) I — 4--—- ) <(a/h + 2'/I0-1) 2 = 10. 

a c + a 


Writing this inequality as 

(a — c — d)(4a — c — d) < 0, 
we get a < c + d. Thus, the proof is completed. 

Remark 1. The interval [16,11 + 2\/l0] is the largest possible range of k such that any 
three of a, b, c, d are the lengths of the sides of a triangle. In order to prove this, for the 
sake of contradiction, assume that k > 11 + 2-v/lO. The given relation 

(a + b + c + d)(- + - + - +-] = k 
la b c d J 


is satisfied for a = p + J p 2 — 1, b = \ —-———- and c = d = 1, where 
F ^ \ 2a+ 1 

(Vlt —1) 2 -5 


If k > 11 + 2-v/lO, then we get p > 5/4 and a > 2. Clearly, the numbers a, c and d are 
not the lengths of the sides of a triangle. 

Remark 2. In the same manner, we can prove the following generalization. 

• Let aq, a 2 ,...,a n be positive real numbers such that 


(ai + a 2 H- a n ) 



a i a 2 a n J 


= k. 


If n> 3 and n 2 < k < (n + VTO — 3) 2 , then any three of a 1; a 2 ,...,a n are the lengths of 
the sides of a triangle. 

□ 
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P 3.111. Let a, b, c, d and k be positive real numbers such that 


(a + b + c + d) I - + ^ ^ } = k. 

abed 


119 

If 16 < k < -, then there exist three numbers of a, b,c,d which are the lengths of the 

6 

sides of a triangle (non-degenerate or degenerate). 


(Vasile Cirtoaje, 2010) 

Solution. The condition k > 16 follows from the known inequality 

(a + b + c + d) ( - + ^ ^ | > 16. 

\a b c d J 


Without loss of generality, assume that a > b > c > d. We need to show that either 
a < b + c or b < c + d. For the sake of contradiction, consider that a > b + c and 
b > c + d. To complete the proof, it suffices to show that k > 119/6; that is, 


(a + b + c + d) 



119 

>-. 

6 


Notice that for a = 3, b = 2 and c = d = 1, we have a = b + c, b = c + d and 


, , ... i i i n n9 

(a + b+ c + d)[ - + - + - + -) = —. 

abedJ 6 


Then, we apply the Cauchy-Schwarz inequality in the following manner 


[a + (b + c + d)] 


9 16 

a b + c + d 


> (3 + 4) 2 = 49. 


Thus, it suffices to show that 


Since 


1 1 1 1 17 T9 16 A 

a b c d 42 v a b + c + d J 


0 + c + d)(l + l + l) 


10 > 


(,, + c + <i) Q + ^Td)' 10 

(b — c — d)(4b — c — d) 

11 > 0 , 

b(c + d) 


we need to prove that 


1 10 17 T9 16 4 

a b + c + d~42\a b + c + d J 
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This is equivalent to 


which is true, since 


4a > 3(b + c + d), 


4a — 3(b + c + d) = 4(a — b — c) + (b — c — d) + 2(c — d) > 0. 

Remark. The interval [16,119/6] is the largest domain of fc such that among a, b, c, d 
there exist three numbers as lengths of the sides of a non-degenerate or degenerate tri¬ 
angle. In the case of the non-degenerate triangles, the largest domain of k is [ 16,119/6). 
To prove this, for the sake of contradiction, assume that k > 119/6. The hypothesis 

(a + b + c + d)(- + ^-l-- + ^-) = /c 
V.a b c a J 

is satisfied for a = (fc — 11 4- Vk 2 — 22k + 81 )/5, b = 2 and c = d = 1. Since a > 3 for 
k > 119/6, there exist not three numbers of a, b, c, d as lengths of the sides of a triangle. 

□ 


P 3.112. Let a, b, c, d and k be positive real numbers such that 

(a + b + c + d) 2 = fc(a 2 + b 2 + c 2 + d 2 ). 

If — < k < 4, then any three of a, b, c, d are the lengths of the sides of a triangle (non¬ 
degenerate or degenerate). 


(Vasile Cirtoaje, 2010) 

Solution. The condition k < 4 follows from the known inequality 

{a + b + c + d) 2 < 4(a 2 + b 2 + c 2 + d 2 ). 

Without loss of generality, assume that a > b > c > d. Then, any three of a, b, c, d are 
the lengths of the sides of a triangle if and only if a < c + d. Let us denote x = (c + d )/2, 
x < b. Since c 2 + d 2 > 2x 2 , from the hypothesis, we have 

(a + b + 2x) 2 > k(a 2 + b 2 + 2x 2 ), 


which can be written as 


(k — 1 )b 2 — 2 (a + 2 x)b + k(a 2 + 2x 2 ) — (a + 2x) 2 < 


(fc-1) b- 


a + 2x 


+ k(a 2 + 2x 2 ) — --(a -I- 2x) 2 

k — 1 


0 , 

<0. 


fc -1 
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This involves 


, 11 

Since k > —, we get 


a 2 + 2x 2 - 


k -1 


(a + 2x) 2 < 0. 


(a 2 + 2x 2 )-(a + 2x) 2 < 0, 

8 

(a — 2x)(5a — 2x) < 0, 
a — b — c < 0. 

Thus, the proof is completed. 

Remark 1. The interval [^-,4] is the largest possible. The obvious inequality 

(a + b + c + d) 2 > a 2 + b 2 + c 2 + d 2 

involves k > 1. For the sake of contradiction, assume that 1 < k < 11/3. It is easy to 
check that the hypothesis 

(a + b + c + d) 2 = k(a 2 + b 2 + c 2 + d 2 ) 


is satisfied for a = 


7+ Vfc(66-17fc) 


k — 1 


> 4, b = 3 and c = d = 2. Since a > 4 for 


1 < k < 11/3, a, c and d are not the lengths of the sides of a triangle. 

Remark 2. In the same manner, we can prove the following generalization. 

• Let a 1 , a 2 ,..., a n be positive real numbers such that 

( a i + a 2 3-F a n ) 2 = k(a 2 + 4-1- a 2 ). 

If n > 3 and n — ^ < k < n, then any three of a 1 ,a 2 , ■ ■. , a n are the lengths of the sides of 
a triangle. 

Notice that the interval [n—1/3, n] is the largest possible of k. From the known inequal¬ 
ities 

\2 _2 i _2 i , „2 


( a i + a 2 4 - F a n) > a 1 + a 2 H-Fa n 


and 


(ai + a 2 + • • • + a n ) 2 < n(a 2 + a 2 + • • • + a 2 ), 

it follows that 1 < k < n. For the sake of contradiction, assume that 1 < k < n — 1/3. 
The hypothesis (a x + a 2 H-1- a n ) 2 = k(a 2 + a 2 H-1- a 2 ) is satisfied for 

3n — 5 + \/k[3(n — 2)(3n — 1) — k(9n — 19)] 

Ql ““ k — 1 ’ 

a 2 = ■ ■■ = a n _ 2 = 3 and a n _i = a n = 2. Since a! > 4, the numbers a 1; a n _! and a n are 
not the lengths of the sides of a triangle. 

□ 
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P 3.113. Let a, b, c, d and k be positive real numbers such that 

(a + b + c + d) 2 = k(a 2 + b 2 + c 2 + d 2 ). 

If 49/15 < k < 4, then there exist three numbers of a,b,c,d which are the lengths of the 
sides of a triangle (non-degenerate or degenerate). 


(Vasile Cirtoaje, 2010) 

Solution. The condition k < 4 follows from the known inequality 

(a + b + c + d) 2 < 4(a 2 + b 2 + c 2 + d 2 ). 


Without loss of generality, assume that a > b > c > d. We need to show that either 
a < b + c or b < c + d. For the sake of contradiction, consider that a > b + c and 
b > c + d. To complete the proof, it suffices to show that k < 49/15; that is, 

^(a 2 + b 2 + c 2 + d 2 ) > (a + b + c + d) 2 . 

Notice that for a = 3, b = 2 and c = d = 1, we have a = b + c, b = c + d and 


49 


—(a 2 + b 2 +c z + d 2 ) = (a + b + c + d) . 


Then, we apply the Cauchy-Schwarz inequality in the following manner 


(3 + 4) 


a 2 (b + c + d) 2 
3~ + 4 


> (a + b + c + d) 2 . 


Thus, it suffices to show that 


7 2 ,2 2 j2-v fl2 (b + C + d) 2 

—(a 2 + b 2 + c 2 + d 2 ) > — + --—. 

15 3 4 


This is equivalent to 


2a 2 + 7(b 2 + c 2 + d 2 ) > “(b + c + d) 2 . 


8(b 2 + c 2 + d 2 ) — 3(b + c + d) 2 = 5b 2 — 6 b(c + d) + 5(c 2 + d 2 ) — 6cd 

> 5b 2 — 6b(c + d) + (c + d) 2 
= (b — c — d)(5b — c — d) > 0, 


Since 
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it is enough to prove that 


This reduces to 


2a 2 + + c + d) 2 > + c + d) 2 . 


4a > 3(b + c + d), 


which is true, since 

4a — 3(b + c + d) = 4(a — b — c) + (b — c — d) + 2(c — d) > 0. 

Remark. The interval [49/15,4] is the largest possible domain of k. In the case of the 
non-degenerate triangles, the interval (49/15,4] oik is the largest possible domain. To 
prove this, we see that the known inequalities 


(a + b + c + d) 2 > a 2 + b 2 + c 2 + d 2 


and 

(a + b + c + d) 2 < 4(a 2 + b 2 + c 2 + d 2 ) 


involves 1 < k < 4. For the sake of contradiction, assume that 1 < k < 49/15. The 
hypothesis 

(a + b + c + d) 2 = k(a 2 + b 2 + c 2 + d 2 ) 


is satisfied for a 


4+ V2fc(ll-3fc) 


k- 1 


2 and c 


k < 49/15, there exist not three numbers of a, b, c, d 
degenerate triangle. 


= d = 1. Since a > 3 for 1 < 
as lengths of the sides of a non- 


□ 


P 3.114. Let a, b,c,d,e be nonnegative real numbers. 

(a) If a + b + c = 3(d + e), then 

4(a 4 + b 4 + c 4 + d 4 + e 4 ) > (a 2 + b 2 + c 2 + d 2 + e 2 ) 2 ; 

(b) If a + b + c = d + e, then 

12(a 4 + b 4 + c 4 + d 4 + e 4 ) < 7(a 2 + b 2 + c 2 + d 2 + e 2 ) 2 . 


(Vasile Cirtoaje, 2010) 
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Solution, (a) Let 

E(a, b, c, d, e) = 4(a 4 + b 4 + c 4 + d 4 + e 4 ) — (a 2 + b 2 + c 2 + d 2 + e 2 ) 2 . 

We will show that 

E(a, b, c, d, e ) > E(a, b,c,d + e, 0) > 0. 

The left side inequality is equivalent to 

de(a 2 + b 2 + c 2 — 3d 2 — 3e 2 — 5de) > 0. 

This is true, since 

a 2 + b 2 + c 2 — 3d 2 — 3e 2 — 5de > ^(a + b + c) 2 — 3d 2 — 3e 2 — 5de 

= 3(d + e) 2 — 3d 2 — 3e 2 — 5de = de > 0. 

Also, in virtue of the Cauchy-Schwarz inequality, we have 

E(a, b,c,d + e, 0) = 4[a 4 + b 4 + c 4 + (d + e) 4 ] — [a 2 + b 2 + c 2 + (d + e) 2 ] 2 > 0. 

The equality holds for a = b = c = d and e = 0, or for a = b = c = e and d = 0. 

(b) Let 

E(a, b, c, d, e) = 7(a 2 + b 2 + c 2 + d 2 + e 2 ) 2 — 12(a 4 + b 4 + c 4 + d 4 + e 4 ). 

We will show that 

E(a, b, c, d, e) > E(a, b,c,d + e, 0) > 0. 

The left side inequality is equivalent to 

de[12(d 2 + e 2 ) + llde — 7(a 2 + b 2 + c 2 )] > 0. 

This is true, since 

12(d 2 + e 2 ) + llde — 7(a 2 + b 2 + c 2 ) > 12(d 2 + e 2 ) + llde — 7(a + b + c) 2 

= 12(d 2 + e 2 ) + llde — 7(d + e) 2 
= 5(d 2 + e 2 ) — 3de > 0. 

Also, we have 

-E(a, b, c, d + e, 0) = -E(a, b,c,a + b + c, 0) 

4 4 

= 2 “ 4+2 

= 8(^~] a 2 b 2 — abc ^ a) = 4^ a 2 (b — c) 2 > 0. 

The equality holds for a = b = c = d /3 and e = 0, or for a = b = c = e/3 and d = 0. 

□ 


^ab(a 2 + b 2 ) + 3^a 2 b 2 — 8 abc ^ a 
-4jVb 2 + 3jVb 2 -8 abc 
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P 3.115. Let a, b,c,d,e be nonnegative real numbers such that 

a + b + c + d+ e = 5. 


Prove that 

a 4 + b 4 + c 4 + d 4 + e 4 + 150 < 31(a 2 + b 2 + c 2 + d 2 + e 2 ). 

(Vasile Cirtoaje, 2007) 


Solution. Write the inequality as 

J](a 4 -31a 2 + 30a)<0, 


< 0 , 

where 

/(a) = a 3 + a 2 — 30 a. 

Without loss of generality, assume that a > b > c > d > e. Since a + b < 5, we have 

/(a) —/(b) = (a — b)(a 2 + ab + b 2 + a + b — 30) 

< (a — b)[(a + b) 2 + a + b — 30] 

= (a — b)(a + b — 5)(a + b + 6) < 0. 


Similarly, 


Since 


/(£>) —/(c) < 0, /(c) —/(d) < 0, /(d)—/(e) < 0. 
a—l>b—l>c—l>d—l>e—1 


and 

/(a) < /(b) < /(c) < /(d) < /(e), 
by Chebyshev’s inequality, we get 

5^](a - 1)/ (a) < [J](a - 1)] = °- 

The equality holds for a = b = c = d = e = 1, and for (a, b, c, d, e) = (5,0,0,0,0) or 
any cyclic permutation. 

Remark. Similarly, we can prove the following generalization. 

• If a 1; a 2 ,...,a n are nonnegative real numbers such that 


then 


a 1 + a 2 + --- + a n = n, 


a i + a 2 " l -b a n + n2 ( n + 1) — (ft 2 + n + l)( a i + CL 2 "*-b a n)- 


□ 
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P 3.116. Let a, b, c, d, e be positive real numbers such that 


a 2 + b 2 + c 2 + d 2 + e 2 = 5. 


Prove that 

abcde(a 4 + b 4 + c 4 + d 4 + e 4 ) < 5. 

(Vasile Cirtoaje, 2006) 

First Solution. Without loss of generality, assume that a<b<c<d<e. First, we 
prove that the expression 

E(a, b, c, d, e) = abcde(a 4 + b 4 + c 4 + d 4 + e 4 ) 


is maximal for a = d. We need to show that 


E(a, b, c, d,e) < E 



This inequality is true if 

4ad(a 4 + b 4 + c 4 + d 4 + e 4 ) < (a 2 + d 2 )[(a 2 + d 2 ) 2 + 2b 4 + 2c 4 + 2e 4 ], 
which is equivalent to 

(a 2 + d 2 )(a - d) 4 - 4a 2 d 2 (a - d) 2 + 2(b 4 + c 4 + e 4 )(a - d) 2 > 0. 

To prove this inequality, it suffices to show that 

b 4 + c 4 + e 4 > 2 a 2 d 2 . 


Indeed, we have 

b 4 + c 4 + e 4 — 2 a 2 d 2 > b 4 + a 4 + d 4 — 2 a 2 d 2 = b 4 + (a 2 — d 2 ) 2 > 0. 

Since E(a, b, c, d, e) is maximal for a = d, from a < b < c < d it follows that E(a, b, c, d, e) 
is maximal for a = b = c = d. Then, it suffices to show that the desired homogeneous 
inequality 

a 2 + b 2 + c 2 + d 2 + e 2 V 2 f fl4 + + c 4 + d 4 + e 4 

- _ - j > (abcde ) 2 ^ ? - 

holds for a = b = c = d = 1. Setting x = e 2 , we need to show that /(x) > 0 for x > 0, 
where 

4 + x 4 -I - x^ 

/(x) = 9 In-lnx — 2 In-. 

J 5 5 
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From 


/'(*) 


4x 4(x — l)(x — 2) 2 


4 + x x 4 + x 2 x(4 + x)(4 + x 2 )’ 
it follows that /(x) is decreasing for 0 < x < 1 and increasing for x > 1. Therefore, 
/(x) > /(1) = 0. This completes the proof. The equality holds if and only if a = b = 
c = d = e = 1. 

Second Solution. Replacing a, b, c, d, e by ■/a, V~b, <fc, ^fd , ^ [e , we need to show the 
homogeneous inequality 

/ 1 T~ r 9 ,9 9 >9 o-, fCL+b + C + d + e 

V abcde(a 2 + b 2 + c 2 + d 2 + e 2 ) < 5 

where a, b, c, d, e are positive real numbers. According to Remark from P 3.57, it suffices 
to prove this inequality for b = c = d = e = 1; that is, to show that 

Ma 2 + 4)<5f a + 4 ^ /2 


Taking logarithms of both sides, we need to prove that / (a) > 0, where 
/ (a) = 9 In (a + 4) — 7 In 5 — In a — 2 In (a 2 + 4). 

From 


f\a) = 


1 4a 4(a-l)(a-2) 2 


a+ 4 a a 2 + 4 a(a + 4)(a 2 + 4)’ 
it follows that /(a) is decreasing for 0 < a < 1 and increasing for a > 1; therefore, 
/(a) > / (1) = 0. 

Remark. The following more general statement holds (Vasile Cirtoaje, 2006): 

• If a 1 ,a 2 , ■ ■ ■, a n are positive real numbers such that 


then 


a 1 +a 2 + --- + a n = n, 


(aia 2 • • • a n ) (a 2 + a 2 H I- a 2 ) < n. 


□ 


P 3.117. Let a, b,c,d,e be positive real numbers such that 

a + b + c + d+ e = 5. 

Prove that 

11111 20 

—I-1-1-1-1-> 9. 

a b c d e a 2 + b 2 + c 2 + d 2 + e 2 

(Vasile Cirtoaje, 2006) 
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Solution. Without loss of generality, assume that a<b<c<d<e. First, we prove 
that the expression 


E(a, b, c, d, e) 


1111 20 

a b c e a 2 + b 2 + c 2 + d 2 + e 2 


is minimal when a = d. If this is true, then£(a, b, c, d, e) is minimal when a = b = c = d, 
and it suffices to prove the desired inequality for a = b = c = d, when it is equivalent 
to the obvious inequality 

(a — l) 2 (6a — 5) 2 > 0. 

Therefore, it remains to show that 


E(a, b, c, d,d)> E 


a + d 
2 


a + d A 


This inequality is equivalent to 

(a — d) 2 20 (a — d) 2 

ad(a + d) ~ (a 2 + b 2 + c 2 + d 2 + e 2 )[(a + d) 2 + 2 b 2 + 2 c 2 + 2e 2 ] 

Since (a — d) 2 > 0 and 

a 2 + b 2 + c 2 + d 2 + e 2 > -(a + b + c + d + e) 2 = a + b + c + d + e, 
it suffices to show that 


(a + b + c + d + e)[(a + d) 2 + 2 b 2 + 2c 2 + 2e 2 ] > 20czd(a + d). 


Since 


and 


a + b + c + d + e>a + a + a + d + d — 3a + 2d 


(cz + d) 2 + 2b 2 + 2c 2 + 2e 2 > (a + d) 2 + 2cz 2 + 2a 2 + 2d 2 — 5a 2 + 2ad + 3d 2 , 
it is enough to prove that 

(3a + 2d)(5a 2 + 2ad + 3d 2 ) > 20ad(a + d). 


This is true, since 

(3a + 2d)(5a 2 + 2ad + 3d 2 ) — 20 ad(a + d) = 15a 3 —4 a 2 d — 7ad 2 + 6d 3 

> 5a 3 — 4a 2 d — 7ad 2 + 6d 3 
= (a — d) 2 (5a + 6d) > 0. 
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Thus, the proof is completed. The equality holds fora = b = c = d = e = l, and again 
'5 5 5 5 51 

or any cyclic permutation. 


for (a, b, c, d, e) : 


6’6’6’6’3 


Remark. The following more general statement holds (Vasile Cirtoaje, 2006): 

• If a 1; a 2 , ..., a n are positive real numbers such that a x + a 2 H- a n = n, then 


11 1 2n/n zr T 

-1 - 1 - 1 - f - 2 - 1 

a l a 2 a n a i + a 2 ^ -f a n 


>n + 2V n — 1. 


□ 


P 3.118. If a, b, c,d,e> 1, then 


a + -][b + —][c + -][d + — e + - + 68 > 


, , , 61 1 1 1 1 

>4 (a + b + c + d + e)[ - + - + - + - + - 

\a b c d e . 

(Vo Quoc Ba Can and Vasile Cirtoaje, 2011) 
Solution. Write the inequality as E(a, b, c, d, e) > 0, and denote 

A= fa + i-lff,+ 1)0 + 1)6 + 11 


We claim that 

E(a, b, c, d, e) > E(a, b,c,d, 1). 

If this is true, then (by symmetry) 

E(a, b,c,d,e ) > E(a, b,c,d, 1) > ... > E(a, 1,1,1,1) = 0, 
and the proof is completed. Since 

E(a, b, c, d, e) — E(a, b, c, d, 1) = (e — 1) (B — ^ 


we need to show that 


C 

B ->0, 

e 


61 1 1 11 
B=A - 4 {a + b + -c + lf 

C = A — 4(a + b + c + d). 


where 
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From A > 16 and 


1111 

_ + _l-F - < 4, 

abed 


it follows that B > 0. If C < 0, then B — C/e> 0. If C > 0, then 


B -^> B -C = 4(a--} + 4(b--} + 4(c--} + 4(d--\>0. 
e V aj V bj V cj \ d. 


The equality holds for a = b = c = d = 1 or any cyclic permutation. 


□ 


P 3.119. Let a, b, c and x, y, z be positive real numbers such that 

(a + b + c)(x + y + z) = (a 2 + b 2 + c 2 )(x 2 + y 2 + z 2 ) = 4. 


Prove that 


abexyz < —. 
J 36 


(Vasile Cirtoaje and Mircea Lascu, 1997) 
Solution. Using the given relations and the AM-GM inequality, we have 


4(ab + be + ca)(xy + yz + zx ) = 


= [(a + b + cf - (a 2 + b 2 + c 2 )][(x + y + z) 2 - (x 2 + y 2 + z 2 )] 
= 20 ~(a + b + c) 2 (x 2 + y 2 + z 2 ) - (x + y + z) 2 (a 2 + b 2 + c 2 ) 

< 20 — 2(a + b + c)(x + y + z)-y/(a 2 + b 2 + c 2 )(x 2 + y 2 + z 2 ) = 4, 


and hence 


(ab + be + ca)(xy + yz + zx) < 1. 
On the other hand, multiplying the well-known inequalities 


(ab + bc + ca ) 2 > 3 abc(a + b + c) 


and 


we get 

and hence 


(xy + yz + zx) 2 > 3xyz(x + y + z), 

(ab + be + ca) 2 (xy + yz + zx) 2 > 36 abexyz, 

1 > (ab + be + ca) 2 (xy + yz + zx) 2 > 36 abexyz. 
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In order to have 36 abcxyz = 1, it is necessary that (ab + be + ca) 2 = 3abc(a + b + c) 
and (xy +yz+zx) 2 = 3xyz(x + y +z). These relations imply a = b = c and x = y = z, 
which contradict the hypothesis 

(a + b + c)(x + y + z) = (a 2 + b 2 + c 2 )(x 2 + y 2 + z 2 ) = 4. 

Consequently, we have abcxyz < —. 

36 

□ 


P 3.120. Let ay, a 2 , , a n (n> 3) be positive real numbers such that 

at + a 2 H-f a n = a 2 + a 2 H-1- a 2 = n — 1. 

Prove that 

11 1 n 2 (2n — 3) 

-b — + • • • + - ^ -. 

ay a 2 a n 2(n — l)(n — 2) 

(Vasile Cirtoaje, 2010) 


Solution. By the Cauchy-Schwarz inequality, we have 


n-1 


a 2 + a 2 + --- + a 2 > 


(ay + a 2 -1-1- a n _i) 2 


(n-1 


n-1 

r2 


+ ai 




which provides a n < 2(n — l)/n. Similarly, a, < 2(n — l)/n for all i. The hint for 
proving the given inequality is to apply the Cauchy-Schwarz inequality after we made 
the numerators nonnegative and as small as possible. So, since 2n — 2 — na ; > 0, we 
have 


S 1 =S( 1 —— 

A -‘a 1 A -‘Va 1 2n — 2 


+ 


2n — 2 


= 1 v 

2(n-l)^- J 


2n — 2 — na 


+ 


n 




2n — 2 


> 


E(2n — 2 — naj)] 2 n 


+ 


2(n —1) ai(2n — 2 — naq) 2n —2 


[n(2n-2)-nXiai] S 


+ 


2(n — 1) (2n-2)Sa!-nSaf 2n ~ 2 


n 2 (n — l) 2 


■ + 


n 2 (2n — 3) 


2(n — 1) (n — l)(n — 2) 2n-2 2(n-l)(n-2)’ 


from where the conclusion follows. The equality holds for ay = a 2 = • • • = a n _j = 
1 — 2/n and a n = 2 — 2/n (or any cyclic permutation). 

□ 
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P 3.121. Let a 1 , a 2 , ■ ■■, a n be positive real numbers such that a 1 + a 2 + ■ ■ ■ + a n = n. 
Prove that 


n 


2 


11 1 A 0 0 O 

-1-1-1-n > 4 (n — l)(af + ai H-1 -a~ — n). 

a i a 2 a n J 


(Vasile Cirtoaje, 2004) 


Solution. Since 

n = ~( a l + a 2 -b a n) 2 — a i + a 2 ^- ^ a n < ( a l a 2 "+-b a n) 2 = ft 2 > 

we can use the substitution 


a 2 + a 2 ^ -1- a 2 = n + n(n — l)t 2 , 


where 0 < t < 1. On the other hand, from 

(a 2 H-1- a n ) 2 


a 2 + a 2 + --- + a 2 >a 2 + 


n — 1 


2 , (n —a x ) 

ar H- 

1 n — 1 


we get 

, o (n — Qi ) 2 

n + n(n — l)t 2 > a? H- 

71—1 

which involves aq < 1 + (n — l)t; similarly, we get 

a f < 1 + (n — l)t 


for any i. The hint for proving the given inequality is to apply the Cauchy-Schwarz 
inequality after we made the numerators nonnegative and as small as possible. Since 

n 1 ^-i 1 + (n — l)t — aq 

l + (n —l)t l + (n — l)t J a! 


we can write the desired inequality as 

NT 1 1 + (71-1)1-0! 4(n-l) 2 t 2 (l + (n-l)t) 

> - >n(n-l)t + - 

a 1 n 

By virtue of the Cauchy-Schwarz inequality, we have 


y 1 + (ti —l)t —oq > Q](l + (n — l)t — a^] 2 
at ~~ Z a i(! + (n-l)t-ai) 

_ [n + n(n-l)t-Xjai ] 2 
(1 + (n-l)t)Xiai-S a ? 


n(n — l)t 
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Therefore, it suffices to prove that 

n{n — l)t , ^ , 4(n-l) 2 t 2 [(l + (n-l)t]) 

1 — t n 

This inequality is true if 

4 (n - 1)(1 - t)[l + (n - l)t]) < n 2 . 

Indeed, 

4(n — 1)(1 — t)[l + (n — l)t] < [(n-l)(l-t) + l + (n-l)t] 2 = n 2 . 

The equality holds when a 1 = a 2 = ■ ■ ■ = a n = 1, as well as when one of aq, a 2 ,..., a n is 
n/2 and the others are n/{2n — 2). 

□ 


P 3.122. Let aq, a 2 , • • •, a n be nonnegative real numbers such that a 1 + a 2 -\ -1 - a n = n. 

Prove that 

(n + l)(a 2 + T • • • + a 2 ) > n 2 + u 3 + T • • • + a 3 . 

(Vasile Cirtoaje, 2002) 

First Solution. If a 1 = a 2 = ■ ■ ■ = a n , then the equality holds. Otherwise, as in the 
preceding proof, we will use the substitution 

a 2 + a 2 4-1 -a 2 = n + n(n — l)t 2 , 

where 0 < t < 1; in addition, for any i, we have 


a ; < 1 + (n — l)t. 


By the Cauchy-Schwarz inequality, we have 


^[l + (n-l)t-oq]a 2 > 


[SC 1 + ( n ~ 1 ) t ~ a i) a i ] 2 
S[l + (n-l)t-a 1 ] 


= n(n — l)t(l — t) 2 , 


hence 


X! a i - [ 1 + Cn-l)t]^a 2 -n(n-l)t(l-t) 2 
= n[(n — 1 )(n — 2)t 3 + 3(n — l)t 2 + 1], 


Therefore, it suffices to show that 

(n + l)[n + n(n - l)t 2 ] > n 2 + n[(n - 1 )(n - 2)t 3 + 3(n - l)t 2 + 1] 
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which is equivalent to the obvious inequality 

n{n — l)(n — 2)t 2 (l — t) > 0. 


For n = 2, the original inequality is an identity. For n > 3, the equality holds when 
at = a 2 = •• • = a n = 1 , as well as when n — 1 of aq, a 2 ,..., a n are zero. 

Second Solution. Assume that aq > a 2 > • • • > a„. Replacing n 2 by n(aq + a 2 H-1- a n ), 

the desired inequality becomes as follows 


Since 


^][(n + 1 )a 2 - naq - a\] > 0, 

^(ai- 1 )(nai-a^)> °. 


aq — 1 > a 2 — !>•••> a n — 1 


and 


naq - a\ > na 2 - a 2 > • • • > na n - a 2 , 
we apply Chebyshev’s inequality to get 

n^(oq - l)(naq - a^) > [^(aq - 1)] [^]( n aq - a^)] = 0. 


□ 


P 3.123. Let di, a 2 , ■■■, a n be nonnegative real numbers such that aq + a 2 H-1 -a n = n. 

Prove that 


{n — l)(a^ + H-1- a 2 ) + n 2 > (2 n — 1 )(a 2 + a 2 H-1- a 2 ). 

(Vasile Cirtoaje, 2002) 

Solution. If aq = a 2 = • • • = a n , then the equality holds. Otherwise, as in the proof of 
problem P 3.121, we will use the substitution 

a 2 + a 2 "*-1 - a 2 = n + n(n — 1 )t 2 , 

where 0 < t < 1; in addition, for any i, we have 

a,- > 1 — (n — l)t. 


By the Cauchy-Schwarz inequality, we have 


^[aq — 1 + (n — !)t]a^ > 


E(Qi — 1 + (n — l)t)aq] 2 

2[ai-l + (n-l)t] 


= n(n — l)t(t + l) 2 , 
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which yields 

^ > n(n — l)t(t + l) 2 + [l — (n — l)t]^a 2 

= n[l + 3(n — l)t 2 — (n — l)(n — 2)t 3 ]. 

Therefore, it suffices to show that 

(n — l)n[l + 3(n - 1 )t 2 - (n - l)(n - 2)t 3 ] + n 2 > (2 n - 1 )[n + n(n - l)t 2 ], 
which is equivalent to the obvious inequality 

n(n — l)(n — 2)t 2 [l — (n — l)t] > 0. 

The equality holds for a 1 = a 2 = ■ ■ ■ = a n = 1, and also for aq = 0 and a 2 = a 3 = ■ ■ ■ = 
a n = - (or any cyclic permutation). 


P 3.124. Let aq, a 2 , a n (n > 3) be positive real numbers such that 

at + a 2 H-1- a n = 1. 

Prove that 


ai + -W)(a 2 + --2Va n + - — 2 > )>frr+--2 > ) . 


a 2 


Solution. Applying Popoviciu’s inequality for the convex function f(x) = — lnx, x > 0, 
gives 

'a 1 +a 2 -\ -1- a n \ n< < n ~ 2 l 


{b l b 2 ---b n ) n 1 > (a 1 a 2 ---a n )[- 


where 


=-tY aj, i = 1) 2, • • • , n. 

n — 1 1 

J7=i 


Under the hypothesis aq + a 2 H-I- a n = 1, this inequality becomes 


(1 - - a 2 r- 1 •••(!- a n ) n_i > n" 1 - - 

n 


a l a 2"' a n 


(*) 


On the other hand, by the AM-GM inequality, we get in succession: 

(1 - aq) + (1 - a 2 ) + • • • + (1 - a n ) > n ^/(l - 0^(1 - a 2 ) • • • (1 - a n ) : 
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1 

n 




n(n—3) 


>(l- ai f- 3 (l-a 2 ) 


\n—3 


•(l-a n ) 


n—3 


(l - ^ d - a t) 2 (l - a 2 ? •••(!- a n f > (1 - - a,)"" 1 ■■■{!- a n Y~ l . 

Multiplying this inequality and (*) yields the desired inequality. The equality holds for 
a 1 = a 2 = --- = a n = 1/n. 

□ 


P 3.125. Let aq, a 2 ,...,a n (n> 3) be positive real numbers such that 


at + a 2 H-1 -a n = n. 


Prove that 

a i + a 2 + " • + a n _ n ~ —““K 1 “ a l°2 • • • a J- 

n — 1 


Solution. For fixed af + + • • • + a 3 , according to Remark from P 3.57, the product 

a i a 2 " • tt n i s minimal when one of a 1; a 2 ,..., a n is zero or n— 1 numbers of a 1 , a 2 ,...,a n 
are equal. Therefore, it suffices to consider these cases. 

Case 1: a 1 = 0. We need to show that a 2 + a 3 + -1 - a n = n involves 

a? + a? H-1- a 3 > ——. 

2 3 n „ _ i 


Indeed, by the Cauchy-Schwarz inequality, we have 


2 , 2 , , 2 

CLry + do + * * * + d ^ - 

2 3 n n — 1 


(a 2 + a 3 H-1- a n ) 2 


n — 1 


Case 2: a 2 = a 3 


involves 


a n . Setting aq = x and a 2 = y, we need to show that 
x + (n — l)y = n 


x 2 + (n - l)y 2 - n + —— (xy n_1 - l) > 0. 
n — 1 

By Bernoulli’s inequality, we have 


y 


n—1 


1 + 


1 —X 

n — 1 


n -1 


> 1 + (1 — x) = 2 — x. 
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Therefore, it suffices to prove that 

x 2 + (n — l)y 2 — n H--— [x(2 — x) — 1] > 0, 

n — 1 

which is an identity. 

The equality holds for aq = a 2 = ■■■ = a n = 1 / n, and also for aq = 0 and a 2 = • • • = 

a n = - (or any cyclic permutation). 

n — 1 

□ 


P 3.126. Let aq, a 2 , ..., a n (n > 3) be positive real numbers such that 

aq <a 2 < ••• <a n , 

1 A 

k. 


, 1 1 1 

(ai + a 2 H-H a n )-1-1-1- 


2 ^ 7 ^ 2 , i(n-i) 


(a) If n z <k < n z + - 


aq a 2 

, i € {2,3, • • • , n—1}, then a^, a ; and a i+1 are the lengths 


9 n 2 


of the sides of a non-degenerate or degenerate triangle; 

9 n 2 

(b) If n 2 <k < a n , where a n = - for even n, and a n 

8 8 
exist three numbers a ; which are the lengths of the sides of a non-degenerate or degenerate 

triangle. 


-for odd n, then there 


(Vasile Cirtoaje, 2010) 

Solution. The condition k> n 2 follows from the AM-HM inequality 

( a i + a 2 H-f a n ) (-1-1-1-J > n 2 . 

v Q i a 2 a n J 


(a) For the sake of contradiction, assume that a^, a, and a i+1 are not the lengths of 
the sides of a triangle; that is, a i+1 > a t _i + a ; . Let x and y be positive numbers such 
that 

(i-l)x = a 1 + --- + a i _ 1 , 
i.n — i)y = a i+1 H-l-a n . 


Let us denote 


x < a;.! < a ; < a i+1 < y, x < y. 


A(x,y) = (i - l)x + a,- + (n - i)y, 


B(x,y ) 


i — 1 1 

-+ — + 

x a { 


n — i 

> 

y 
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/(x,y)=A(x,y)B(x,y). 

By the Cauchy-Schwarz inequality, we have 

, , 11 1 

B(x,y) <— + — + •••+—. 

a 1 a 2 a n 

Since A(x, y) = aq + a 2 H-f - a n , we obtain 

^ , ^11 1 . 

/(x,y) < (aq + a 2 H-1- a n )-1-1-1-, 


a i a 2 


and hence 


/(x,y) < k. 

On the other hand, we claim that 

f(x>y)>f ( a i-l> a i-l + a i)- 

This inequality is equivalent to 

[a-i-iy ~ (<h—i + a^xjtCa^! + a t )y - a^x] > 0 , 
and is true since y > a i+1 > a i _ 1 + a t and x < a i _ 1 imply 

a;-iJ - (a^ + a ; )x > a^Ca^ + a ; ) - (a^ + aja^j = 0. 
Then, we have 

k > f (x,y) >f(a i _ 1 , ai_! + a*) 

r , (i — 1 1 n — i 

= [(n-l)a i _i + (n-i + l)a ! ] -+ —+ 


a i -1 a ; a i-i + a i 


Setting a t _i = 1 and a t = t, t > 1, we get 


[n-li(n-iil)t][linti(i-l)t 2 ] ^ _ 2 i i(n-i) 

K. / ~ ~ TL ~r , 

t(l + t) 2 

which contradicts the hypothesis k < n 2 + i{n — i)/2. The last inequality is equivalent 
to (t — l)(Ct 2 + Dt + E) > 0, where 

C = 2(i-l)(n-i + l), D = (i — 2)(n —i), £ = -2(n-l). 

This is true, since 

Ct 2 + Dt + E>C + D + E = 3(i — 2 )(n - i) > 0. 


(b) We apply the result of (a). If n is even, then n 2 + 


i(n-i) 


attains its maximum 


9n 2 


for i = 


8 

nil 


n 

2 ' 


i(n-i) 


value 2 — for i = —. If n is odd, then n 2 + — 2 attains its maximum value 


9n 2 — 1 


□ 
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P 3.127. Let a 1; a 2 , ..., a n (n> 3) be positive real numbers such that 

a 1 <a 2 <---<a n , 

( a l + a 2 H-+" a n) 2 = ^( a i + a 2 "+-b a n)‘ 

(a) If —— < k <n, i € {2,3, • • • , n — 1}, then a^, a ; and a 1+1 are the lengths of 

4n —3i 

the sides of a non-degenerate or degenerate triangle; 

(b) If + — < k < n, then there exist three numbers a { which are the lengths of the 

sides of a non-degenerate or degenerate triangle. 


(Vasile Cirtoaje, 2010) 

Solution. The condition k < n follows from the Cauchy-Schwarz inequality 


(ai + a 2 + ■ ■ ■ + a n ) 2 < n(a 2 + a 2 + • • • + a 2 ). 


(a) For the sake of contradiction, assume that a a, and a i+1 are not the lengths of 
the sides of a triangle; that is, a i+1 > a+ a ; . Let x and y be positive numbers such 
that 

(i-l)x = a 1 + --- + a i _ 1 , 

(n-i)y = a i+1 + • • • + a„, 


Let us denote 


x < ai_! < a f < a i+1 < y, x < y. 

Kx,y) = (i - l)x + a ; + (n - i)y, 
B(x,y) = (i-l)x 2 + a 2 + (n-i)y 2 , 
A\x,y) 


f{x,y) = 

By the Cauchy-Schwarz inequality, we have 


B(x,y) 


(i-l)x 2 < al + --- + af_ v 
(n — i)y 2 < a 2 +1 H l-a 2 , 

and hence 

B(x,y) < a 2 + a 2 + • • • + a 2 . 


Since 


A(x,y) = a 1 + a 2 + --- + a n , 
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we obtain 

and hence 

On the other hand, from 




( a i + 0-2 H- 1 - a n ) 2 

a i+ a l + --- + a n ’ 


f(x,y)>k. 


df(x,y) _ 2{i — 1)AC 
dx B 2 


and 

df(x,y) _ 2(n - i)AD 
dy B 2 

where 

C = cq(a ; - x) + (n - i)y(y - x) > 0, 
D = a i (a ! -y) + (i-l)x(x—y) < 0, 


it follows that /(x, y) is strictly increasing with respect to x > 0 and strictly decreasing 
with respect to y > 0. Then, since x < and y > a I+1 > a i _ 1 + a h we have 


f{x,y) < /(a ; _i, a;_i + a ; ). 

This involves 

k <f(a i _ 1 ,a i _ 1 + a ; ), 

and hence 

k < [(j - l)a,--i + Oj + (n - iKoj-i + q z )] 2 
(i - l)a 2 _! + af + (n- i)(a i _ 1 + a ; ) 2 
_ [(n-l)a,-i + (n-i + l)aj 2 

(n — l)a 2 _ 1 + 2(n — + (n — i + l)a 2 

< (2n-Q 2 
- 4n-3t ’ 

which is false. Setting = 1 and a, = t, t > 1, the last inequality 


is equivalent to 
where 


[n — 1 + (n — i + l)t] 2 (2 n-i) 2 

n — 1 + 2(n — i)t + (n — i + l)t 2 — 4n — 3i 

(t-l)(£t-F)>0, 

E = (n — i + l)[(3i — 4)n — 2i 2 + 3i], 

F = (n — 1)[(4 — i)n + i 2 — 3i], 
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Since 

E = (n - i + l)[(3i - 4 )(n - i + 1) + i 2 + 2i - 4] > 0, 


we get 


Et-F >E-F = 2(i — 2)(n - i)(2n - i) > 0. 


(b) According to (a), it suffices to show that there exists i e {2,3, • • • , n — 1} such that 

(2n — i) 2 ^8n + l 
4n-3i _ 9 ’ 


that is, 


4n — 3i > (2n — 3i) 2 . 


2n — 1 2n 2n + 1 

Since one of the numbers —-—, — and —-— is integer, it suffices to prove this in¬ 


equality for all i e { 


2n —1 2 n 2n + l 


3 3 3 

to 2n > 0, 2n > 0 and 2n — 2 > 0, respectively. 


}. Indeed, for these cases, the inequality reduces 


□ 
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